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ROUGH AZ,-STATISTICAL CONVERGENCE OF DOUBLE
SEQUENCES IN NORMED LINEAR SPACES

OMER KIiSi, HATICE KUBRA UNAL

ABSTRACT. In this paper, we introduce rough AZ;-statistical convergence as
an extension of rough convergence. We define the set of rough AZ;-statistical
limit points of a sequence and analyze the results with proofs.

1. INTRODUCTION

The concept of convergence of a sequence of real numbers was independently
extended to statistical convergence independently by Fast [10] and Schoenberg [37].
The idea of Z-convergence was introduced by Kostyrko et al. [24] as a generalization
of statistical convergence which is based on the structure of the ideal Z of subset of
the set of natural numbers. Kostyrko et al. [25] studied the idea of Z-convergence
and extremal Z-limit points.

The idea of Z-statistical convergence was introduced by Savag and Das [27] as
an extension of ideal convergence. Later on it was further investigated by Debnath
and Debnath [T1], Et et al. [12], Savag and Giirdal [26] and many others.

The idea of rough convergence was first introduced by Phu [32] in finite-dimensional
normed spaces. In another paper [33] related to this subject, Phu defined the rough
continuity of linear operators and showed that every linear operator f: X — Y is
r -continuous at every point £ € X under the assumption dimY < oo and r > 0,
where X and Y are normed spaces. In [34], Phu extended the results given in
[32] to infinite-dimensional normed spaces. Aytar [3] studied the rough statistical
convergence. Also, Aytar [4] studied that the rough limit set and the core of a
real sequence. Pal et al. [9] generalized the idea of rough convergence into rough
statistical convergence and rough ideal convergence. Recently, rough convergence
of double sequences has been introduced by Malik and Maity [14] and investigated
some basic properties of this type of convergence and also studied the relation
between rough convergence and Pringsheim convergence for double sequences. In
[15] rough statistical convergence of double sequences in finite dimensional normed
linear spaces was studied and investigated some basic properties of this type of
convergence rough statistical convergence of double sequences. Recently, Diindar
and Cakan [ [0, [7] introduced the notion of rough Z-convergence and the set of
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rough Z-limit points of a sequence and studied the notions of rough convergence,
ZIs-convergence and the sets of rough limit points and rough Z,-limit points of a
double sequence. Savag et al. [28)] introduced rough Z-statistical convergence as an
extension of rough convergence. Rough convergence, rough statistical convergence
and AZ-convergence for difference sequences and for double difference sequences
have been studied. For details, see ([I7], [18], [19], [20], [21], [22], [23]).

In view of the recent applications of ideals in the theory of convergence of se-
quences, it seems very natural to extend the interesting concept of rough AZs-
statistical convergence of double seqeunces in normed linear spaces further by using
ideals which we mainly do here.

2. DEFINITIONS AND NOTATIONS

In this section, we recall some definitions and notations, which form the base for
the present study (See [T} 2, B, 4 [} [6, [7, 16, 32, 33} 34]).

During the preparation of the paper, let r be a nonnegative real number and
R™ denotes the real n-dimensional space with the norm ||.||. Consider a sequence
x=(z) C X =R".

The sequence x = (z) is said to be r-convergent to ., denoted by x -z,
provided that

Ve>0Ti. eN: k>i.= |lop —zs <r+e.
The set
LIM"z := {2, € R" : 2}, — .}
is called the r-limit set of the sequence x = (xj). A sequence x = (x;) is said to be
r-convergent if LIM"z # (). In this case, r is called the convergence degree of the
sequence x = (x). For r = 0, we get the ordinary convergence. There are several
reasons for this interest (see [32]).

A family of sets Z C 2N is called an ideal if and only if

(i) VeZ,

(#) for each A,B € T we have AUB €T,

(#i1) for each A € 7 and each B C A we have B € 7.

An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible if
{n} € T for each n € N.

A family of sets F C 2V is a filter in N if and only if
() 0¢F,

(74) for each A,B € F we have ANB € F,

(i4i) for each A € F and each B D A we have B € F.

If Z C 2V is a nontrivial ideal, then the family of sets
FZ)={M cCcN:3A€Z: M =N\ A}
is a filter of N and it is called the filter associated with the ideal Z.

Mursaleen et al. [31] defined Z-statistical cluster point of real number sequence.
A real sequence x = (xy) is said to be A-ideal convergent to = € R provided for
each e > 0
{keN:|Azx, —z| >c} €T
The set of all A-ideal convergent sequences is doneted by ¢z (A).
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A real sequence x = (zy,) is said to be AZ*-convergent to = € R, if there exists
M ={m=m; : m; <mjiy1,i € N} such that M € F (Z) and A—limg_0oT),, = .
In this case, we write AZ* — limx, = x.

Theorem 2.1. If a Z-statistically bounded sequence has one cluster point then it
is I-statistically convergent.

A sequence z = () is said to be rough Z-convergent (r-Z-convergent) to x, with

the roughness degree r, denoted by 2 % x, provided that {keN:|jzp — x| >
r+ e} € T for every € > 0; or equivalently, if the condition

Z —limsup ||xg — x| < r

is satisfied. In addition, we can write z, == z, iff the inequality ||z — .|| <7 +¢€
holds for every € > 0 and almost all k.

A double sequence = = (Znn) (m,n)enxn of real numbers is said to be bounded if
there exists a positive real number M such that |z,,,| < M, for all m,n € N. That
is

|z|loo = sup |Tmn| < oo.
m,n

A double sequence & = () of real numbers is said to be convergent to L € R
in Pringsheim’s sense (shortly, p-convergent to L € R), if for any £ > 0, there exists
N, € N such that |z, — L| < &, whenever m,n > N_. In this case, we write

lim x,,, = L.

m,n— 00
We recall that a subset K of N x N is said to have natural density d(K) if
K
dK) = Tim B

m,n— o0 m.n

where K (m,n) = |{(j,k) e NxN:j<m,k <n}|.

Throughout the paper we consider a sequence x = () such that (z,,,) € R™.

Let 2 = (xu,) be a double sequence in a normed space (X, |.]|) and r be a
non negative real number. z is said to be r-statistically convergent to &, denoted
by ¢ =% ¢, if for ¢ > 0 we have d(A(e)) = 0, where A(e) = {(m,n) e Nx N
|@mn — &|| > 7+ €}. In this case, £ is called the r-statistical limit of x.

A nontrivial ideal Z; of N x N is called strongly admissible if {i} x N and N x {7}
belong to Z, for each i € N.

It is evident that a strongly admissible ideal is admissible also.

Throughout the paper we take Z, as a strongly admissible ideal in N x N.

Let (X, p) be a metric space A double sequence © = (&,,,) in X is said to be
Tr-convergent to L € X, if for any ¢ > 0 we have A(g) = {(m,n) € Nx N :
P(Tmn, L) > €} € Iy. In this case, we say that = is Zy-convergent and we write

I — lim =z, = L.
m,n— 00

A double sequence x = () is said to be rough convergent (r-convergent) to
z, with the roughness degree r, denoted by n, — z, provided that

Ve>0 Fk. e Nim,n > ke = ||@mn — 24| <7 +6,
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or equivalently, if
limsup ||Zmn — x| < 7.
A double sequence x = (x,,) is said to be r-Zp-convergent to x, with the
roughness degree r, denoted by ., L x4 provided that

{(m,n) e N X N: ||zpmn — 2| > 1+ ¢} € Iy, (2.1)
for every € > 0; or equivalently, if the condition

Ty — limsup || Tmn — x| <7 (2.2)

is satisfied. In addition, we can write Z,, —% , iff the inequality |Zmn — 24| <
r + ¢ holds for every € > 0 and almost all (m,n).

Now, we give the definition of Zo-asymptotic density of N x N.

A subset K C N x N is said to be have Zy-asymptotic density dz, (K) if
[K (m, )|

)

dzr, (K) =T, — lim

m,n— o0 m.n

where K (m,n) = {(j,k) e NxN:j<m,k<n;(jk) € K} and |K (m,n)| de-
notes number of elements of the set K (m,n).
A double sequence x = {z,} of real numbers is Z,-statistically convergent to e,

and we write = 25" &, provied that for any ¢ > 0 and § > 0
1
{(m,n) € N x N:% H, k) : |z — &l > e, 5 <m,k<n}|> 5} € L.

Let « = {z;;} be a double sequence in a normed linear space (X, |.||) and r be a
non negative real number. Then z is said to be rough Z,-statistical convergent to
& or r-Iy-statistical convergent to £ if for any € > 0 and § > 0

1
{onn) €N (G0 G < mok <0 g - €l 2 el 2 0f € o

In this case, ¢ is called the rough Zo-statistical limit of # = {z,;} and we denote it
by o 25 ¢

3. MAIN RESULTS

Definition 3.1. Let (Axy;) be a double sequence in a normed linear space (X, ||.||)
and r be a nonnegative real number. Then, (Axzy;) is said to be rough Ts-convergent
to x. or r-Iy-convergent to x, if for any e >0

{(k’J) e NxN: HA{E}CI—LL'*H ZT‘-FE} €ls.

In this case x, is called the r-Iy-limit of (Axy;) and we denote it by Ax i L.
Here r is called roughness degree.

Definition 3.2. A double sequence (Axy;) in X is said to be rough Is-statistical

convergent to x, or r-Iy-statistical convergent to x,, denoted by Ax T_I—2_>St Ty,

provided that
1
{(n,m) e NxN: %\{kgn,l <m: ||Azg — x| > r+ €} 25} €,

for any e >0 and § > 0, or equivalently we can say Iy-stlimsup ||Azy — z. || < r.
If we take r = 0, we obtain the notion AZ,-statistical convergence.
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For instance assume that the sequence (Ayy;) is rough Zp-statistical convergent
which can not be calculated exactly, one has to do with an approximated sequence
(Azy;) satisfying ||Axg; — Ayg|| < r for all k, I. Then, rough Z,-statistical conver-
gence of sequence (Axy;) is not assured, but as the inclusion,

{(n,m)GNXN:ﬁ\{kgn,lgm: 1Az — 24| 27"—1—5}\25}

g{(n,m)GNXN:i|{k§n,l§m:||Ayklfx*H 25}|25}

nm

holds, so the sequence (Axy;) is r-Zy-statistically convergent.

In general the rough Z,-statistical limit of a sequence may not be unique for the
roughness degree r > 0. We define the set of all rough Zs-statistical limit of (Axy;)
with

Ty — st — LIM" (Axy) = {x* € X : Axy rZagst x*} )

The double sequence (Axy;) is said to be r-Zy-statistically convergent provided
Iy-—st — LIM" (Axg) # 0. It is clear that if Zo-st-LIM{,A,,, # 0 for a sequence
(Azy;), then we have

To—st—LIM" (Axy;) = [Zo — st — limsup (Axy) — 7, Zo — st — liminf (Axzy) — 7] .

Definition 3.3. A double sequence (Axy;) is said to be Iy-statistical bounded if
there is a number K such that

1
{(n,m) e NxN: — {k <n,l<m:|Axyl| > K} > 5} €l
for any § > 0.
Theorem 3.4. For a sequence (Axy;),
diam (T, = st = LIM{y,,,)) < 2r.
In general diam (Zy — st — LIM" (Ax;)) has no smaller bound.

Proof. Assume that diam (I — st — LIM" (Axy;)) > 2r. Then, there exist y,z €
Iy — st — LIM" (Axy) such that ||y —z|| > 2r. Now, we select £ > 0 so that

e < ”%;ZH —rand 6 > 0. Since y,z € Ty — st — LIM" (Axy,), for every € > 0 and
6 > 0, we have

1
Ay (g,9) = {(n,m) ENXN:%Hkgn,lgm: |Azk —y|| > r+ €} 25} €l
and

1
Az(s,é):{(n,m)eNxN: %Hk‘gn,lgm: [Azg —z|| = r + e} 2(5} €L,.

Hence, P = N x N\ (41 (¢,8) U A3 (¢,0)) € F (I). So, P # (. Let p,q € P. Then
for infinitely many k < p, [ <gq

—Z
Iy = 1 < I8z~ + Ao = 2l <2 +e) <2 (4 B o) =y,

which is contradiction. Thus,

diam (T, = st~ LIM{y,,,)) < 2r.



6 O. Kisi, H.K. UNAL

To prove the second part, consider a double sequence (Axg;) such that Zo-st-
limAxzy = z.. Let ¢ > 0 and § > 0 then by the definition of AZ,-statistical
convergence

1
Alg,d) = {(n,m) ENXN:%\{kSn,ZSm: Az — x| > €} <5} € F(Iy).
Let p,q € A (e,d) then
1
Zqu{kSPJSQI Az — 2. > €} <6

i.e., for maximum k < p, | < q, ||Azg — x| < &.
Now, for each
yeB (z.)={yeX:|y—a <r}
we have

Az — yll < [[Azp — 2ol + [l2s =yl < [Azw — 2|+ 7 <r+e
for maxium k <p € A(g,d),l < g€ A(g,0) ie.,

1
{(n,m) eNxN: %Hkgn,lgm: |Azg —y|| > r+ e} <5} D Ale) € F(Z2)

which shows that y € Zo—st—LIM" (Azy;) and consequently, Io—st—LIM" (Axy;) =
B, (z,). This shows that in general upper bound 2r of the diameter of the set
Ty — st — LIM" (Axy;) can not be decreased any more. O

Theorem 3.5. A double sequence (Axyy) is Iy-st-bounded if and only if there exists
a non-negative real number v such that Ty — st — LIM" (Axy;) # 0.

Proof. Let (Axy;) be Zy-st-bounded double sequence. Then, there exists a positive
real number K such that

P:{(n,m)GNXN: L|{k§n,l§m: Azl > K} >(5} € Is.
nm

Let 7 = sup {||Axy|| for almost k <t, | <se€ M =N x N\P}. The set T — st —
LIM™ (Axy;) contains the origin of X and so Ty — st — LIM" (Axy;) # 0.

Conversely, assume that Zy — st — LIM" (Axy;) # 0 for some r > 0. Then, there
exists z,. € o — st — LIM" (Axyy) ie.,

1
{(n,m)eNxN:ankSn,lSm: 1Az — .| 2r+€}|25}612,

for each e > 0 and 6 > 0. This implies that (Axzg;) is Zo-st-bounded. O
Theorem 3.6. The set To — st — LIM" (Axy;) of a sequence (Axy;) is a closed set.

Proof. 1 Ty — st — LIM" (Axy;) = (), then there is nothing to prove.
Assume that Zy — st — LIM" (Axy;) # 0. Now, consider a sequence (Ayy;) in
Ty — st — LIM" (Axy;) with kllim Ayr; = Y. Choose € > 0. Then, there exists
J—00

ns € N such that
€
g — 3l < &,

for all k,1 > ns.
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Let (no,mp) € N x N such that yngm, € (Ayx) C Iy — st — LIM" (Axyy). So,

A= {(n,m) e NxN: % Hkﬁn,lgm: 1AZE — Yngmo | Zr—&-g}‘ <(5} € F(Iy).

Let p,q € A. Then,

£
{k‘gpalgq ||Al‘kl—yn07n0H 27*_‘_7}‘ <57

.
bq 2

ie., for maximum k < p,l < q, |[AZp — Yngmoll <7+ 5.
Choose an ng, mg > ng we get

HA"L‘M - y*” < ||Awkl - ynomoll + ||yn0mo - y*” <r+e

for maximum k <pe€ A, [ < g€ A. That is

{(nm) € NN b <t < Aaw — 2 e <8} 2 A€ F (@),
Hence, y. € Iy — st — LIM" (Axy;) and so, Iy — st — LIM" (Axy,) is a closed set. O
Theorem 3.7. The set Io—st—LIM" (Axy,;) of a double sequence (Axy;) is convex.
Proof. Let yo,y1 € Io — st — LIM" (Axy;) and € > 0 and § > 0 be given. Let

Ao (2,5) = {(n,m) ENxN: %Hkﬁn,l <m: | Azg — ol >+ 2} 25} €T
and

Ay (,0) = {(n,m) ENxN: %Hk <ni<m: Ao -] >4} > 5} €T

M =NxN\ (A1 (¢,0) U Ay (g,0)) € F(Z2) and so M must be a infinite set. Let
(t,s) € M then, d (K;) =0, where
K ={k<t,il<s:||Azgp —yo|| >7r+e¢}
and d (K3) = 0, where
Ko={k<t,l<s:||Azy — | >r+e}.
Now for each (k,1) € K¢ N K and each X € [0,1],
1Azt — [(1 = Ao + Ml = (1 = X) (A2 — go) + A (Azg — )| <7+ 2.
Since, d (K{ N KS§) =1, we get

1
EHk <t <s:||Azg —[(1—=XNyo+ Ayl =r+e}| <é.
Therefore,
1
{(n,m) ENxN: %Hk <nl<m:||Az = [(1=Nyo+ ]l =r+e}| < 5} D Me F(Iy),

which shows that (1 — X) yo +Ay1 € o — st — LIM" (Azy;) for any A € [0,1]. Hence,
the set Zo — st — LIM" (Axy;) is convex. ]
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Definition 3.8. An element ¢ € X is called Ts-statistical cluster point of a sequence
(Azyy) if for each € >0 and § > 0 the set

{(n,m)GNXN:1|{k<n,l<m: Az — c|| > e} <5} ¢ I.
nm

The set of all I-statistical cluster points of (Axy;) will be denoted by Zo-S(T'(Azy,)) -

Theorem 3.9. Let (Axg) be a double sequence, then for an arbitrary ¢ € Ts-
S(Ciawp)): llzs —cll < v for all x, € Iy — st — LIM" (Azyy) .

Proof. If possible suppose that there exists ¢ € AZy-S(T';) and z, € Zy — st —
LIM" (Axy;) such that ||z, —c|| > r. Let e = W Then, we have

M= {(n,m)ENxN: %\{kgn,lgm: Az — || > ¢} <5} ¢ T
Now, we define the set
K= {(n,m) eNxN: %Hkﬁn,lgm: |Azg — x| > r + €} 25}.
Let t,s € M, i.e.,
%\{k <l <s:||Azgy —c|| > e} <.
Hence, for maximum k < ¢,1 <s, ||zg — ¢| < e. Now

[Azg — 2| 2 2w = cf| = [|Azp — ¢ >+,

foral k <t e M,l < s € M. Therefore, K O M implies that K ¢ T, which
contradicts the fact that x. € Ty — st — LIM" (Axg;). Thus, ||z. — || < r for all
Ty € Iy — st — LIM" (Al’kl) and c € IQ—S(F(A:L%I)). O

Theorem 3.10. A double sequence (Axy) is rough Ty-statistical convergent to
if and only if Ty — st — LIM" (Azy) = B, (24).

Proof. The necessary part of the theorem is already proved in the 2nd part of
Theorem 2. For the sufficiency, let Zo — st — LIM" (Azg;) = B, (z4) # 0. Thus,
the sequence (Axy;) is Zo-statistically bounded. Suppose that (Axy;) has another

AT,-statistical cluster point z, different from z.,. The point

r

Ty = Ty + (zy — 2h)

[ERE A
satisfies, |, — || > r. Since, @, € I — S (T'(azy,)), by Theorem 6, T, ¢ Tp — st —
LIM" (Axy;). But this is impossible as

|Z. — .|| =7 and Iy — st — LIM" (Axy;) = B, () .

Therefore x, is the unique Zp-statistical cluster point of (Axzy;). Also, (Axzy) is
TIr-bounded. So, by Theorem 1, (Axy;) is rough Zo-statistical convergent to z.. 0O

Theorem 3.11. Let r > 0. Then, a double sequence (Axy;) is rough Is-statistical
convergent to x. if and only if there exists a double sequence (Ayg) such that
Ty — st — LIM" (Aygi) =z and ||Axg — Ayg|| < r, for all (k,1) € N x N.
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Proof. Necessity: Let Az " Lyt 2. Then, we have,
Ty — stlimsup ||Axg — 24| < 7. (1)
Now we define,
Ay e T if ||Azg — x| <,
Ykt Axy + Tﬁ, otherwise.
Then,
0, if [Azg — x| <,
| Ay — . = (2)

|Azg — x| — r, otherwise
by the definition of yi; we have ||Axy — Ayw]| < r, for all (k,1) € N x N. Now by

and (2) we get,

1
{(n,m) eNxN: %\{kgn,lgm: |Ayr — z4|| > €} 25} €I

which implies that Zo — st — LIM" (Ayg;) = X
Sufficiency: Assume that the given condition holds. For any ¢ > 0 and 6 > 0
the set

1
M (e,6) = {(n,m) eNxN: %Hkgn,lgm: [Ayr; — x| > e} <5} el

and ||Azg — Ayg|| < 7, for all (k,1) € N x N. Therefore,
[Azg, — 24| = [[Azgr — Aypil| + |Ayr — 2| <7+ ¢,
for maximum k <t € M€ (e,0),l <s & M°(e,0). This shows that

1
{(n,m) eNxN: %Hk‘gn,lgm: |Azg — x| > r + €} <(5} D M¢(g,9) € F(I2)

and so, r-Zo-st lim Az = x,. O

Corollary 3.12. If (X, ||.||) is a strictly convex space, (Axy;) is a double sequence
in X and there exists y1,ys € Iy — st — LIM{a,,,) such that |ly1 — ya|| = 2r, then

. . . . +
this sequence is rough Ty-statistically convergent to 542,

The proof is straightforward and so is omitted.

Theorem 3.13. (i) If ¢ € T'(az,,) (Z2), then Iy — st — LIM{a,,,) € By (c )
(#) Za-st-LIM{a,,,) = N B, (c) = {z. € R" : T(agy) (T2) € B, (z4)} .
CGF(A%L)(IQ)
Proof. (i) If x. € Ty — st — LIM" (Axy;) and ¢ € T'(aq,,) (Z2), then |z, —cf| < 7.
Hence the result follows.
(7i) By (i) we can write
Ty — st — LIM" (Azy) C (1 B-(o).
€l (aay,) (F2)
Assume that y € N B, (¢). We have |ly — ¢|| < r for all ¢ € I'(ay,,) (Z2)
CGF(AWM)(I?)

and so B
Ciaw) (Z2) € By (x4) -
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Then, clearly

(1 Brle)={a. €R":T(as,) (T2) C B, (z.)}.
CEF(Awkz)(IQ)

If possible let y ¢ To — st — LIM" (Axy;). Then, there exists an € > 0 such that
1
K = {(n,m) GNXN:%Hkgn,lgm: 1Azg —y|| > r+ e} <5} ¢ 7,

which implies the existence of an Zs-cluster point ¢ of the sequence (Axy;) with
ly —¢|| > r + e. Hence

F(Awkz) (IQ) C ET (y) and y ¢ {l'* eR™: F(Awkz) (12) c ET’ (‘T*)} .
Finally the fact that y € Zo — st — LIM" (Axy;) follows from the observation that
y € {z. €R": T (agy) (T2) € By (24)} -
|

4. CONCLUSION

The rough convergence have been recently studied by several authors. In view of
the recent applications of ideals in the theory of convergence of sequences, it seems
very natural to extend the interesting concept of rough AZ,-statistical convergence
further by using ideals which we mainly do here and investigate some properties of
this new type convergence. So, we have extended some well-known results.
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