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A DISPERSION INEQUALITY AND ACCUMULATED
SPECTROGRAMS IN THE WEINSTEIN SETTING

KHALED HLEILI

ABSTRACT. In this paper, we establish a quantitative version of Shapiro’s mean
dispersion theorem for the continuous wavelet transform. Next, we prove the
boundedness and compactness properties of the localization operators associ-
ated with Weinstein wavelet transforms. Finally, we study the scalograms for
the same wavelet transform.

1. INTRODUCTION

Time-frequency localization is an ongoing active topic of research in harmonic
analysis. In [7], Daubechies introduced time-frequency localization operators ob-
tained by restricting the integral in the inversion formula to a subset of R?. The
eigenfunctions and eigenvalues of these operators have been studied in ([§],[9]). The
study of the properties of time-frequency operators and its connection with other
mathematical topics have been a continued topic of research, e.g. [I [6], [16].

In [23], Shapiro studied the localization for an orthonormal sequence of functions
and showed that if the means and the dispersions of an orthonormal sequence
(¢s)k in L2(R?) and their Fourier transforms (¢)y are uniformly bounded, then the
sequence (@) is necessarily finite. In [I8], Jaming and Powell used the Rayleigh-
Ritz technique for estimating eigenvalues of operators to give a quantitative version
of Shapiro’s theorem. Recently, Malinnikova [I9] obtained a quantitative multi-
variable version of Shapiro’s theorem for generalized dispersions by showing that if
(¢)x is an orthonormal sequence in L?(R?) then for every positive real number p,
there exists a constant C}, 4 such that for every n € N*

n
S lzE dnl3 + lyE Gull3 = Cpan' .
k=1

Some other results on time-frequency localisation of orthonormal sequences have
been recently obtained by Ghobber and Omri (see[IT] 12, 14]).
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We consider the Weinstein operator (see[3, [4]) defined on R™x]0, +oo[ by

n+1

02 200+1 0 —1
a 9o - - An g(x? > 77
(%c? Tyl OTnin + @ 2

Ay =
j=1
where A,, is the Laplacian operator in R™ and /,, the Bessel operator with respect
to the variable x, 1 defined by
0? 204+1 0 -1

= a > —.
2 )
8xn+1 Tp+1 (“)xnﬂ 2

lo

For n > 2, the operator Ay, is the Laplace-Beltrami operator on the Riemanian
space R"x]0, +oo[ equipped with the metric [3]

2(2a41) N1
ds* =z, /1" Z da?.

i=1
The Weinstein operator Ay has several applications in pure and applied Math-
ematics especially in Fluid Mechanics (see e.g. [0, [24]). The harmonic analysis
associated with the Weinstein operator is studied by Ben Nahia and Ben Salem
(see [3L[M]). In particular the authors have introduced and studied the generalized
Fourier transform associated with the Weinstein operator. This transform is called

the Weinstein transform.

In this paper, we prove a quantitative version of Shapiro’s mean dispersion theo-
rem for the continuous wavelet transform. Next, we establish the boundedness and
compactness properties of the localization operators and we study the scalograms
for the continuous wavelet transform.

This paper is arranged as follows. In section 2, we recall some harmonic analysis
results related to the Weinstein operator and we express wavelet transform associ-
ated with the Weinstein operator, which was introduced in [2I]. In section 3, we
will show an analogue of Shapiro’s umbrella theorem for the continuous wavelet
transforms. In Section 4, we introduce the wavelet localization operators in the
setting of the Weinstein operator, more precisely some properties of the localiza-
tion wavelet operators are established. In the last section, we study the scalograms
associated with the Weinstein continuous wavelet transform.

2. PRELIMINARIES

In order to set up basic and standard notation we briefly overview the Weinstein
operator and related harmonic analysis. Main references are [3| [4].

2.1. Harmonic analysis associated with the Weinstein transform. In the
following we denote by

o R =R" x [0, +00].

o x = (T1, ., Tp,Tpy1) = (¥, 2py1) € Riﬂ.

o —x=(—2',2p41)

e C.(R"1) the space of continuous functions on R"*! even with respect to the
last variable.

o S.(R™1) the Schwartz space of rapidly decreasing functions on R™*!, even with
respect to the last variable.
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e [P(dv,),1 < p < +00, the Lebesgue space constituted of measurable functions f
on Rfrl such that

1
1£llvp = ( [ If(x)l”dva(w)> < +00,1 < p < +o0,
+

[flloop =ess sup |f(z)] < +oo.
a:e]Ri*l

e dv, is the measure defined on ]Rff_“ by

_ 2a+1 _ _2a+1 ’
dve(r) = 2,5 de = 2,7 da'drp .

We consider the Weinstein operator Ay, defined on RT‘I by

T2 2a+1 9 —1
Ay = 7+ —— ,a> —.
= ij Tpy1 OTnia 2
Then
AW = An + €a7

where A, is the Laplacian operator in R™ and /,, the Bessel operator with respect
to the variable x, 1 defined by
0? 20+1 0

ga
5 .
0z; Tp+1l OTpi1

The Weinstein kernel A is given by
V(z,\) € R™ 5 €L A2, A) = jo(Ang1@ngr et 27,
where j, is the spherical Bessel function defined by
400
5o =Pl ) Y e (5
The Weinstein kernel satisfies the following properties:
(i) For all z,t € C"*!, we have
A(z,t) = A(t,2z), A(2,0)=1 and A(Xz,t) = A(z, M),V e C.

, z€C.

(i)
Yo,y € R™, |A(z,y)| < 1.
2.2. The Fourier-Weinstein transform.

Definition 2.1. The Weinstein transform is given for f € L!(dv,) by
MAERT Fw(NW) = [ )M v (o).
+

Some basic properties of this transform are as follows. For the proofs, we refer
(3, 4].
e For every f € L'(dv,), the function Fy (f) is continuous on R’ and we have

1 Fw (Fllva.oo < N llvar-
e Let f € L'(dv,) such that F (f) € L'(dv,), then for almost every z € R}
f(.’E) = Ca,n yw(f)()\)A()\,x)dVa(A),

n+1
RY
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where
1

7149+ 5 (D(a + 1))2

Ca,n =
e For all f,g € S.(R"*!), we have
[ F@a@dn(@) = Cos [ Fw DN @)

e The Weinstein transform Zy (f) is a topological isomorphism from S, (R"*1)
onto itself and for all f € S, (R"+1)

/Riﬂundua cm/ [ () Pdva(N).

2.3. The translation operator associated with the Weinstein operator.
The translation operator 7., x = (2/,x,41) € RZ_H associated with the Weinstein
operator Ay, is defined for f € C.(R"*!) which is even with respect to the last
variable and for all y = (y/, yn+1) € R”H by

T(a+1)
f;(a+ / fl@'+y', \/ @1+ Ypiq + 2201 Yni cos ) sin®® (6)d6.
(2.1)

In particular for all z,y € R we have 7.(f)(y) = 7,(f)(2) and 7o(f) = f.
Moreover for all LP(dv,,),1 < p < 400, the function 2 — 7,.(f) belongs to L (dv,,)
and we have

7 (f)(y) =

172 (Pllvep < N llvep-
For f € LP(dv,), p=1or 2

Fw (m:()))N) = AX2)Fw ()N, = A e R

By using the generalized translation, we define the generalized convolution product
[ *w g of functions f,g € L*(dv,) as follows

Fova) = [ rADwe)va). e R (22)

where —z = (—2',2,41) and f(y) = f(, yns1) = F(—, yns1).
This convolution is commutative and associative. Then (see e.g. [3]), if 1 < p, ¢, 7 <

1 1 1
+oo are such — + — — — = 1, the function f *y g belongs to L"(dv,) and we have
r

P q
the following Young’s inequality

1 *w Gllvar < N llvapllgllve.q-
This then allows us to define f xy g for f € LP(dv,) and g € L(dv,). Moreover
for f € L'(dv,) and g € L9(dv,),q = 1or2, we have

Fw(fxw g) = Fw(f)Fw(g).

Moreover, if f and g are in L?(dv,), then f sy g belongs to C. o(R" 1) consisting
of continuous functions h on R™*!, even with respect to the last variable, such that
lim h(z) =0 and we have

|z| —> 400

fw g =73 (Fw () Fw(g)).
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Thus, for every f,g € L?(dv,), the function f *y g belongs to L?(dv,,) if and only
if ZFw(f)Fw(g) belongs to L?(dv,) and in this case, we have

Fw(f*w 9) = Fw(f)Fw(9)-

2.4. Basic Weinstein Wavelet Theory. In this subsection, we recall some re-
sults introduced and proved by authors in [I0].

Definition 2.2. A Weinstein wavelet on Ri“ is a measurable function g on Riﬂ
satisfying, for almost all A € R’™", the condition

+o00 d
0<C, = / [Fw(g)an] 2 < +oc.
0

Let a > 0 and g be a measurable function. we consider the function g, defined
by
1 s

Vs e RTT gu(s) = Wﬂ(a)

Proposition 2.3. For all g € LP(dv,),1 < p < 400 and (a,z) €]0, +oo[><]Rﬁ+1,
the function g, belongs to LP(dv,) and we have

2 2)i=pr
19allva.p < a®F 25 g, .

Definition 2.4. Let g be a Weinstein Wavelet on R in L?(dv,). The Weinstein
continuous Wavelet transform on R’} is defined for regular functions f € R
by

S (Pan) = [ g,
RY
where g, 4,a > 0 are the family of Weinstein Wavelets on ]RT'l in L?(dv,) given
by
Yy € RTYL gaaly) = a3 74 (g0) (),
and 7_, are the Weinstein translation operators given by the relation (2.1)).
The Weinstein continuous Wavelet transform can be also be written in the form
Sy (f)(a,x) = a®F5 fx go(2) == (f, gax)va (2.3)

where x* is the Weinstein convolution product given by (2.2) and (.,.),, is the usual
inner product in the Hilbert space L?(dv,).

Remark 2.5. Let g € LP(dv,,) and p € [1,+o0], we have

¥(a,2) €10, +00[xRY, [|gasllu p < a® TG Dg], 0 (24)
Define the measure 7, on |0, +oo[xR’"! by

dVola,z) = a®* " 3da @ dv, (),

and LP(dv,),p € [1,+00], the Lebesgue space on ]0, +oo[xR T with respect to
the measure 7, with the LP-norm denoted by |||+ p-
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Theorem 2.6. (Orthogonality relation) Let g be a Weinstein Wavelet on RT‘l in
L?(dvy). Then for every functions fi and fa in L*(dv,), we have

(1 Fobw, = Cfg<sgv (F1), 5% (£2)) (2.5)

where (., .),, is the usual inner product in the Hilbert space L*(d,).

o

Corollary 2.7. Let g be a Weinstein Wavelet on R in L?(dv,,).
(i) Then the normalized Weinstein continuous wavelet transform —=SW s an

\/Cy 9
isometry from L?(dvs) into a subspace of L*(dv.). In particular, we have the
following Plancherel formula

2 _i e w a. )2 oz
/Ri“ |f(2)Pdva (z) = Cg/o /Ri“ 1SY (f)(a, 2)[dvala, z).

The adjoint of the wavelet transform is
* 1 Hoe n
S m@ =g [ e einte), ©e Ry
Cg 0 Ry

inverts the Weinstein continuous wavelet transform on its range.
(ii) For all f € L'(dvs) N L?(dv,) such that Fw(f) € L (dvy), we have

F=1(8)(85"(f)). (2.6)
Proposition 2.8. Let g be a Weinstein Wavelet on R in L?(dv,). Then,
SW(L*(dvy)) is a reproducing kernel Hilbert space in L*(dvya) with kernel
Kyl ) 0.) = - [t ) (27)
The kernel ICgy is bounded and we have

lgll?., 2

V(a,), (d,2') €]0, +oo[ xR, |Ky((d,2); (a,2))] < C
g

Notation We denote by:
e P, the orthogonal projection from L?(dv,) onto S}V (L*(dv)).
oPrF = xsF, F € L*(dy,), the orthogonal projection from L?(dvy,) onto the
subspace of functions of L?(d,) supported in a subset ¥ C]0, +oo[ xR’} satisfying

0<va(2)=//2dva(a,y)<oo,

where xx is the characteristic function of X.

o/P(N), 1 < p < o0, the set of all infinite sequences of real (or complex) numbers
x = (x;) en, such that

l][f = 32727 |2 1P < 00, 1 < p < 0.

[2]|oo = sup;en [25] < oco.

oB(LP(dv,)), 1 < p < o0, the space of bounded operators from LP(dv,,) into itself.

Definition 2.9. (i) The singular values (s, (K))nen of a compact operator K in
B(L?(dv,,)) are the eigenvalues of the positive self-adjoint operator |[K| = VK x K.
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(ii) For 1 < p < oo, the Schatten class S, is the space of all compact operators
whose singular values lie in /?(N). The space S, is equipped with the norm

+oo %
1K, = (Z|8k|p> :

k=1

We note that the space Ss is the space of Hilbert-Schmidt operators, and 57 is
the space of trace class operators.
The trace of an operator K in S7 is defined by

+oo
TT(K) = Z<K1}n7vn>va (28)

n=1
where (v,,), is any orthonormal basis of L?(dv,,).
If K is positive, then
1K ls, =Tr(K). (2.9)
Moreover, a compact operator K on the Hilbert space L?(dv,,) is Hilbert-Schmidt,
then the positive operator K*K is in the space of trace class and

“+oo
1K |%s = 1K*Kl|s, = Tr(K*K) =Y | Kval?,
n=1

for any orthonormal basis (v, ), of L?(dvy).
We define S, = B(L?(dv,)), equipped with the norm

K5 = sup 1Kl 2-
9€L2(dva )i llgllva 2=1

3. MEAN DISPERSION THEOREM FOR THE S;/V

In this section, we express an uncertainty principle by means of the generalized
time-phase dispersion of S;/V. For this, let p be a positive real number, g be a Wein-

stein wavelet and f € L?(dv, ), we define the generalized pth-time-phase dispersion
of SgW( f) by

1
P

w = +00 1 z)|P|SW a,z)|? a,r
0, (SIY () = (/ Lo oIS (a0t >>

Theorem 3.1. [20] Let g be a Weinstein wavelet and let ¥ be a subset of |0, +-o0o[ xR’
such that 0 < 7,(X) < +00.
(i) If || Ps Py|| < 1, then for every f in L*(dv,), we have

1
C TR e e——| DY .
VOl € <SS Dl
(i1) Ps, P, is a Hilbert-Schmidt operator and we have

Yo (X)
|PaPy|? < o lgllZ, o
g
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Remark 3.2. The orthogonal projector Py : L?(dya) — Sy¥ (L?(dvy)) is given by
SIV(S}¥)*. Explicitly, it is an integral operator

+oo
Py = [ [ P/ (a0)s @/ v (o). (o) €0, +oclxRYH.
0 i
(3.1)
Clearly, the kernel is hermitian symmetric
Kq((a',y); (a,y)) = Kq((a,y); (a',4), (3-2)
and has the reproducing property
Fla,y) = (F.Kg(( )i (@9 F € 8Y (L2 (dva)).

Theorem 3.3. Let g be a Weinstein wavelet, (¢g)genn+1 be an orthonormal se-
quence in L?(dv,) and ¥ be a measurable subset of |0, +oo[xR such that 0 <
Ya(X) < +00. Then for every non-empty subset K C N"*1 we have

a2
> w8 (05) ) < 2L g2,
g

BEK

Proof. Let (eg)penn+1 be an orthonormal basis of L?(dv, ), since Px Py is a Hilbert-

Schmidt operator satisfying || PsPy||% ¢ < 7"652) llgll2 5, we deduce that the positive
5 s

operator Py Ps P, satisfies

> (PyPsPyegiep)y, = Y |IPuPyesl, o = 1PuPyllis < +oo,
BENn+1 BENn+1

which means according to Gohberg et al. [I5, p. 63], that P,PxP, is a trace class
operator with

’Ya(z) 2
ol o

TT(PgPEPg) = ||PEP9||§IS <

Actually since (¢g)gecx is an orthonormal sequence in L?(dv,)), then by (2.5 we
deduce that (S}"(¢s))sex is an orthonormal sequence in L?(dv,) and therefore
again by Gohberg et al. [I5] p. 63], we get that

> (PS8 (68), S (66))va = > (PyPsPyS)Y (05), Sy (66))a

BEK BEK
< Tr(P,PsP,), (3.3)
and by combining (5.5 and (3.3]), we obtain
Ya(X)
D (PeS (05), Sy (66)n < O“Tllgllia,a (3.4)
BEK g

Now, by Cauchy-Schwarz inequality, we have for every 5 € K
(PsS)Y (05), 93 (68))7a =1 — (PseSy (05), Sy (058))va
>1—[Ixze Sy (98)llra.25

and (3.4]) completes the proof of the theorem. O
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Definition 3.4. Let 0 < 7 < 1 and ¥ be a measurable subset of ]0, +oo[ xR’ .
Let g be a Weinstein wavelet and f € L?(dv,) be a nonzero function. We say that
S;’V is n-time- frequency concentrated in X, if

Ixze Sy (a2 < nllSgY ()l 2-

Proposition 3.5. Let n and p be positive real numbers such that n < ﬁ, B, =
g

{(a,x) €]0,+oo[xR7}, 5 + |z|* < p?} and let g be a Weinstein wavelet. Let
Q C N**! be a non-empty subset and (¢8)genn+1 be an orthonormal sequence in
L?(dv,). If SZV((;SB) is n-time-frequency concentrated in the set B,, then § is finite

and
lgll}.2  m2T(a+1)0(2Ep+)

Co(l—nyCy) AT+ n+d)
Proof. According to Theorem [3.3] we have
g (
D (1= lIxBSy (98)llra,2) < =
BEK Co
However for every f € Q, HXBCSW (08) 7,2 < 1y/Cy and
(B,) = T2l (o + 1)[(2etrtd)
TelPe) T T 20 + 0+ 4)

By combining (3.5) and (3.6, we obtain

g}, 2 72T(a+ 1>F(W)p4a+2n+6
y(1-1y/C,)  4AL(a+n+4) ’
which means that €2 is finite. (I

Card(Q) < datint6

2aBo) o1 (3.5)

4a+2n+6. (36)

Card(Q) <

Corollary 3.6. Let A and p be positive real numbers and g be a Weinstein wavelet.
Let Q C N™*! be a non-empty subset and (¢g)senn+1 be an orthonormal sequence
in L?(dvy). If the sequence (gp(S;’ng))geK is uniformly bounded by A, then € is
finite and

lgll3, 2 m& 25 4o F2nFOT (o 4 1)1 (2ectpd

A4a+2n+6
Cy A'2a+n+4) '

Card() <

Proof. Assume that QP(SW (¢5) < A, then for every S € Q we have

o, SF @2, </ /
2P [(1,2)]>A

2b
_ @S¥ @)
h 4AP S 4'
This means that for every 5 € Q, S)V(¢p) is 5 lc -concentrated in the set B
g
and by Proposition we deduce that € is finite and
gl o w3202 HOD (o 1)T(22pt)
c, o (2a + 1+ 4)

Gl @) PISLY (95) (0, ) dva(a,2)

2
A2p

Card(Q) < Altet2ntt,
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Lemma 3.7. Let p be a positive real number and g be a Weinstein wavelet. If
(¢3)genn+1 is an orthonormal sequence in L?(dvy), then there exists jo € Z such
that

VB e Nt 0,(S)V (¢p) = 27°.
Proof. For every j € Z, let
Py ={B8eN""} 0,(85 (¢) € (271, 2T},

then for every 8 € P;, we have

+o00
/ /R"*l |p|SW(¢ﬁ)(a $)| dvya(a,x) < QjP’

hence

SV (65)))
[, s G oIS @) 0P a) < 0T <

1

By the last inequality, we deduce that for every 3 € P, S;}V(¢5) is 5 -concentrated
g

in the ball B _;, 2, since the sequence (¢g)scp, satisfies the conditions of Corollary
2 .
[3.6, which shows that P; is finite and

HgH 2 - 2p(4a+2n+6)1—\( + 1)F(2a+2n+4

)
97 (4a+2n+6) 3.7
Cy ' 2a+n+4) ’ (37)

Card(P;) <

in particular lim;_, . Card(P;) = 0. O

Theorem 3.8. (Shapiro’s dispersion theorem for SZV) Let g be a Weinstein wavelet
and (¢g)genn+1 be an orthonormal sequence in L*(dv,). Then, for every positive
real number p and for every non-empty subset Q C N**1 we have

p
» 1 20 da+2n+6
o > (Card(Q))'F raFzrs g )
,ezes:z 3 2041\ Capnllgll}, 2

Proof. For k € Z,k > jg, we denote by Qf = U] jo Pj then according to |D we
have

Card(Q) = Z Card(P

Jj=jo
lgl2, » w325 4ot20HOD(q 4 1) (220t
Cy (2l HT =220+ n +4)
= w2(k+l)(4a+2n+6)
2C,

(k+1)(4a-+2n+6)

<

Now, if Card(2) > %230(40‘“”*6) then we can choose an integer k > jo
9
such that

n v C n 14
,p,2ggH N 2(k 1)(4a+2n+6) < Card( ) ypyzggH o, 2k(4a+2n+6) (3.8)
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d(Q
so that Card(Qr—1) < CGTT(), hence by 1' we obtain

D (ST (@) = D (0p(SyY (9))7
BeQ BEQK-1
Card(Q)
> S Y (@S G
j=k BeEP
> CaT2d(Q) 2(]6—1)])

P
1 20 4a+2n+6
> (Card(Q))'+wwsm7s g :
~ 2041\ Capmllgll?, 2

2 .
Finally, if Card(Q) < “22410la2950(10+2046) then

Z(Qp(sgw(%)))” > Card(Q)27P

BEQ
TaTonTe
> (Card(Q)) ' avsm7s ng :
Capnllgl?, 2

O

Theorem 3.9. (Shapiro’s umbrella theorem for S;/V) Let g be a Weinstein wavelet,

(6g)pex be an orthonormal sequence in L*(dv,) and K C N1 be a non-empty
subset. If there is a function g € L?(d~,) such that

Sy (6p)(a, )| < g(a, ),
for every p € K, then K is finite.

Proof. Using analogous proof as for Theorem 3.3 of [I7] page 11, we obtain the
result. O

4. TIME-FREQUENCY LOCALIZATION OPERATORS AND THEIR PROPERTIES

Definition 4.1. Let g be a Weinstein wavelet on R’™" in L?(dv,) and o be a
bounded nonnegative function on ]0, +oo[xR’} ™. The time-frequency localization
operator L4(o) with Weinstein wavelet g and symbol o is formally defined as

“+oo
=g [ [ ownsy ey
= (93) 08y (f), f € L*(dva). (4.1)

We note that if ¢ = 1, then by the inversion formula (2.6), we have Ly(0)(f) = f.
If o is compactly supported on X, then £,(0)(f) is interpreted as the part of f that
lies essentially in 3.
It is usually more convenient to use the alternative weak definition of £4(o) given
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by
(Lyg(o)(f): h)

+oo
= [ e ns) (@SB e ). £h e P, (42

In this section, we shall keep our focus on localization operators £4(¢) with symbol
o = Xz, where g is a Weinstein wavelet on Ri“ in L?(dv,) and ¥ is subset of
10, +0o[x R} with finite measure v, (3) < oc.

Theorem 4.2. Let g be a Weinstein wavelet on R’ in L2(dvy) such that ||g||,., 2 =
1 and ¥ is subset of |0, +oo[ xR} Then
(i) the localization L4(X) is in Soe and we have

1
Ly(2 < —.
H g( )HSoo \/Cf,g
(1) the localization L4(3) is a compact operator and even trace class with

Tr(Ly(X)) = Aalg, %),

1
m:—//mmmmmm. (4.4)
Cg >

Proof. (i) Let g be a Weinstein wavelet on Riﬂ in L?(dv,). From Corollary
we get for f € L?(dvy)

1£5(2)(Pllvaz = 1085) (xs S5 (Illva 2

1
||><25 (Fllye 2

(4.3)

where

< FgllS?/(f))||7a,2

1
< —=fllva.2-
VG
50, L4(X) € B(LP(dv,)) and || L4(2)||s.. < \/%

(ii) We now show that £,4(X) is a compact operator. Let (fx)ren be a sequence in
L?(dvy) such that fr — 0 weakly in L?(dv,) as k —» oo. It is enough to prove
that

lim Ly (2)(fr)llve.2 =0

k—+o00
We have

M(me\w/ ] L1585 G0t ngas @) dva o) )

(73./;K+1L/"jg|<f¢,gaw>um||gmy<xn .y} ()

Using the fact that fi — 0 weakly in L?(dv, ), we deduce that
Va > 0,¥(w,y) € RET)% Tim [(fis Gay)val*[9a.y (@) = 0.
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On the other hand as f, — 0 weakly in L?(dv,) as k — +00, then there exists
a positive constant A such that || f4|,, 2 < A. So, Va > 0,Y(z,y) € (R})?

2
Va,2°

[{fis Gahva* < N3ll3,,

Moreover, by Fubini’s theorem and (2.4]), we have

< ) A(z)

1£4(E)(f)lI7, 2 < lg11%.2 = =2
g

By the dominated Convergence Theorem, limy— o0 ||£Lg(X)(f2)|lve,2 = 0 and
therefore £,(X) is compact.

To show that £,(X) is trace class, we let {uy} > be an arbitrary orthonormal basis
of L?(dv,), and we calculate

400
— ’((S;’V)*(XZS;V(W))’UHVQ

k=1

Z‘ (X255, (ur)); Sy (ur))~,
=1

Using Fubini’s theorem and (2.3)), we get

1 = 2

= Uk Ga,y)va

Q/A;kkw
_ 1 / / 19 l2. 2dva(a,y)

Og = oy
=Ao(9,2)

Therefore £4(X) is trace class with

+oo
> [0y (=) ), ).
k=1

(a,y)

+oo
> |ees (=) w),ue)
k=1

1£4(E)l|s, = Tr(Ly(%)) = Aalg, %)

O

Proposition 4.3. Let g and g’ be a Weinstein wavelet on RT‘l in L?(dvy) and ¥
is subset of 10, —|—oo[><]R7}r+l. Then for every f € L?(dv,)

(24(2) = £y D) ol < (b X Oy
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Proof. From the boundedness of the time-frequency localization operators in L?(dv,,),
we get

((£g(2) = Ly (X)), fvl

(Sg") " (x=Sg ) = (S )" (x=Sg N(F); Flva]
(

(

(
(((SV )" (x=SY o)+ (SI ) (2SI ) + (SE)* (= SY o D) Flu |
(S ) (xS ) () o |+ (ST ) (s SEN ), f)v |
(S (s SY N (), P |

1L g () (O)lle 2| Fllo iz + 1S ) SN ()l 2
1(SY ) (x=SY >>< Moo 2ll Fllu 2

(e + L Vg
\/Cg—g’ Cg g’ o?

4(
I
It

|f||l/a,2

+ N + A

5. WEINSTEIN WAVELET SCALOGRAMS

The main aim of this section is to generalize the results proved by Ghobber in
[13], in the context of Weinstein wavelet.

5.1. Calderén-Toeplitz Operator.

Definition 5.1. Let g be a Weinstein wavelet on R in L2(dv,). We define the
Weinstein wavelet scalogram of as

¢y (F)(a,s) =S5 (f)a, )], (a,s) €)0, +oo[ xR}
From the Plancherel formula of SgW, we have

“+o0
/0 / ¢y (£)(a,8)dva(a, s) = Collf]7, - (5.1)

Definition 5.2. We define the Calderén-Toeplitz operator
Tyx : Sy (L (dva)) — Sy (L?(dva))

by
T,sF = P,PsF. (5.2)
Proposition 5.3. The operator T, 5 is trace-class and satisfies
0<Tys <P <1, (5.3)
and
Tyx =Sy Lg(S)(S)V)" (5.4)

Proof. For every F € S}V (L?(dv,)), we have
(T, s F,F),, = (P,PsF,F), = (PyFF),

//IFayIdvaay)

This gives (5 , and in partlcular shows that T}, s is bounded and positive.
Now, we want to prove . By (4.1] ., we have

Ly(E)(f) = (SgW) xsSy" (f) = (83")" PeSy  (f), [ € L*(dva).
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Therefore
(S Ly(2)(S)V))F = PyPsF =T, sF, F e Sy (L*(dva)).

Then, the time-frequency operator £,(X) and the Calderén-Toeplitz operator T 5
are related by

S Ly(2)(SW)T = T

Let M, 5 : L*(dvya) — L*(dv,) be the inflated operator defined by

My = PyPoPy.
The advantage of M, s compared to Ty s is that it is defined on L?(dvy,) and
consequently its spectral properties can be easily related to its integral kernel.
Lemma 5.4. The trace of Mg s is given by
Tr(Mgyx) =Tr(Tyx) = Aalg, X)),
where Ao (g, %) is given by relation ([{-4).

Proof. Since Ty s is positive and trace class, then using the decomposition L? (dva) =
S;}V(Lz(dl/a)) + (S;/V(Lz(dl/a)))l‘, we deduce that M,y is also positive and trace
class with

T’I“(Mg,z) = T’I“(Tgl;).
Now, let {¢x}/°] be an arbitrary orthonormal basis for S}V (L?(dv,)). Then if we
denote by ¢r = (Sp¥(¢x))*, then {y}/°] is an orthonormal basis for L?(dv,).
Thus by (4.2) and Fubini’s theorem

+oo +oo

D Ty 5(0k): 1)r0 = D _(Lg(Z)(S) ) (d): (S3¥)* (08))w

k=1 k=1
2 [ [s¥ wo@n| ¢ty

+o00 2
:/ Z‘<¢kvga,y>va d%(%y)
=1
= [ [ ousl, ot
:Aa(g72)'

Therefore, by (2.8) and (2.9), the operator Ty x is trace class with
TT(TQ,E) = Aa(g7 E)

Proposition 5.5. The trace of T(]QE is given by

1oz = [ [ [ [ |stasiarm)] dalanantem)
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Proof. Since M, s is positive, then
Tr(TZy) =Tr(M2y).

Using and , we get
ngzF(aa y) = TQ7E(P9F)(a7y) = <F7 H!]((a7y)7 ('3 '))>’Ya7
with
Hq((a,y); (u,v))

+o0
= [ sl ()5 o) () (0 i),
0 i
This means that M, 5, has integral kernel #4((a,y); (u,v)), and therefore
+oo
MFay) = [ [ P @ )
0 R
where
+oo
@i @)= [ [ Mol o) My (o) @) i)
+

Then
Tr(/\/l2 )

2 ¥); (a,9))dvala,y)

-
/ N / /m Ho (@, ); (0, 0)Hy (0, ); (0,9)) (@, y)dva (u, )
L L),

where

+o0 +oo
Nl o)) = [ /R L ] K @)Kyl (o)

x K ((xl,yl) (u, 0) g ((u, v); (2, y2))dVa (@, y)dya(u, v).
On the other hand by (2.5 , and (| E7 we obtain

+oo
L oG m)s )y (0 o))

1 +oo -
- 02/0 /R"'H S;/V(gxzyyz)(a’y)SgV(grl,yl)(avy)d’}’a(aay)
9 +

1
- C. Gzoyo (1) Gy 1y, (1) dVa (1)

g JRYT!
= ’Cg(($2a92);($lvyl))'

By the same way, we have

“+o0
L [ ol o)y (0 o)) = Ky (aroam)s o 32).
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Therefore
Tr ./\/l

////’C (z2,y2); (21, 11)) g (21, 91); (22, y2))dVa (21, Y1) dVa (22, y2)

://2//2|/cg((x2,y2);(ml,yl))|2dva(x1,yl)dva(arz,yz)-

O

5.2. Eigenvalues and Eigenfunctions. Since the localization operator £,(X) =
(SZV)*XES;/V that we consider is a compact and self-adjoint operator, the spectral
theorem gives the following spectral representation

+oo
LoD () =D urlfsvi)vavn, [ € L*(dva), (5.5)

k=1
where {u}72 , are the positive eigenvalues arranged in a nonincreasing manner and

{vk}32, is the corresponding orthonormal set of eigenfunctions. Note that uy \, 0
and by (4.3)), we have for all k > 1

O0<up <up < 1.
We denote by C(3, €, g) the set of functions in L?(dv,) that are (g, g)-concentrated
in a subset %
C(E,e,9) ={f € L*(dva), (Ly(X)(f): lva = 1 =)ISI, 2}

Moreover, since

—+00
= U v = S w a,y)? a
(Lg(E)(), Flva —];:1 k(5 V) v | Cg//zlsg (N)a;y)[Fdvala,y),

then the operator L£,4(X) is useful in studying the following optimization problem:

o 1
Maxinize o [ [ 180 (1)(00)Palasn), Ifllue =1
Cg b

which aims to look for functions in C(X, ¢, g) that are well concentrated in X. Tt
follows that the first eigenfunction vy satisfies

ur = (Ly(E)(v1), 1), = max  {{Ly(E)(f): lvas  [[fllve2 =1}
Now, if vy is an eigenfunction of £4(X) with eigenvalue uy > 1 — ¢, then from
the spectral representation (L,(X)(vk),vk)y, = ur = 1 —e. Hence, by (5.5)) the
eigenfunction vy is in C(¥,€,g). Moreover, the min- max lemma for self-adjoint
operators states that (see e.g.[22] Section 95]),

Ul = IMmax {(EQ(Z)(f),f>VQ, ||f||,,m2 = 1,fJ_’U1,...7’Uk,1}.

So that the eigenvalues of £4(X) determine the number of orthogonal functions that
are in C(X,¢,g). Let Vy be the span of the first N eigenfunctions of £,4(X) corre-
sponding to the N largest eigenvalues {uy }2_,, then for all f € V,, = span{v; }&_,

(Ly(X) Zuk\ froe)va|? UNZ (Fson)va? = un | fII2, o

k=1
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This implies that a function f in Vi is in C(X,1 — uy, g).

5.3. Scalogram of a subspace. Given an N-dimensional subspace V of L?(dv,),
Py the orthogonal projection onto V' with projection kernel sy , i.e.

s = [ sl fdy)

+

Recall that if {e;}2_, is an orthonormal basis of V', then

N
rv(siy) = en(s)ex(y).
k=1

The kernel xy is independent of the choice of orthonormal basis for V.

Definition 5.6. The scalogram of the space V' with Weinstein wavelet g is defined

scaLViaw = [ [ s, @5 (v (z).
RZ_ 1 R"_{_ 1

Lemma 5.7. The scalogram SCALGV s given by

N
SCALGV =Y ¢V (ex).
k=1
Proof. We have

N e —
SCAL,V (a,y) = / Zek(T)gmy(:c)ga,y(r)ek(x)dya(r)dya(m)

n41
RY™ k=1

S

n+1
Ry

N —
- Z<ek7 ga,y>ua <ek7 ga,y>Va
k—

N
=57 57 (ex)(a, ) ST (ex) (. y)
k=

And relation (5.1)) complete the proof. O

Definition 5.8. We define the time-frequency concentration of a subspace Vy in
Y as

N
SOES S| / Y (11) (@, ) d a0, ).
k=1

If the {vx}{5 are eigenfunctions of the localization operator £,4(X) then

LN
&ng(Vn) = N];Uk-

We can see that uy < &€x4(Va) < w1 < 1. The min-max characterization of the
eigenvalues of compact operators implies that any N-dimensional subset cannot be
better concentrated in ¥, i.e. if V; is any N-dimensional subspace of L?(dv,), then

52,9(‘/1(/) < fE,g(VN).
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5.4. Accumulated Scalogram. Denote by [A,(g,X)] the smallest integer greater
than or equal to A, (g, X). In [2] the authors showed that the corresponding spectro-
grams of the first [A, (g, X)] eigenfunctions of £4(X) approximately form a partition

of unity on X.

Define the accumulated scalogram of ¥ with respect to g as the scalogram of the

subspace Via, (g,x)] = span{vk}lli"l(g’zﬂ, where vg, k = 1,...,[An(g,X)] are the

eigenfunctions of £,(X), i.e. SCAL,Via, (9,51

Then
[Aa(9,2)]
SCALVin, oy (@y) = D ISy (vk)(a, ).
k=1
Note that

ISCALGVia,(g.90 a1t = Co[Aalg, B)] = Cyha(g, X) + O(1).

Moreover, since
[Aa(g,2)]
up <Tr(Ly(X)) = Aalg, X),
k=1
then we can define the inequality

Z(Aa(g, 3)]

k=1 Uk

E(g,%) =1~ W7

which satisfies

0< E(g,%) < 1.

More precisely, we have the following result

Lemma 5.9. Let 0 < e < 1. We have

0< E(9,%) <1—(1—¢)min(1, m)v

where k(e,X) = card{k, up > 1 — €}.
Proof. Let 0 < € < 1, it follows that

ug = 1—¢€, 1 <k<min(k(e, X), [Aa(g, X)])-
As [Aalg,2)] > min(k(e, ), [Aalg, 5)1), we get

[Aa(g,2)] min(k(e,2),[Aa(g,2)])

> we> up > (1 — ) min(k(e, 2), [Aa(g, X))

k=1 k=1

Therefore
min(k(e, X), [Aa(g, X)]) .

Aa(g,%)
As [Au(g,2)] = Au(g,X), we obtain the desired result.

0<E(g,%)<1-(1—¢)

O
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