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COMMON FIXED POINT FOR GENERALIZED CONTRACTION
IN B-MULTIPLICATIVE METRIC SPACES WITH
APPLICATIONS

ABDULLAH SHOAIB

ABSTRACT. The desired outcome of this paper is to extend the result of Al-
Mazrooei et al. (Journal of Mathematical Analysis, 8(3):157-166, 2017) by
applying new contractive condition only on a closed set instead of a whole set
and by using b-multiplicative metric spaces instead of multiplicative metric
spaces. We apply our result to obtain unique common solution of Fredholm
multiplicative integral equations. An example and a result on F-contraction
are also presented. Our results generate many new results in b-multiplicative
metric spaces and b-metric spaces.

1. INTRODUCTION AND PRELIMINARIES

Bakhtin [7] was the first who had given the idea of b-metric. After that, Czer-
wik [9] gave an axiom and formally defined a b-metric space. For further results
on b-metric space, see [I7, [27]. Ozaksar and Cevical [16] investigated multiplica-
tive metric space and proved its topological properties. Mongkolkeha et al. [I5]
described the concept of multiplicative proximal contraction mapping and proved
best proximity point theorems for such mappings. Recently, Abbas et al. [I] proved
some common fixed points results of quasi weak commutative mappings on a closed
ball in the setting of multiplicative metric spaces. For further results on multiplica-
tive metric space, see [2, 4, 10, 1T}, 14]. In 2017, Ali et al. [5] introduced the notion of
b-multiplicative and proved some fixed point result. As an application, they estab-
lished an existence theorem for the solution of a system of Fredholm multiplicative
integral equations. Shoaib et al. [27] discussed some results for mappings satisfying
contraction condition only on a closed ball in b-metric spaces. For further results
on closed ball, see [I8, 19} 211, 221 23] 241 25| 206], 28], 29]. In this paper, we proved
a result in [4] by applying contractive condition only on a closed set instead of a
whole space and for b-multiplicative metric space instead of multiplicative metric
space. Moreover, we obtained corresponding new results on closed ball in b-metric
spaces. Example is given which shows the effectiveness of the new results. We
also showed that a specific type of generalization of F-contraction is not real. An
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application on integral equations is also given. The following definitions and results
are used to understand the paper.
Definition 1.1 [5] Let W be a non-empty set and let s > 1 be a given real number.
A mapping my : W x W — [1,00) is called a b-multiplicative metric with coefficient
s, if the following conditions hold:

(1) mp(w,y) > 1 for all w,y € W with w # y and my(w,y) = 1 if and only if
w=y.

(7) mp(w,y) = mp(y, w) for all w,y € W.

(ii1) mp(w, 2) < [mp(w,y).mp(y, 2)]” for all w,y,z € W.

The triplet (W, mp) is called b-multiplicative metric space. If > 1, u € W, then
B, (u, ) = {v : mp(u,v) < r} is called a closed ball in (W, my).
Example 1.2 [5] Let W = [0, 00). Define a mapping mq : W x W — [1,00)

Ma(w,y) = a9,
where a > 1 is any fixed real number. Then for each a, m, is b-multiplicative metric
on W with s = 2. Note that m, is a not multiplicative metric on W.
Definition 1.3 [5] Let (W, m;) be a b-multiplicative metric space.
(¢) A sequence {w,} is convergent iff there exist w € W such that

my(wy,w) — 1, as n — +o0.
(i4) A sequence {wy} is called b—multiplicative Cauchy iff
mp (W, wy) — 1, as m,n — 4o0.

(#4i) A b-multiplicative metric space (W, my) is said to be complete if every
multiplicative Cauchy sequence in Y is convergent to some y € W.
Definition 1.4 [I7] Let W be a non-empty set and s > 1 be a real number. A
mapping b: W x W — RT U {0} is said to be b-metric with coefficient s, if for all
w,y,z € W, the following conditions hold:

(1) b(w,y) = 0 if and only if w = y;

(i2) b(w,y) = b(y, w);

(11d) b(w, z) < s [b(w,y) + b(y, 2)] -

The pair (W,d) is called b-metric space. If » > 0, u € W, then By(u,r) = {v :
b(u,v) < r} is called a closed ball in (W, b).
Remark 1.5 [5] Every b-metric space (W,b) generates a b—multiplicative metric
space (W, my) defined as

mp (z,y) = @Y,

Remark 1.6 Let (W, my;) be a b—multiplicative metric space generated by b-metric
space (W,b), r > 0 and zg € W. If By(xg,7) and By, (xo,e”) are closed balls in
(W, b) and (W, my,) respectively, then By(zg,7) = B, (zo, 7).
Definition 1.7 Let S,T : X — X, A C X and M4(S,T) be the family of all
functions a : X x X — [0, 1) with following assertions

a(TSz,y) < a(z,y) and a(z, STy) < a(z,y), for all z,y € A.

If we take A = X, then M4 (S,T) become M(S,T), which is defined in [3]. Now,
for a single mapping S : X — X, we define the family M4(S) of all functions
a:X x X —[0,1) with following assertions

a(S?z,y) < a(x,y) and a(z, S*y) < a(z,y), for all z,y € A.
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Proposition 1.8 Let 5,7 : X — X be self mappings, A C X and zg € X,
we define the sequence {x,,} by zont+1 = Sxon , Tanto = Taansq for all integers
n > 0. If {x,} is a sequence in A and a € M4(S,T), then a(x2,.y) < a(zo,y) and
a(x, Tont1) < a(z,z1) for all 2,y € A and integers n > 0. Also, same is valid if
a < MA(S)

2. MAIN RESULT

Theorem 2.1 Let (X,my;) be a complete b- multiplicative metric space and
S, T : X — X be self-mappings. If there exist mappings «a, 8,v,§ € Mu(S,T),
A = B, (zo,7), o € X and r > 1 such that:

(1— sh)
my(xo, Sxo) <1 5,

where sh < 1, h = max{hq, ho} and

a(zo, 1) +v(xo, x1)+ sE(20,21)
1— B(xo, x1) — s§(xo, 21)

Also, if By, (x0,7) is closed and z,y belongs to B,,, (zo,r), then this implies

_alzo, 1)+ B(xo, 1) + 8&(w0, 1) _
hl - ) h2 -

1-— Z/(JJ(), .1‘1) — 85(3007 1‘1)

my (S, Ty) < (my(,))* ) (my (a, Sa)) ) (my (y, Ty) ).

(myp(y, Sx).myp(z, Ty))g(z’y). (2.1)

Then S and T have a unique common fixed point in B, (2o, 7).

Proof. Let zy be a given point in X. Let we construct sequence {z,} in X such
that

Tont+1 = STon, Tont2 = T Tony1,

forn =0,1,2,.... Now we show that {x,} is a sequence in By, (2o, 7). Note that

(1 — sh)
mp(To, x1) = mp(x0, Sx0) <71 ° <r. (2.2)

Hence 21 € By, (xo,7). Assume x2,23,...¢; € By, (20, r) for some j € N. Then, if
j=2k+1

my(Tops1, Tokt2) = mp(Swok, Tropq1)

(mp(Tak, Top 1)) 20 T4 (o (gp, Sy ) )P T2k T2r41)
(g1, Trogyq))” B2k 2ks1)

(M (@2k 11, Sk ) My (Tog, Togp11))s(F22k+1)

IN

o(Tok, Takt1) B(w2r,Tan+1)

IN

(mb(x2k7$2k+1)) -(mb(ka,I2k+1))

(mp(Tagg1, Togsa))” @2 B2640) (my (Top, Top o)) T2k T241),

From the Proposition 1.8 and by triangle inequality, we have

mb($2k+1, I2k+2)

< (mp(ak, Togs1)) @0 T21) (my @k, Top g1 ))P 700 T2e+1)

(a1, Togga))” 0 240 (my (2ok, Tog1)* My (Taki1, Tagpo)®) @0 T2k1),
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Again from the Proposition 1.8, we have

mb(x2k+1» $2k+2)

< (mp(ak, Tags1)) @0 T (my(zag, Tagy 1)) @0 ¥
(M (2241, Tort2)) 0 T (my (T, Tkt ) S My (Taky1, Topgz)®)SE0 o)
S (g, ) P ) (0 1)) 1)
a(zg, z1)+B(zg, 1) +s€(zg, ©1)
< (mp(@ok, Tapy1)) T rEo e e w1 = (mb($2ka$2k+1))h1
My (Tt Tarra) < (Mp(Tok, Tagr1)". (2.3)

Similarly If j = 2k, we have

mp(Tok, Toky1) = mMp(Txok—1,STor) = mp(STok, TTok—1)
< (mu (w1, k) T (my (wok, g yr)) P

-(mb(x2k—1, $2k))y(m2k’m2k71)-mb(ka—l, 372]@4,-1))5(:6%’:6%71)-

A

Again from the Proposition 1.8, we have

My (Tok, Tok+1)

< (mp(wap—_1, 2ok )) @0 (my (2ag, Topy 1)) @0
(i (@21, 2ok ) 0T (my (21, Tak) My (Tok, Top 1)) @02
S (mb(kafla :L,Qk))a(a:o,asl)+V(a:0,:r1)+s§(a:0,a:1)
(M (@2k, Topp1))PFoom) T8 (@0.20)
a(zg,z1)+v(zg,z1)+s8(z0,21) h
< (mp(xok—1,x2r) TFECEITEEOEOT T = (my(Top—1, Tor)"?.
My (Tok, Torr1) < (Mp(T2r—1, T21)" (2.4)

Thus from (2.3) and (2.4), we conclude that for all k € N

k
my (e, Thg1) < my(p—1, 2)" < o < my(@o, 1) 25)
Now,
s o2 L

mp(zo, zj+1) < mp(zo,x1)%mp(21,72)" womp (25, T541)

< b(anml)Sh mb(990>$1)52h1 .myp(xg,21)° Ity J

< b($0 )§(30h0+s hi4s2h2+4....+s7h9)

1 (sh)7)

my(z0,xjp1) < my(zo,xy) TR

Since 1 € By, (zg, 1), we have

1—(sh)J

1—s 3( —sh )
my(zo, Tj+1) < (Tﬁh) o
— (r)l—(sh)j <r,

This implies z;41 € By, (x,r). By induction on n, we conclude that {z,} €
By, (zo,7) for all n € N. Therefore

mp (T, Trg1) < mb(xo,xl)hn for all n € N. (2.6)
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We claim that the sequence {x,} satisfies the multiplicative Cauchy criterion for
convergence in (B, (xo,7),mp). Let m,n >0 withm >nasm=n+p;p € N.

My (T, Trm)

-2 N

< (T Tt 1) (T, Trt2)® e (Tip—1, Trgp)

n 27 n+1 ppntp—1
< (mb(xo,ajl)Sh (mp(zo,21)° h ...(mb(mo,xl))sph i
< (mb(flfo zl))sh”Jrs R TL4 L +sPpntP—1
— b
< (mp(wo, @) e < (mb(ﬂﬁo,xl))%
< (my(wo,z1)) T

Taking limit as m,n — oo, we get my(Zn, ;) — 1. Hence the sequence {x,} is
a multiplicative Cauchy sequence. As the closed set (B, (zo,7),mp) is complete.
So, the completeness of (B, (xo, 1), ms) follows that x,, — z* € By, (x0, 7). So

my(zn, ") = 1, as n — 4o0. (2.7)
Now, we have to show that x* is a fixed point of mapping T

my(Tont1, TT)

< (mp(wan, £) 20" (my (29, Swap))? 3
(my(a*, Ta*)) @20 (my (2%, Swop )y (9, Tar*)) S22
S (mb(z2n7 x*))a(:mn,w (mb(x2n, I2n+1))ﬁ(z2"7m*)

*

-(mb(x*7T$*))V(m2"’m ) 7$2n+1)~mb(m2n,Tx*))g(“m“”*).

—~

myp(z
From the Proposition 1.8, we have
mp(Tont1, Tx™)
(mp (T2, )@ (my (229, Tany1))? @07
(mp (2™, Ta*)) @) (my (2%, 2apt1 ).y (2, Ta™))s @0
< (mp(wan, 7)) 0T (my (220, T2ng1)) P

(mp(2*, Tx)) @) (my (2", Topsr)

'mb(xQn,x ) ,mb(m*’Tx*)S)ﬁ(ajo,w*).

IN

Taking limit as n — oo and by inequality (2.7), we have

hm mb(x2n+17T{y ) (mb(l' Tw ))V(xo,a:*)+sf($0,m*).

Now,
mp(x*, Ta*) < (mp(x*, 22n11) mp(Toni1, Tz*))".
Taking limit as n — oo and by inequality (2.7), we have
my(z*, Tz*) < (mp(z*, Tx* ))5”(“*””*)“25(“@*),
which implies that
(mb(x*,Tz*))lf[su(:vo,z*)vLsQé(xg,a:*)] <1,

which further implies that

(mp(z*, Tz*)) < 1T o 77807 < 1.
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Thus z* is a fixed point of mapping 7. Now,

mp(ST™, Tony2)

< (mb<$*,.T2n+1))a(m*’m2n'+l).(mb(l‘*, Sx*))ﬁ(fﬂ*,zmﬂ)
.(mb($2n+17 T1'2n+1))u(a;*,w2n+l)'(mb(xszrh S:’E*).mb(l’*, T$2n+1))§(w*7732n+1)
< (mb(ﬂf*,x2n+1))a(m*’m"+l).(mb(x*7 Sx*))ﬁ(’f*,wznﬂ)

(mp(Zans1, Tana2)) 72000 (my (Tani1, ST).mp (2, Topig)) S @2nt1)
From Proposition 1.8, We have
my(Sz*, Tan42)
(m (2", @2041)) ") (my (2, Sa*)) L)
(@20 41, Bon42))" ) (mp (22041, S*)om (@7, Bons2))

< (map(27, 22041)) T (my (27, S27)) P (my (2041, D2n2)) VT
&(z™,x1)

IN

&(z”, z1)

(mp(@2n41, %)% mp(x”, S2)°mp (2", T2n42))
Taking the limit as n — oo, we get
Bla* w1)+sé(x" a1)

lHm mp(Sz™, 2op12) < (mp(a™, Sz*))
n—oo

By using above inequality and the triangle inequality, we have
2 *
(mp(x*, Sz*)) T IsA@ea )+ e@o )] <
which further implies that
(my(z*, Sz*)) < (1)TFEes T 56T < 1.

Thus z* is a fixed point of mapping S. Hence x* is a common fixed point of mapping
S and T. Let u be another common fixed point of the mappings S and T other than
z*. Now consider

my(z*,u) = mb(Sx* Tu)

) oz(ac ) (mb(l‘*,SI*))ﬁ(x*’u)

Tu))” - (my (u, Sa*).my (z*, Tu))$ @)
U))"‘(m ) (my (@, 7). (g (u, )V

£(z"u)

IN

w, x").mp (2, u))

IN
f\A/é\AA
S
/\/\/\/—\/\
H

IN

a*,u)) @ w2,

This implies that
(mp(a®,w)) @ F2ET 0l <

which further implies that
my(z*,u) < (1) TRED el < 1.

which is a contradiction to the fact that * # w. Thus z* is a unique common fixed
point of the mapping S and T in B,,, (zo, ). |

Example 2.2 Let X = [0,00) be endowed with a b-multiplicative metric with

s =2. )
| olety) ifz#y
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Define
3z fo<z<
S:X = X, Sx=1{10 t0=z=3
2% + /T + 6 otherwise.
z fo<z<
T:X — X, Te=10 H0sz=<3
425 +/Tx +9 otherwise.
Define a(z,y) = &, Blz,y) = ay", &(x.y) = S, v(z,y) = “20. Consider
o = 1, r = 216 then B,,, (7o,7) = [0,3]. Clearly o, 3,&,v € Ma(S,T), where
A = By, (z0,7). Now 21 = S1 = 3, a(zo, 21) = 35, B(zo, 71) = 1E65- &(@0,

x1) = 25, v(xo, 1) = 53 Now, h = max{h1, ha} ~ max{0.355,0.359} = 0.359.
So, sh < 1. We know that

3\? 16(1 — 2(0.359))

3 \2 16(1—2(0.359))
or 2(1+ﬁ) 2
(1— sh)
or my (g, Sxo) ro s

For each z,y € By, (zo,r), we have

(@—2y)° oty
0

2(%‘8+%)2 < (2(w+y)2)1%_(2(w+%)2)wy4.(2(y+%)2) 0 .(2(y+%)2.2(33+%)2) =
or my(Sa, Ty) < (my(,))* . (my(w, Sa))* ) (my (y, Ty))" ")
(m(y, Sz).my(z, Ty)) ).
Thus, all conditions of Theorem 2.1 hold. Therefore, S and T have a unique
common fixed point in B,,, (zg, ). Note that «, 5,&,v ¢ M(S,T), so the result in
[4] can not be applied to ensure the existence of a unique common fixed point.

If we take B(x,y) = 0 in Theorem 2.1, then we obtain the following result.
Theorem 2.3 Let (X, my) be a complete b- multiplicative metric space and S, T :
X — X be self-mappings. If there exist mappings a,v,& € Ma(S,T), A =
B, (zo,7), o € X and r > 1 such that:

(1— sh)
my(xo, Swo) <1 = |

where sh < 1, h = max{hq, ho} and
a(zo, 1) + s€(wo, x1)

hi1 = hy =

_ a(xg, x1) +v(xo, 1) + s&(T0, 1)
1 —v(xg, x1) — s&(xo, 21)’ '

1- 85('1:07 1'1)
Also, if By, (o, 7) is closed and z,y belongs to By, (o, 7), then this implies
my(Sz, Ty) < (my(@,y))* @Y. (my (y, Ty)) ).
(mp(y, Sx).my(z, Ty))ﬁ(:r,y).

Then S and T have a unique common fixed point in By, (xo, 7).

If we take B(z,y) = v(z,y) = 0 in Theorem 2.1, then we obtain the following
result.
Theorem 2.4 Let (X, my) be a complete b- multiplicative metric space and S, T :
X — X be self-mappings. If there exist mappings «, & € M4 (S,T), A = By, (zo,7),
ro € X and r > 1 such that:

(1— sh)
my(xo, Sxo) <1 5 |
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where sh < 1, h = max{hy, ho} and

a(wo, ®1) + s€(wo, 71) a(zg, ©1) + s&(z0, 71)
1 — s&(zo, 1) 1 — s&(zo, 1)
Also, if W is closed and x,y belongs to W, then this implies
my(Sz, Ty) < (my(x,y)) Y (my(y, Sz).my(x, Ty)) @),

Then S and T have a unique common fixed point in B, (zo, 7).

If we take B(z,y) = £(z,y) = 0 in Theorem 2.1, then we obtain the following
result.
Theorem 2.5 Let (X,my) be a complete b- multiplicative metric space and S, T :
X — X be self-mappings. If there exist mappings a, v € M4 (S,T), A = By, (x0, 1),
xo € X and r > 1 such that:

hy = , ho =

my(@o, Szo) < 1T,

where sh < 1, h = max{hq, ho} and

axg, x1)

hf=—""-2_
! 1—v(zg, x1)

, ha = a(xo, x1) + v(zo, 1)-

Also, if By, (zo,7) is closed and &,y belongs to By, (2o, 7), then this implies
myp(Sx, Ty) < (my(x, y))a(z,y)'(mb(y, Ty))u(x,y) )

Then S and T have a unique common fixed point in By, (xo, 7).

If we take B(x,y) = v(z,y) = &(x,y) = 0 in Theorem 2.1, then we obtain the
following result.
Theorem 2.6 Let (X, my) be a complete b- multiplicative metric space and S, T :
X — X be self-mappings. If there exist mappings oo € M4 (S, T), A = By, (z0,7),
xo € X and r > 1 such that:

my (g, Sxo) < B ,
where sa(xo, 1) < 1. Also, if By, (x0,7) is closed and x,y belongs to By, (zo, ),
then this implies
mb(S‘T7 Ty) < (mb(‘r7 y))(x(x,y)

Then S and T have a unique common fixed point in B, (2o, 7).

If we take S = T in Theorem 2.1, then we obtain the following result.
Theorem 2.7 Let (X, my) be a complete b- multiplicative metric space and S :
X — X be self-mappings. If there exist mappings «,8,1,§ € Ma(S), A =
By, (z0,7), o € X and 7 > 1 such that:

mi(wo, Swg) < v,
where sh < 1, h = max{hq, ho} and

a(zg, x1)+ B(xo, x1) + s&(xo, x1) hy = a(zo, x1)+v(xo, 1) + s&(zo, 1)

M= T e, @) — s, w1) 1~ Blzo, x1) — s&(xo, 1)

Also, if By, (wo, ) is closed and @,y belongs to By, (w0, 7), then this implies
mn(S2,59) < (ma(a, ). (my , S2) 5. (m(y, S9)
(ma(y, Sz).my(x, Sy))E@Y).

Then S has a unique fixed point in By, (zo, ).
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If we take whole space instead of closed ball in Theorem 2.1, then we obtain the
following result.
Theorem 2.8 Let (X, my) be a complete b- multiplicative metric space and S, T :
X — X be self-mappings. If there exist mappings «, 8,v,§ € M4(S,T), 29 € X
and r > 1 such that:

my(@o, Szo) < 1T

where sh < 1, h = max{hq, ho} and

e — a(xo, 1) + B(x0, 1)+ s&(x0,71) b
1= 1—v(xo, 1) — s&(x0, x1) T

a(zo, x1)+v(xo, 1) + s&(zo, 1)
1—B(xo, x1) — s&(zo, x1)

Also, if By, (x0,7) is closed and z,y belongs to B,,, (zo,r), then this implies

my(Sz, Ty) < (my(@,y)* @Y. (my (2, S2))P V) (my(y, Ty)) ).
(my(y, Sz).my(x, Ty))$ @),

Then S and T have a unique common fixed point in B, (2o, 7).

If we take multiplicative metric space instead of b- multiplicative metric space
in Theorem 2.1, then we obtain the following result.
Theorem 2.9 Let (X, m) be a complete multiplicative metric space and S, T : X —
X be self-mappings. If there exist mappings a, 8,v,& € M4(S,T), A = B (zo,1),
zo € X and r > 1 such that:

my (o, Szo) < = H)
where h < 1, h = max{hy, ha} and

hy = a(zo, x1) + B(wo, 1) + &(x0, 1) hy = a(zg, x1)+v(zo, 1)+ &(x0, 21)

1 —wv(zo, x1) — &(T0, 71) 1= B(xo, x1) = &(wo, 1)
Also, if By, (zg,r) is closed and z,y belongs to By, (xo,7), then this implies

m(Sz,Ty) < (mle,y)* @ (mlz, 52))"0.(m(y, Ty)) =),
(m(y, Sz).m(z, Ty))EEY).

Then S and T have a unique common fixed point in B,,(zo,r).
If we take whole space instead of closed ball and multiplicative metric space

instead of b- multiplicative metric space in Theorem 2.1, then we obtain the fol-
(1— sh)

lowing result. In this result, we have omitted the condition my(xzo, Sxo) <r~ 5 ,
because it was applied to restrict the sequence in a closed ball.

Theorem 2.10 Let (X, m) be a complete multiplicative metric space and S, T :
X — X be self-mappings. If there exist mappings a, 8,v,& € M(S,T), zo € X and
alzo, 1) + Bz, 21) + v(z0, 1) + 2&(x0, 21) < 1 such that:

m(Sz, Ty) < (m(z,y)*"Y.(m(x, Sz)) @Y (m(y, Ty))" ).
(m(y, Sz).m(z, Ty))s@Y) | for all z,y € X.

Then S and T have a unique common fixed point in X.

Proof. (X, m) is a complete b-multiplicative metric space with s = 1. Now,

a(zo,z1) + B(xo, 21) + v(2o, 1) + 26(z0, 21) < 1
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implies
_ O[($07 $1)+,8($0, $1)+S£($07$1)
hy = <1,
1 —v(zo, z1) — s&(z0, 71)
o a(x(), $1)+V(Z'O, 1’1)+S€($0,"E1)
h2 = < 1.
L — B(zo, 1) — s&(wo0, 1)
Hence sh < 1, h = max{hj,ho}. As the condition holds for all z,y € X then it
obviously holds for it’s closed subsets. Now, by Theorem 2.1, S and 7" have a unique

common fixed point in X. O

Now, we present the b-metric version of Theorem 2.1.
Theorem 2.11 Let (X,b) be a complete b-metric space and S, T : X — X be self-

mappings. If there exist mappings «, 8,v,& € Ma(S,T), A = By(zg,r), 20 € X
and r > 0 such that: . N
b(xo, So) < Q (2.8)
where sh < 1, h = max{hq, ho} and
e — a(zo, 1) + B(zo, 1)
1 — )
1 - I/(Jj(), xl) - Sf(x()) .731)

_ a(xg, 1)+ v(z, 21)
1 — B(xo, z1) — s&(x0, 1)
Also, if m is closed and z,y belongs to m, then this implies
b(Sz, Ty) < oz, y)b(z,y) + B, y)b(x, Sx) + vz, y)bly, Ty)+
(@, y)(b(y, Sz) + b(x, Ty)). (2.9)
Then S and T have a unique common fixed point in By(zg, 7).

hs

Proof. Define my, (x,y) = ¢?@®¥) . Then by Remark 1.5 (W, my) is a b—multiplicative
metric space. By taking exponential on both sides of inequality (2.7), we have

eb(fovsmo) < 6@

(1— sh) ,
or mp(xp,Sxg) < € =

where € = ¢” > 1. Now, by taking exponential on both sides of inequality (2.8) and
by using Remark 1.6, we have

tBnTy) < palzy)b(@y) Bl@y)b(@,52) ov(@y)b(y,Ty)
€ (@) (bly, S)+b(z,Ty))
for all z, y belong to the closed set By(zg, ). Now by using Remark 1.5 and Remark
1.6, we have
my(Sz, Ty) < (my(w,y)* Y. (my(a, S2)) PO (my (y, Ty)) ).
(my(y, Sx).mp(x, Ty)) ).

for all z, y belong to the closed set B,,, (zo,£). Now by Theorem 2.1, S and T have
a unique common fixed point in B,,, (zo,€) or By(zo, 7).

O

Now, we present a corresponding result for a strictly increasing mapping F. We
give a short and simple proof. Other recent results in literature see [3| 8, [19] can
be proved and improved in a similar way by using strictly increasing mapping F'
instead of mapping F' introduced by Wardowski [32]. This also shows that this type
of generalization of the result of Wardowski is not a real generalization.
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Theorem 2.12 Let (X,b) be a complete b-metric space, S, T : X — X be
self-mappings and F' be a strictly increasing mapping. If there exist mappings

o, B,v,& € Mu(S,T), A= By(xo,7), 290 € X and r > 0 such that:

b(iCo, S.’Eo) S @,

where sh < 1, h = max{hq, ho} and

B lwo, 1) + Blxo, 71)
! 1 —v(zg, x1) — s&(zo, =1)

by — a(zo, 1)+ v(xo, 1)
2 1 — B(wo, z1) — s&(z0, 71)

Also, if By(xg, ) is closed, x,y belongs to By(xo,r) and 7 > 0, then this implies

a(z,y)b(z,y) + Bz, y)b(x, Sz) + v(z,y)b(y, Ty)
r+F(b(Sx,Ty))§F< 4 fax,y)(b(g’s@+b(x7Ty))y ¥4y )
(2.10)

Then S and T have a unique common fixed point in By(zq, 7).

Proof. Since 7 > 0, then inequality (2.10) implies

a(z,y)b(x,y) + Bz, y)b(z, Sz) + v(z,y)b(y, Ty) )
+¢(2, y)(b(y, Sz) + b(z, Ty)) '

As F' is a strictly increasing mapping, so
b(Sz,Ty) < alz,y)b(z,y)+ B(z,y)b(z, Sz) + v(z,y)b(y, Ty)
+&(@, ) (b(y, Sz) + b(x, Ty)).

So, all hypotheses of Theorem 2.11 are satisfied and hence S and T have a unique
common fixed point in By (zo, ). O

F (b(Sz,Ty)) < F (

Example 2.13 Let X = R endowed with the b-metric b(z,y) = |z — y| for all
z,y € X and f: X — X be defined by

= —szif  ze[-9,11]
27 if 2 € R\[—9, 11]
Let r = 10 and z9 = 1, then By(xo,7) = [-9,11] is closed. Take a(z,y) = %,
Blx,y) = v(z,y) = 5, &(z,y) = {5, then

1,141

sh=h =hy=273718 -
1_1_ 1
9 18

If z,y belong to By(xg,r), then

b(fz, fy) < alz,yblz,y) + Bz, y)b(z, fz) + vz, y)by, fy) +
&z, ) (b(y, fz) + bz, fy))-
So, inequality (2.8) holds. Also,

b(ZIJ(), fl‘o) S @

So, all hypotheses of Theorem 2.11 are satisfied and therefore, f has a unique fixed
point.
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3. APPLICATION

Let X = C([a,b],Ry), a > 0 and Ry = (0,00), be the space of all positive,
continuous real valued functions, endowed with the b-multiplicative metric

2 2
mb(‘ray) = sup max @ 5 &
te[a,b] y(1) z(t)
2@ > | v®)

b

2
Detne Blra(07) = {y(0): sup {ome {50 |25} | <0
t€la,

As an application, we give an existence theorem for the Fredholm multiplicative
integral equations of the following type.

b
o) = [ @utos,z(e)®, ts€ ol (3.1)

b
o0 = [ Qualt.salo)®, tos € ot (3:2)

where Q1,Q2: [a,b] X [a,b] x Ry — R, are integrable functions.
Theorem 3.1 Let X = C([a,b],R;), a > 0 and let the mappings S,7: X — X,

b
Sz(t) = /Ql(tvsax(s))ds

~

8
—~
=

|

Abm@ﬂm“

where Q1,Q2: [a,b] X [a,b] x Ry — R, are integrable functions. Assume that the
following conditions hold:

(i) for each t,s € [a,b] and z,y € B(zo(t),7), xo(t) € X, r > 1, there exists a
function g € M(S,T), A= B(z(t),r), such that

(i) the function B(z,y) is such that 28(zq, z1) < 32—}

(iii)
2
1— 28(zg,xq1)(b—a)
sup ¢ max <r 2 ;
t€la,b]

Then the integral equations (3.1) and (3.2) have a unique common solution.

xo(t)
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Proof. Let x,y € B(xo(t),r). Now, we have

—~

Sa(t) P1Qu (L s, 2(s) |
Ty)| = / Qa(t, 5,9(5))
b x(s) B(z,y) ds\ ?
: /a o)
b B(z,y & ?
o ([ i)

B(z,y) 2
2

)b—a

(mb (z,y

= my(x,y)? @YD for cach t € [a,b].

Thus, we get my,(Sz, Ty) < my(x, y)*@Y) a(z,y) = B(z,y) (b — a). As2B(xg,z1) <
7=, 50 sa(wg, ¥1) < 1. Also, hypothesis (iii) implies

a’

—sa(xzqg, x1)
my(zg, Sxo) < P

Therefore by Theorem 2.6, there exists a unique common fixed point of the opera-
tors S and T'. Hence, the integral equations (3.1) and (3.2) have a unique common
solution. O
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