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BEST PROXIMITY POINT RESULTS FOR
THETA-CONTRACTION IN MODULAR METRIC AND FUZZY
METRIC SPACES

NAWAB HUSSAIN, HAMED H. AL-SULAMI, GHADA ALI

ABSTRACT. The aim of this paper is to introduce new class of proximal con-
tractions in non-Archimedean modular metric spaces and to prove some best
proximity point theorems for such kind of mappings. As application we deduce
best proximity results in fuzzy metric spaces. Consequently, some basic fixed
point results in both modular and fuzzy metric spaces are obtained as corol-
laries of our work. Finally, an example is provided to illustrate the usability
of our obtained results.

1. INTRODUCTION AND PRELIMINARIES

In 2010, the concept of modular metric space was introduced by Chistyakov
11, 12]. A metric d : x — x, where x is nonempty set, is a finite non-negative
distance function between two elements a,b € x. At a given time A > 0, a modular
metric function denoted by w) : x X x — [0, 00], represents the absolute value of an
average velocity(possibly infinite value), that cover the distance between a,b € x
in a time A.

Studying and solving differential and variational problems arising in applied science
is a strong motivation for mathematicians and others to study fixed point problems
in modular metric spaces [2, 3] [7, 10} 13}, 27, 28], [30].

In 2010, Basha [9] introduced the notion of best proximity point of a non-self map-
pings. Zhang et al. [35] extended the notion of P—property by weak P—property.
Jleli et al. [24] introduced the concept of a—proximal admissible, and JS-contraction
in [25].

In this paper, in the setting of Non-Archimedean modular metric spaces, we intro-
duce the class of (a, ©) — w-contraction and we establish certain best proximity
point results. As application of our results, we obtain some results of best proxim-
ity point results for non self-mappings defined on a Non-archimedean fuzzy metric
spaces as consequence of those given for modular metric spaces, [14], 17, 18], 20].
Consequently, we get some fixed point results as corollaries in both modular and
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fuzzy metric influenced by Ag class functions. An example is furnished to demon-
strate the validity of the obtained results. Let x be a nonempty set and w :
(0,400) X x X x = [0, +00] be a function, for simplicity, we will write

Wx(a,b) = W(A, a, b)7
for all A > 0 and a,b € x.

Definition 1.1. [IIl 2] A function @ : (0,400) X x x x = [0,400] is called a
modular metric on x if the following axioms hold for all A1, 2 > 0 and a,b,c € x;:
(i) a =10 if and only if wy,(a,b) =0;
(ii) wx, (a,b) = wy, (b, a)
(iii) WAL +A2 (a, b) < wy, (a> C) + W, (C’ b)'

Note that: w is called a pseudomodular metric if
(i) wx,(a,a) =0 for all A\; > 0 and a € y;

is used instead of (i) in the Definition
w is called regular if condition (i) is replaced by:

a="b ifandonlyif wy, (b,a)=0 forsome A; >0.
In addition, if for A1, Ao > 0, and a, b, c € ¥,
Wia+r0) (@ +b) <@y, (a+ )y, (c+b),
then w is called convex.

Remark 1.2. The function w)y is non-Archimedean if the conditions (i) and (ii)
of Deﬁm’tion hold true, and replacing condition (iii) by

(zzz/) Wmaz{a A} (@, 0) < @y, (a,¢) + @, (c,b); for all A\i, A2 > 0; a,b,c € x.

Notice that condition (ii ) implies (iii) and so non-Archimedean modular metric is
modular.

Remark 1.3. The function A — wy(a,b) is nonincreasing on (0,+00) for all
a,b € x, where w is a pseudomodular. Indeed, if 0 < A1 < Ao, then

WXz (av b) < Wap—As (av a) +wy, (a, b) =W (av b)'

Definition 1.4. [T1.[12] Let w be a pseudomodular on x and ag € x fized. Consider
the two sets

Xw = Xw(ao) ={a € x : warla,a0) =0 as A — +oo},
and
X = Xoo(ag) ={a € x:3IA=XA(a) >0 such that wx(a,ap) < +00}.
Xw and x5 are called modular spaces (around ag).
Obviously x& C xi,. Note that x., can be endowed with the metric defined by
dw(a,b) =inf{\A > 0: wy(a,b) <A} forall a,b€ xw.
If w is a convex, then 2 = x» , and we can consider the metric d’, defined by
d: (a,b) = inf{\ > 0:wy(a,b) <1} forall a,b€ xw;

Definition 1.5. [30] Let xo be a modular metric space and M a subset of Y-
Then
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(1) the sequence {an} € Xw is said to be a w-convergent to some a € Xw if
wx(an,a) = 0, as n — +o00. x is said to be the w-limit of (an).

(2) {an} is called w-Cauchy if wx(am,an) = 0, as m,n — +oo.

(3) For a w-convergent {a,} € M that converges to some a € Xw. If a € M,
then M is called w-closed.

(4) For a w-Cauchy sequence {an} € M. If {an} converges to some a € M,
then M is called wo-complete.

In the next definitions, we use a function
a:x X x —[0,00).
Definition 1.6. [34] A self-mapping g on x is said to be an a—admissible mapping

if
a,beyx, ala,d)>1 = «afga,gb) > 1.

Definition 1.7. [21I] A self-mapping g on x, where (x,d) is a metric space is said
to be an a—continuous mapping if for any sequence
{an} € x such that a, — a as n — +o0,
with
a(an,ny1) > 1 for alln e N = ga,, — ga.
Definition 1.8. A self-mapping g on X is said to be an o — w— continuous map-
ping, if for any sequence
{an} € Xw such that wy(an,a) = 0 as n = +0o0,
with
afan,any1) =1 for alln e N= wy(gan, ga) = 0.

Example 1.9. Let x = [0,400) and @ (a,b) = }|a — b| be a modular metric on
Xw- Assume that g : x = x and a: x X x — [0,400) are defined by

a’, if a€[0,1] a?+b>+1, ifa,bel0,1]
gr = ’ a(av b) =
10, if (1,400) 0, otherwise.

Then ¢ is an o — w—continuous mapping but ¢ is not w—continuous.

2. MAIN RESULTS.

Let A; and A5 be two non-empty subsets of a modular metric space x,. We
denote by A1) and As) the following sets:

Al(/} ={a € Ay : wr(a,b) = wi(A1, A2), for some b € Az}

Agé ={be Ay : wy(a,b) = wx(A41,As), for some a € A},

where wy (A1, A2) = inf{wy(a,b) :a € A; and b € As}.
A point a* € A; is the best proximity point of the mapping g if

w(a*, ga*) - w(Al, A?)

Definition 2.1. For a nonempty subset A1} and all X > 0, the pair (A1, As) has
the weak Py—property if for ai,as € Alé‘ and by, by € AQé,

wa(a1,b1) = wr(A1, A2) and wy(az, by) = wx(A1, A2) = wir(ar,a2) < wr(b1,b2).
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Definition 2.2. Let g: A — Ay and «: A1 X Ay — [0,00) be functions. g is an
a—proximal admissible if for all ay,a2,b1,by € Aq,
alar,az) >1
wa (b1, ga1) = wa (41, A2)
wa(ba, gaz) = wa (41, A2)
implies
a(by,bs) > 1.
Jleli and Samet [24], defined the class, Ag of all functions © : (0, +o00) — (1, 4+00)
satisfying the following conditions:

(©1) O is increasing;

(63) for all sequence {a,} C (0,+00), lim a, =0ifand onlyif lim ©O(a,) =
n—-+o0o n—-+oo
L
(B3) there exist 0 < r < 1 and ¢ € (0, +00] such that lim % =/

t—0+

Definition 2.3. Let xo be a modular metric space, A1 and As are two non-empty
subsets of x,. Let g: Ay — As and a: Ay x A1 — [0, +00) be functions. g is called
an (o, ©) — w—-contraction if for all a,b € Ay with a(a,b) > 1

k
a(a,b)O(wx(ga, gb)) < {@(w,\(a,b))} , (2.1)

for all X > 0, whenever wy(ga, gb) > 0, where 0 < k <1 and © € Ag.
Note that we shall assume @ to be regular in all next results.

Theorem 2.4. Let x be a complete non-Archimedean modular metric space. Let

A1 and As be two non-empty subsets of xw; such that Ay is closed and (A1, As)

has weak Py— property. Assume that g : A1 — As satisfy the following conditions:
(i) g is an («, ©) — w—contraction;

(ii) g is an a— proximal admissible;

(iif) g(A1p) € A2p;

(iv) there exist ag, a1 € A1y such that wy(ay, gag) = wx (A1, As), implies a(ag, ar) >
L;

(v) g is an o — w—continuous.

Then g has best proximity point.

Proof. Using condition (iv) together with condition (iii) to show that there exists an
element ay € Alé‘ such that, wy(ag, ga;) = wr(41, Az2). Since g is an a—proximal
admissible, then a(a1,as) > 1. Again, relating these conditions (ii), (iii) and (iv) to
show that, there exists ag € A} such that wy (a3, gaz) = wx(A1, Az), alas,az) >
1. Continuing this process, we get

w)\(an+1agan) = w)\(AlvAQ)a a(an—la an) >1 (22)
for all n € NU {0}, A > 0. Using weak Py— property for the pair (A4;, As), we get

wz\(ana an+1) < w)x(gan—la gan)7 (23)

for all n € NU {0}, A > 0. If there exists p € N such that a,+1 = a,, by regularity
of w we get a, is the best proximity point of g.



BEST PROXIMITY POINT RESULTS FOR THETA-CONTRACTION 5

Therefore, we may assume that wy(an, an4+1) > 0 for all n € NU {0}.

Thus, from (i) we have
1 O(wr(an, ant1))

O(wx(g9an—1,9an))

a(an laan) (wk(ganflagan))

[@(W)\(a,n 15 an))]k-

IN AN IN A

Therefore,

1 < O(@maan, ang1)) < @(W,\ (Tn-1,2n))]"

n 2.4
< [0/(@A(an-2,n- 1>)1k2 <o < [B(@ (a0, ). 24)
Taking the limit as n — 400 in , we get
nErEwG(wA(an,an+1)) =1 for all A >0,
and since © € Ag, we obtain
nEIjILlOO wx(an, any1) =0 for all A > 0. (2.5)
Thus there exist 0 < r < 1 and 0 < ¢ < 400 such that
@ ny Un *1
i Q@A) -1, (2.6)

n—too  [wa(an, ant1)]"
Now, let B~1 € (0,¢). From the definition of limit, there exists ny € N such that
@(wk(an,anﬂ)) -1

> B! forall n> n,
[@x(an, @ng1)]"

and so

nlwy(an, ant1)]” < nB[@(wA(amanH)) —1] forall n>mn,.
From (2.4)), we deduce

n[w(tn, ani1)]” < nB[(O(wx(ag,a1)))* —1] forall n>ny.
Taking the limit as n — +oo in the above inequality, we have

lim nlwy(an,ant+1)]” =0 for all A > 0. (2.7)

n—+o00

From ([2.7)), it follows that for all A > 0 there exists Ny € N such that
nlw(an,any1)]” <1 forall n > Ny.

Thus

1

wWx(an, any1) < 7 forall n> Ny, A>0. (2.8)
n T

By regularity of w and X is non-Archimedean, then for m > n > Ny, by (2.8),

we get

m—1 m—1 1
w1 (an, am) < Z @1 (ais aiv1) < Z BYEE
i=n i=n

Since 0 < r < 1, then

oo

. 1
Jim Y o=

i=n
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and hence @i (an,am) — 0 as m,n — 4o00. Thus, we have proved that {a,} is a
w—Cauchy sequence in A. Closeness of A; implies that A; is complete. So, there
exists a* € A; such that wi(a,,a*) — 0 as n — oo. Using (2.2]), since ¢ is an
a — w—continuous mapping, wi(gan,ga*) — 0 as n — +oo.

Now,

wi(a®,ga*) < wi(a”, ant1) + @wi(@nt1, 9an) + wi(gan, ga™)
= wi(a”, anq1) + @w1(A1, A2) + w1(gan, ga*),

taking limit as n — 400, we get w(a*,ga*) = wi(A1, A2) and hence a* is best
proximity point of g. O

If in above theorem, we set a(a,b) = 1, for all a,b € A;, we get the following
corollary.

Corollary 2.5. Let x,, be a complete non-Archimedean modular metric space. Let
A1 and Ay be two non-empty subsets of x.; such that Ay is closed and (A1, As)
has weak Py— property. Let g : Ay — Ag satisfies the following conditions:

(i) g is a © — w—-contraction mapping;

(i) g(A},) C A3;
(iii) there exist ag,a; € A(’} such that wy (a1, gag) = wx (A1, Az);
(iv) g is a w—-continuous mapping.

Then g has a unique best proximity point a* € Ay.

Theorem 2.6. Under the hypotheses of Theorem without the continuity as-
sumption of g, assume that

for a w—convergent sequence {a,} € Ay to some a* € A, such that a(an, any1) > 1,
then a(an,a*) > 1. Then g has best proximity point.

Proof. As in the proof of Theorem we deduce that there exists a w—Cauchy
sequence {a,} in A, which converges to some a* € A;. By condition (iv), we have
alan,a*) > 1.
Now, by regularity of w and condition (i),
O(w1(gan,ga”)) < alan,a”)O(w1(gan,ga™))

< [O(@i(an,a)))*

< O(wi(an,a”).
Since O is increasing, then we have

w1(gan, ga*) < wi(an,a™).
Taking limit as n — oo
w1(gan, ga™) — 0.

So,

wi(a®, ga*) < wi(a”, ant1) + @wi(@nt1, 90n) + wi(gan, ga™)
wi(a®, any1) + wi(Ar, A2) + wi(gan, ga™).

Taking limit as n — oo, we have wi(a*, ga*) = wi (A1, A2) and hence a* is best
proximity point of g. O
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To prove uniqueness of best proximity point of g, we introduce the following
condition.
Condition (B) :
For any distinct best proximity points a*, b*, we have a(a*,b*) > 1.

Theorem 2.7. Applying condition (B) in Theorem ( Theorem respectively),
then the best proximity point a* is unique.

Proof. Let b* be another best proximity points in Ay, such that a* # b*,
wi(a*, ga*) = wi (A1, A2) and @ (b*, gb*) = w1 (A1, Ag) with a(a*,b*) > 1. Then
by weak P,— property and condition (i), we have

O(wy(a*,b%)) < a(z*,u")O(wi(ga”, gb*)

< [O(wi(a*, b))
< O(wi(a*,b")
which is contradiction, and hence a* = b*. ([l

Example 2.8. Let (R?, @) be a complete non-Archimedean modular metric space,
where @y ((a1,az), (b1, b2)) = +(lar — b1| + |az — b|) for all A > 0.

Define the sets A1 = {(1,0),(4,5),(5,4)} U [—00, —1] X [—00, —1] and

Az = {(07 O)a (2’ 0)7 (Oa 2)} U [10’ OO) X [107 OO)

Clearly Ay and Ay are nonempty closed subsets of x, wi(A1, As) = % , Al()\ =
{(1,0)} , As) ={(0,0),(2,0)} and the pair (A1, As) has the weak property Pk.
Define g : Ay — Ay by

(10a2,10a3), if a1,as € [—o0, —1]

g(a) =14 (%,0), if a1,a2 ¢ [—o0, —1] with a1 < ag
(0, %), if a1,a2 ¢ [—o0, —1] with a1 > ag

Notice that gAlé - Agé‘, for all X > 0.
Define the function a: Ay x Ay — [0,00) by:

a(<a17a2)’ (bl,bg)) _ { Ea Z(()(Z}ll;i,gl’s(gl’bQ) € {(170)7 (4v5>7 (574) : with ay 7£ b2}

Rl
If a((a1,a2), (b1, b2) > 1, then
(ala a2)v (bla b2) € {(170)7 (4a 5)7 (534) : with a; 7& b2}
So,
(gala ga2)7 (gbh gb2) € {(07 O)v (25 0)7 (0’ 2)}
For

wa((ur,uz), (ga1, gaz)) =

@ ((v1,v2), (gy1,9b2)) =

>l

Then,(uy,us) = (v1,v2) = (1,0) = a((u1,u2), (v1,v2)) =2 > 1 and hence g is an
a—prozimal admissible.
Let ©(t) = eV, and for ((x1, 1), (y1,y2)) € A with a((a1,ay), (b1,b2)) > 1 we have
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cases.
We can assume that

((a1,a2), (b1,b2)) = ((1,0), (4,5)) or ((a1,az), (b1,b2)) = ((1,0), (5,4)).
So, these two cases will be distinguished as follows:

1. if ((a1,a2), (b1,b2)) = ((1,0), (4,6)), then
varpix((0,0),(2,0))
= $(0-2+0—0)

1 4
= $(0-3I+l0—0]

(141)

(11— 4] +]0—5])

wx(g(abi,az), g(b1,2))

N = N = N = >
>l = > =
=

.’(D)\((al,ag),(bl,bg)). (29)

2. Zf (a17a2)7 (b17 b2) = (L O)a (674)a
we get similarly same result as in @

In both cases we have wy(g(a1,az),g(b1,b2)) >0,
and hence we get,

O(wx(g(ar,az),g9(b1,b2))) = eV@a(glar,az),g(bi,b2))
< eVimal(a1,a2),(61,52)

@i ((a1 aaz)a(bhbz))%

= [0(@a((a1,a2), (b1, b2)))] V2.

1

75

Moreover, if {x,} is a sequence in Ay with a(an, any1) > 1 for alln € NU{0}, and
an — a as n — oo, then {an} C {(1,0),(4,5),(5,4) : with a1 # ba}. This implies
that a € {(1,0), (4,5),(5,4) : with x1 # Y2}, and hence a(r,,x) > 1.

All hypothesis of Theorem [2.6] are hold true, and hence T has best prozimity point
(0,1) which is unique ,that is

V= ((a1,a2),(b1.82))] U5

s

Hence g is an (o, ©) — w—contraction with k =

@2((0,1),9(0,1)) = 5 = (A1, o).

If A; = Ay = X in both Theorems [2.4] and 2.6|and a(a,b) = 1 for all a,b € x,
this leads us to the next corollary.

Corollary 2.9. Let xo be a complete non-Archimedean modular metric space, and
let g be a continuous self-mapping on xo. Suppose that there exists a function
O € Ag such that

O(w»(ga, b)) < [O(w(a,0))]";
whenever wy(ga,gb) > 0 and 0 < k < 1. Then g has a unique fized point.
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3. RESULTS IN PARTIALLY ORDERED MODULAR METRIC SPACE

Let (xw, =) be a partially ordered modular metric space. Let A; and As be two
non-empty subsets of x. Best proximity point results in partially ordered metric
space have been discussed by many authors (see [I], [8], [15], [19], [22], [31]). In this
section, we will introduce some new best proximity and fixed point results for such
mappings in partially ordered non-Archimedean modular metric space influenced
by Ag class functions.

Definition 3.1. A mapping g : A1 — As is said to be a proximally order-preserving,
if for all ay,as,b1,ba € Ay, A >0,

ap = az

wa(bi,ga1) = wa(A1,A2) = by < by

W)\(b27ga2) = WA(A17A2)
If Ay = Ay = X, then the map g is called a non-decreasing map.

Theorem 3.2. Let (xw, =) be a partially ordered complete modular metric space.
Let Ay and Ay be two nonempty subsets of X such that Ay is closed and (A1, As)
has weak Py—property. Let g : Ay — As be a non-self mapping. Suppose that there
exists a function © € Ag such that the following conditions are satisfied:

(i) for all a,b € Ay witha <b

k
O(wx(ga, gb)) < [@(wA(mb))] , (3.1)

whenever wy(ga, gb) > 0, where 0 < k < 1;
(ii) g is proxzimally order-preserving;
(iii) g(A3,) € A3,;
(iv) there exist ag,ay in Ay such that, wy(ay, gag) = wa(A1, As) implies ag =<
(5
(v) g is continuous.
Then g has best proximity point a* € A;.

Proof. Define o : A1 x A1 x (0,00) — [0,+00) by

2, ifa=<b

aa,b) =
3

At first we prove that, g is an a-proximal admissible mapping. For this we may
assume that if for a,b,u,v € Ay,

afa,b) > 1

@i (u, ga) = wx(A1, Az)

@A (v, gb) = wx (A1, A2).

otherwise.

Then
a=<b

wA(u,ga) = W)\(A17A2)

wy (v, gb) = wa (A1, A2).
Now, since, g is proximally order-preserving so, u =< v; and hence a(u,v) > 1. Tt
is obvious that ¢ is an (a,©) — w— contraction non-self mapping. Consequently,
all conditions of Theorem [2.4] hold true, and hence g has best proximity point
a* € Al. O
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Similarly, the next theorem follows from Theorem [2.6] and get a result of best
proximity point in partially ordered modular spaces.

Theorem 3.3. Under the hypotheses of Theorem without the continuity as-
sumption of g, assume that

for a w—convergent sequence {a,} € Ay to some a* € Ay, such that a(an, api1) >
1, then alan,a*) > 1. Then g has best prozimity point a* € A;.

Using the following condition for uniqueness of best proximity point in partially
ordered modular metric space. Condition (B ) :
For any distinct best proximity points a*, b* € (X,,, <), we have a* < b*.

Theorem 3.4. Applying condition (IB%/) in Theorem ( Theorem respec-
tively), then the best prozimity point a* of g is unique.

If Ay = As = X, in Theorem [3.2| ( Theorem respectively), we have the new
fixed point result.

Corollary 3.5. Let (xw, <) be a partially ordered complete modular metric space.
Let g be a non-decreasing self mapping on X« satisfying [3-1] for all a,b € xw such
that a < b. Suppose following conditions hold true:

(i) there exist ag in X such that a; < gag;

(i) either g is continuous or for {a,} is a sequence in X such that ap, = ani1

with wy(an,a*) — 0, as n — 400, A > 0, then a, =< a*.

Then g has a fized point a* € Y.
If for any distinct fized points a*,b*, we have a* < b*, then the fixed point is unique.

4. MoDULAR METRIC SPACES TO Fuzzy METRIC SPACES

In this section, we show that best proximity point results in fuzzy metric spaces
can be easily derived from corresponding results in modular metric spaces.

Definition 4.1. A binary operation * : [0,1] x [0,1] — [0,1] is called a continuous
t-norm if it satisfies the following assertions:
(CTN1) * is commutative and associative;
(CTN1) * is continuous;
(CTN1) zx 1=z for all z € [0,1];
(CTN1) zy xy; < z xy whenzy <z andy, <y and x1,y1,2z .,y € [0, 1].
Ezamples of t-norm are x+xy = min{z, y}, xxy = zy and x*xy = max{0,x+y—1}.
Definition 4.2. ([I8]) For a nonempty set x and a continuous t-norm x and a

fuzzy set p: x X x X (0,400), satisfying the following conditions, for all a,b,c € x
and ty,ty > 0:

(FM1) p(a,b,t1) >0 ;

(FM2) p(a,b,t1) =1 f and only if a,b;

(FM3) p(a,b,t1) = pu(b, a,t1);

(FM4) p(a, b t1) * (b, e, ta) < pla,c,ty +t2);
(FM5) p(a,b,-): (0,400) — (0,1] is left continuous.

Then the tmple (X, i, %) is called a fuzzy metric space.
If condition (F'M2) is replaced by
w(a,b,ty) =1if and only if a="0b, for some t; >0,
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then p is said to be regular.

If :u(aa b, tl) * M(ba G t2) < N’(aa G max{tlv tQ})v

is instead of condition (FM4), then p is non-Archimedean.

Definition 4.3 ([16]). Let (x, i, *) be a fuzzy metric space. The fuzzy metric p is

called triangular whenever
1 1 1
_ 1< — 14— -1
;U'(a‘vbv tl) /J(G,,C,tl) /Jf(cvb’tl)

for all a,b,c € x and all t; > 0.

In the definition that follows, we give some notions of convergence and continuity.
Definition 4.4. Let (x,u,*) be a fuzzy metric and g : x — x and a : X X X —
[0, +00) be functions. Then:

(i) The sequence {an} is said to be u'—Cauchy sequence if for all 0 < e < 1,

limyy, 00 f4(@n, A, t) =1, for allm >nt > 0;

(ii) The sequence {a,} is said to convergent to a € x, if lim, . p(ay,a,t) =1
for all t > 0;

(iii) (x, p,*) is called complete if for every ut—Cauchy sequence is convergent
mx.

(iv) g is an pta-continuous mapping, zfngr}rloo wlan,a,t) =1 with a(ay, api1) >
1 implies lim pu(gan,,ga,t) =1, for all t > 0;

n—-+oo

(v) g is an pt-continuous mapping, if lim p(an,a,t) =1 implies lim p(ga,,ga,t) =

1 n—-+oo n—-+oo

Let A; and As be two nonempty subsets of (x, i, ). We introduce the following
definitions:

Definition 4.5.
Ag(t) ={a € Ay : p(a,b,t) = p(Ay, Ag,t) for some b € As};
Ago(t) = {b € Ag : u(a,b,t) = u(Aq, A, t) for some a € Ai};
where u(Ag, Ag,t) = sup{u(a,b,t) : a € A1, b€ As}.
A point a* € Ay is called best proximity point in (X, p, *) if
,u(a*,ga*, t) = /J’(Ala A27 t)v
for allt > 0.
Very recently, Hussain and Salimi in [23] proved the following useful lemma,
which establishes a relation between fuzzy metric and modular metric.
Lemma 4.6. [23] Let (x, i, *) be a triangular fuzzy metric space. Define
1
h)y=——-1 4.1
w}\(a’3 ) M(a,b, A) ( )
for all a,b € x and all A > 0. Then wy is a modular metric on x.
We combine Lemma and our previous theorems, and deduce the following

new results in triangular non-Archimedean fuzzy metric spaces.
Note that: in all next results:

(.) u is supposed to be triangular and regular.
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(.) «is a function defined as av: A x A — [0, +00), and © € Ag.

Theorem 4.7. Let (x,p,*) be a complete non-Archimedean fuzzy metric space .
Let Ay and Ay be two nonempty subsets of x, where Ay is closed and (A1, As) has
weak P'—property. Let g : Ay — Ay satisfies the following conditions:

(i) there exists k € (0,1) such that for a,b € Ay with a(a,b) > 1, we have

k
a(a7b)9(o¢(a,b)p%ga,gb,t) - ]') < |:@(;L(a%b,t) - 1):| )

whenever p(ga, gb,t) < 1, and t > 0;
(ii) g is an a-proxzimal admissible mapping;
(iii) g(Ai1o(t)) C Agg(t) for allt > 0;
(iv) there exist elements ag and ay in Aio(t) with a(ag,a1) > 1, such that
ulay, gag,t) = u(Az, Aa,t); for all t > 0;
(v) g is an o — pt-continuous mapping.
If there exists ag € x such that limy_,o p(a, ag,t) = 1 implies lim;_, o u(ga, ag, t) =
1, then g has best proximity point a* € A;.

Proof. Let x be the modular metric space around ag induced by the modular
metric @) defined as in Lemma [£.6] that is

Xw = {a € x: lim w(a,ay) =0},
t—o0
or equivalently
Xo ={a € x: lim p(a,ap,t) =1}.
t— o0
Trivially xo # ¢, since ag € Xw. Now, we show that y. is closed in (x, py, *).
Let {a,} be a sequence in x, converges to some a € x, then for each € € (0,1)
and tg > 0, there exists ng € N such that p(an,,a,to) > 1 — €. From (FM4) in
Definition [£.2] we have
wlao, a,t) = p(ao,a, (t —to +to))
Z ,Uf(aOaano’tftO) */L(angvaatﬂ)
> plag, Gng,t —to) * (1 —€).
Taking limits as ¢ — oo in above inequalities, we get

lim p(ag,a,t) >1—¢€ for all e >0,
n—oo

and hence a € X, that is, x4 is closed in (x, p, *) and so complete. All hypotheses
of Theorem are hold true, so we get the conclusion.
O

A similar remark to the one above and Theorem [2.6] yield the following result.

Theorem 4.8. Under the hypotheses of Theorem [.7, without the continuity as-
sumption of g, assume that

for a convergent sequence {a,} € Ay to some a* € Ay, such that a(an,ant1) > 1,
then a(an,a*) > 1. Then g has best proximity point a* € A;.

If Ay = Ay = x, we get a fixed point theorem as a corollary as following

Corollary 4.9. Let (x,u,*) be a complete non-Archimedean fuzzy metric space.
Let g be a self mapping on x satisfies the following conditions:
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(i) there exists k € (0,1) such that for a,b € Ay with a(a,b) > 1, we have

k
(0,00 iy ~ 1) < [0t ~ 1)

whenever p(ga, gb,t) < 1, and t > 0;
(ii) g is an a-admissible mapping;

(ili) there exists ag € x such that a(a1, gag) > 1;
(iv) either g is ana — pt— continuous mapping, or for a sequence {a,} C x with

a(an, any1) > 1 such that a, — a, then a(an,,a) > 1.

If there exists ag € x such that limy_,o p(a, ag,t) = 1 implies lim;_, o p(ga, ag, t) =
1,, then g has fized point a* € x.

If a(a,b) = 1, then we get the following corollary.

Corollary 4.10. Let (x, ux) be a complete non-Archimedean fuzzy metric space.
Let g be an u'—continuous self mapping on x, such that

K
O (igagrn — 1) < |:@(p(a1bt) - 1)} ;

whenever u(ga,gb,t) <1, and 0 < k <1 ,t> 0. Then g has a unique fized point.
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