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ON APPROXIMATION BY BIVARIATE SZASZ-GAMMA TYPE
HYBRID OPERATORS

T. KHAN, S. A. KHAN, N. RAO

ABSTRACT. In this paper bivariate summation-integral type hybrid operators
are constructed and their approximation properties are explored. We investi-
gate the rate of convergence and order of approximation. Local approximation
results are obtained using mixed modulus of continuity, Lipschitz-maximal and
Peetre’s K-functional. Global approximation results are studied using weight
functions. Approximation properties in Bogel functional space are also ex-
plored.

1. INTRODUCTION

The field of approximation theory is motivated by the celebrated Weierstrass
approximation theorem [3I]. To give an elegant proof of this theorem, Bernstein
[3] introduced a sequence of polynomials in 1912, named as Bernstein polynomials

as follows:
Bo(f;z) = zn: Mok -2k (F), nen
3 k/‘ n ) )
k=0
where (}) are binomial coefficients and f € C[0, 1] (class of all continuous functions
defined on [0, 1]).
To approximate in a wider class, i.e., L,[0, 00)(space of Lebesgue integrable func-

tions on [0, 00)), Kantorovich [I6] introduced a sequence of linear positive operators
as: for f € L,[0,00), 1 < p < 00, Ky : Ly([0,50)) —> Ly([0,00)) defined by

Kofir) =3 (Z) Ha—ayt T

k=0 /n
Several generalizations and modifications of these operators have been introduced
and studied by many researchers (see Acar et al. ([T} 2]), Braha ([6l [, [@]), Braha
and Kadak ([§]), Han and Guo ([12]), Kumar and Pratap ([I7]), Mohiuddine et
al. ([I8 19 20]), Mursaleen et al. ([21], 22]), Wafi and Rao ([27, 29, [30]). For
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j € No = {0}UN,7 > 0 and f € C]0,00), Sucu [20] presented a Szdsz type
operators using a generalization of exponential function (see [25]) as follows:

Sifia) = 3 (2 f(j T, (1)

e;(nx) prd ~i(4) n

where

€ [0, 00).

Here ;(27) = W nd (25 +1) = w and the recursive

relation for ~; is defined as v(j + 1) = (j + 1 + 2i6,)v;(j), Jj € Ny, with §; =
0 if je2N,
{ 1 if jeoN+1"
Many generalizations of the operators given by are studied by a number of
mathematicians (see [13], [14], [15],[23], [28]). Motivated by the idea of Sucu [26],
Wafi and Rao [27] gave Szdsz-Gamma operators based on Dunkl analogue as

1 o (nx)? = §42i0;4X1 —nt
Df(x) = el(m,)Z +G) TG + 200, + A+ 1) / tH20 AN f () dt, (1.2)

I 20+ 2+1

where T'(¢ fo te=*dx is the gamma function and A > 0. In this paper, we
mtroduce a bivariate analogue of the operators given in and explore approxi-
mation properties in various function spaces.

The contents of rest of the paper is as follows. In Section 2, we introduce a sequence
of bivariate operators to the operators given in and prove some lemmas which
are needed to obtain approximating results in next sections. Approximation the-
orems are proved in Section 3. Section 4 contains the estimating results in Bogel
space.

2. DUNKL ANALOGUE OF BIVARIATE-SZASZ-GAMMA-OPERATORS

Let 7? = {(z,y) : 0 < o < 00, 0 < y < oo} and C (Z?) be the space of all
continuous functions defined on Z? with the norm ||g||c(z2) = SUp(y yyez2 19(7, ¥)l-

Then, for g € C(Iz), 0 < p,v <1 and n,m € N we introduce the bivariate
operators as

D (g2, y) Zzpﬁ’mkl T,y / / [ty t2)g(t, to)dtrdtz,  (2.1)

k=0 1=0
where Py o (2,y) = Ay (B Quf (ty t2) = C)  (0) Dy, 4 (t2), with
1 k k20054241
"471 k (nm) " (22)
ep(nx) v, (k) T(k +2p0, + A+ 1)
and
1 (my)l ml+21/0[+>\+1
v _ , 2.3
™ e (my) v, (1) T(1+ 206, + X + 1) (2:3)
Cn k(tl) tk+2u0k+)\ -nt gnd D ( 2) _ tl2+2”9’+’\e_mt2. (24)

We collect the following lemma from [27].
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Lemma 2.1. For the operators D,(.;.,.) given by (1.2)), the followings are obtained

Dp(eg;x) = 1,
A+1
D,(e1;z) = =+ :L_ ,
— A+1D)(A+2
Dnles;z) = w2+<4+2>\+2ue”( "m)>x+( ha )(2 +2)
ey (nz) Jn n
eu(—nx)\ 22
Dy (e3;z) = x3+(9+3)\—2,u“>
eu(nz) ) n

+ (18 +3AA+5) + 4% + 2u(8 + 3A)e“<_m”)) -

eu(nz) ) n?
(A3 4+ 6A% + 11\ + 6)
n3

- 1
Do(es;z) = at+ (16+4)\+4,u6“(nx)>+0<n>.

eu(na)

)

We have the following.
Lemma 2.2. Let Diy . (.5.,.) be the operators defined by (2.1). Then we get

Dt (gi,y) = ULt Vins(gi0,9)) = Vi (Ul i(gs,0))
where

w(g 2, y) Z.A / C“7k(t1)g(t1,t2)dt1, (2.5)

v (gi.y) ZB ) / DY (t2)g(tr. t2)db, (2.6)
0

where Ay (), By, ,(y), Cn’k( 1) and Dy, (t2) are given by eqn 2-2),2.3) and
(2.4).
Proof. We easily see that

! (Vé,z(g;m,y))

= Uy ( Z By i(y) /0 D (t2)g(ts, t2)dt2>
1=0
= Z By (U, . ( / Dy a(t2)g(t1, tz)dt2>
0
= Zzpn m,k,l £L' Y / / Q tl,tZ (tl,tz)dtldtg

k=0 k=0
= Dpy(g;m,y).

Similarly, it is proved that V¥, ( . relgx y)) Dy (g;2,y). O

To prove basic estimates and approximation results, we consider test functions
and central moments as e; ;(t1,t2) = tit3, (4,5) € {0,1,2,3} and ¢ (t1,t2) =
(t1 — )i (ta — y)?, (i,7) € {1,2,3} respectively.
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Lemma 2.3. For the operators Dy (.;.,.) given by (2.1), the followings are ob-
tained

Dﬁ:fn(eo,o; x, y) = 1,
A+1
D;LV(el[“;Ey) = 4+ —,
A+1
Dt (eg1;2,y) = y+—,
m
- A+1D)(A+2
DY (e2057,y) = x2+(4+2>\+2ue#(n:ﬂ)>x+(+)(2+)7
eu(nz) Jn n
AN A+ 1D(A+2
DE (comimy) = P+ (umzye(my))u()g{
7 el/(my) m m
_ 2
Di(esoiz,y) = x3+(9+3)\2ue#(nx)>w
| | en(nx) ) n
* (18 +3AA+5) + 4p® + 20(8 + :meﬂ(m)) Ll
en(nz) ) n
(A3 4+ 6A2 + 11X 4 6)
+ 3 )
n
2
Div(eosizy) = y° <9+3>\ 2w (my))y
| e(my) ) m
+ (184—3/\ A+ 5) + 42 +2V(8+3A)(my)>y2
(my) /m

(A3 +6X% + 11)\+6)
m3
Proof. We use (1.2) and the property 6,41 = (—1)* 4+ 6,,. For i = j = 0, one has

o0 o0 [o'e) o0
DE (cogimy) = 3OS PV (ny) / / QU (1, o)t dt
0 0

k=0 1=0

+

- 1 i(nx)kf(k+2u9k+)\+l) 1
 eu(na) Yu(k) T(k 4+ 210, + A+ 1) e, (my)

i(m y)t T+ 200, + X +1
=
1.

k=0

() T +2v80, + X+ 1)

1 = (na)f T(k +2uf; + A+ 2)
eu(nx) — Yu(k) T(k 4+ 2u6, + X+ 1)

oo
k4200 +A+1 —
% / (ROt =t gy
0

Diy (eroiz,y) =

B i nx) k—|—2u0k+/\+2)
H( I'(k+2p0r +X+1)

! i(m)k(kJrQ Op + A+ 1)
ne, (nx) = Yu(k) HY%k
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1
= 423D
1 o (my) T+ 208 + X+ 2)
DI (eor; _
n,m(60,1;z7y) ey(my) ; ’yy(l) F(l T 2V0l T h n 1)

00
X / tl2+2l/91+)\+1€—mt2dt2
0

1 i (my)' T(+2v6+ A +2)
ey (my) == 7, (1) mU(l + 200, + A + 1)

R
v =0

A1
L

L o~ (na)* Tk + 205 + A + 2)
eu(na) &= vu(k) T(k + 2001 + A + 1)

o0
X / tllc+2:u0k+)\+2efntl dtl
0

Div(e2052,y) =

_ 1 i (nz)* T(k+ 2060y + X+ 3)

eu(nz) o Tn (k) n?

_ 1 > (nx) 5
T eu(n) D () (k + 2u0k)> + (2X + 3) (k + 2u6y)

+ A+DA+2)

= x2+<4+2x+2u

en(nz) ) n n?

oo

1 5 (my)' T(L+ 200, + A+ 2)
ev(my) = 7,(1) T(+ 200, + A +1)

oo
X / t12+2u9l+)\+267mt2 dis
0

Dﬁ,’zm(eo,z; r,y) =

7 1 i (my)t T(+2v6, +A+3)

ey (my) — Y () m2T(l 4+ 2v6; + A+ 1)

_ 1 i(my)l (14200 + X+ 2)(1+ 206, + X+ 1)
- e(my) & () m?

Il
=)
<

1
ev(my)

(my)

’)/V(l) (Z + 21/01)2 + (2)\ + 3)(l + 2U91)

I
M2

l

Il
=]
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+ A+D(A+2)

= y2+<4+2A+2ym>i+W,

Other parts are proved likewise.

Lemma 2.4. Let Diyy (.., .) be defined by (2.1). Then we have

A+1
DEL WSy =
A+1
Dﬁjvun( 211,733 y) = I

D) = (242 )2 BEURLD
m

+2
<2+2yey —my)) y n A+1D(A+2)

) ) m m2 ’
v 1
Dﬁ,’m( ry7 ay) = O(ng)a
Du,u( 0,4, ) — 1
mm(Veyiey) = o 5 )

Proof. We have

Dir (W22 2, y)

epn(—nz)\z  (A+1)(A+2)
8 <nx> "

(

(my

Dl (V5 2,y)

n T,y

D#V (61 05T 7y) 7$DMV (6007 5y)7

A+1
n

A+1

)

n

ng( 2314a$ y) = Dp«, (60 152, y) yDZ:TVn(€070;.’E,y),
= y+t——y
A+1

)
m

Dtov (920 2, y)

= Div(ea052,y) —22Dhy (€105, y) +$2D“’ m (€0,03 2, Y)

= x2+<4+2A+2um>Z+W

- (a:—&-)\j;l)—&-xQ
%(—m>x+(x+1)(x+2)

= 242 L 7
G eu(nx) 2

n n

Dl (V3w y)

n,m\vx,y’

= Dpy(eo2;x,y) —2yDhy (o157, y) erzD“’ (€0,0;%,Y)
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o l/el,(—my) y  (A+1D)(A+2)
= y +<4+2)\+2 7ey(my) )m+m2

A1
- 2y(y+> +y°
m

- 2+21,6V(_my)> Y +W

ey (my)

m m?2

Similarly, the remaining parts of the Lemma [2.4] are proved. [l

Lemma 2.5. For the sequence Diy (.., .) given by (2.1)), we have

(x+1)2 < Cy(z+1)% asn,m — oo;

I
S

(1) Dhm(Wzhie,y)

~ —

(2) Dh( gzi;x,y) = (y + 1)2 < Co(y+ 1)2 asn,m — oo;

zw"d g‘r—\ S|

(3) Dl (vrd:ix,y)

n7

(x+1)* < C3(x + 1)* asn,m — oo;

I
S

Q
N N7 NN
~~

‘ =

(4) Dhn(Whyizy) =

T,y

Q

2) (y+1)* < Culy+1)* asn,m — cc.

3

3. ORDER OF APPROXIMATION AND RATE OF CONVERGENCE

Let ¢ be the weight function ¢(z,y) = 1+22+y? and By (Z?) = {g: |9(z,y)| <
Cy0(z,y), Cyq > 0} be the space of all bounded functions defined on 72, endowed

with norm || g [[¢= sup, ,ez2 Iggzg‘ Suppose C(™ (I?%) denotes the m-times

continuously differentiable functions defined on Z2?. We have the following classes
of functions:

4 (I2) = {9 1g€Cy (12) such that  lim M

=K, <o,
(@y)—oo P(x,y) 7 }

0 (12 :{h:heOm 7%) such that lim 99 :o},
s (T) ¢ () (@)oo O(2,7)

Co (T?) ={g:9 € Bs (T°) N Cy (T°) }.
Let g € Cg and 61,2 > 0. Then the weighted modulus of smoothness is defined by

T+ 601,y+02) — gz,
we(g;01,02) = sup sup L9 Ly +b2) —g@y)| (3.1)

(2,9)€[0,00) 0<|01| <61, 0<|0| <52 oz, y)p(01,02)

For any 71,7m2 > 0, one obtains

we (g5 m01,m202) < 41+ m1) (1 +m2) (1 + 67)(1 + 63)we(g; 61, 62), (3.2)

lg(t,s) —g(z,y) | < o, y)o(t—z|[s—yws(glt—a]]s—y])
< (142249 (1+(t—2))(1+ (s —y)%)
we (gslt—z|[s—yl).
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Theorem 3.1. For the operators D}y (.;.,.) defined by (2.1), we have

| Divv (g;52,y) — g9(z,9y) |
(1+ 22+ y?)

< Yoy (L+o(n)) (L+0(m™))

o (g0 (n2) (m72))

where Wy, = (14 (x4 1) + Ci(z + 1)* + VCs(z + 1)*) (1+(y+1)+Ca(y+1)2+
VCyi(y + 1)‘3) and C1, Co, C3, C4 >0 and g € Cg(IQ).

Proof. For all 6, d,, > 0 we have | g(t1,t2) — g(z,y) |

< M1+ﬂ+mﬂ(4%h—xfﬂl+®2—w5

(1 D) (e D) a2 (0:00.00)
= 4(1+a? +y )(1+62)(1+5;)
x ( \tl (tl—x)2+51|t—x|(t1—x)2>
— to —
(1 + ‘67“ + (t2 - y)2 + %(tQ - y)2> ws& (g;(sn,am) .
On applying operators Div (. ;. , .) on both sides of above, we shall obtain |

Dir (g5 2,y) — g(x,y) |

< DY (1 9(,) = g(@,y) [z, y) 41+ 2 + y°)

— 1
X D;;;,”n(1+tl(5$|+(t1—x)2+5 |t1—x|(t—x)2;x,y>
< (1 g L2 )
X (1+672L)(1+672n)w¢ (g;éna(;m)
= A1 +2" + 7)1+ 07)(1+ 07,)ws (95 0n, m)
X <1+ 5 =D ([t —x [s2,y) + Dy (0 —x)%2,y)

1
+ (TDM’ (|t1—2 | (t1 — @) ;m,y)

x <1+51W’(mylww+lmﬁ«hw%%w

1
gDkt vl (- 0)e),
< A+ + ) (4 07) (L + 07,)ws (93 0ns Om)

1 v
X |:1+5\/D5:m((t1 —x)z;x’y)—i—Dz:;In((h —1’)2;1',3/)

1
+ 5—\/Dﬁjv ((t1 — x)? :Uy\/D ((t1 — z)* x,y)}
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X {1+\/D ((t2 = y)%2,y) + Diy, (k2 — y) % 2, y)

S\ D (12 = )% ) D~ )52

On applying Lemma and choosing 6, = o (n’%) and d,, = o (m*%) , the
following is obtained | D}y (g;z,y) — g(x,9) |

< 4+ +y?) (L4 00) (1 + 67)ws (95 0n, Om)

o
(z+1) ¢ <i)(x+1ﬂ]
T Vﬁ<>@+l)+0<;>@+lf
s ()

< 40+ 27+ Y7 (14 62) (1 + 07wy (93 Ons Om)

X

+

Q +
:\H

X
—= O«)‘,_.
\H

y+ 1)4}

x [1 +(x+ 1)+ Cr(z+1)* +/Cox + 1)3}

[1 +(y+1)+Cs(y+1)° +/Ca(y + 1)3} :
which completes the proof of the theorem. O

We recollect the following.

Lemma 3.2. [10,01] For the sequence of operators Dy m(. 5 ., .), acting Cy — By
defined earlier, there exists some positive constant K such that

H Dn,m((vb;xay) “4)S K.

Theorem 3.3. [I0,[II] For the positive sequence of operators Dy (. 5 ., .), acting
Cy — By defined earlier satisfying the following conditions
(1) lim || D (L5z,9) =1l = 0
(2) ml}lm || Dyt z,y) — x|l = 0
@) lm |l Dom(t2z,y) —ylle = 0
4)  lim_ | D +12);2,9) — @2 +92) I, = 0.

Then for all g € C9,

n,m—o0o
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and there ezists another function h € Cy \ CY, such that
lim || Dpm(h; ., ) —hle> 1

n,m—oo
Theorem 3.4. Ifg € Cg (IQ), then we have
lim || DY (g) — g [l= 0.

n,m—oo

Proof. We compute
| Di (52, 9) o

— s | Diov (14 2% 4+ y%2,y) |
(2,y)ET? 1+ 22 + o2

(D537n($2é z,y) + Div (v, y)) H

A

1
= 1+ su —_—
(z,y)glz |:1 + x2 + y2

2

- 14 osp — 4
(eayers L+ a2 + 12
X
su —_—
weze L+ 22 + 32
A+ 1A +2)
n2

N ’ ’Jr Y ’(/\+1)(/\+2)‘

(ryyezz 1 +a? +y? m?

+ ’1<4+2)\+2ye”(_my))
m e, (my)

Yy
sup ————
(ﬂf,y)IE)I2 L+z%+y?

4+2)\+2 442X +2 A+ 1)(A+2
§1+‘+ +u‘+’+ +u+‘(+)(2+)’
n m n
A+ 1A +2
4+ |@EDo+2)
m

Now for n, m sufficiently large values, there exists a positive constant K such that
| D (5 2,y) [|o< K.

In order to prove Theorem it is sufficient to show lim, ;oo || Dhyr(€i ) —
ei; |[= 0 for all e;; € {(0,0),(0,1),(1,0),(2,0),(0,2)}. In the light of Lemmas
[2:3] B:2) and Theorem [3:3] the proof follows. O

We define the following.
For g € C(Z?) and 6,6,,0,, > 0, the modulus of continuity of second-order is
defined by

W (g3 0ny 6m) = sup{| g(t1,t2) — g(z,y) | (t1,t2), (x,y) € I%}
with | t1 — 2 |[< d,, | t2 — y |< 0y, with the partial moduli of continuity defined as

wi(g;0) = sup  sup {] g(z1,y) — g(x2,9) |},
0<y<1|z1—x2|<8

wp (g;0) = sup  sup {| g(z,y1) — g(z,92) |}.
0<z<1 |y1 —y2|<d

Theorem 3.5. For any g € C(Z?), we have
| DZ,’VVn(QQ‘Ta y) - g(z,y) |§ 2(W1(9§ 5m,n) + w2(g; 5y,m))-
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Proof. Making use of Cauchy-Schwarz inequality, we obtain
| D (gi2,y) — g2, y) |

< Dpn(lgltate) — gz, y) [2,y)

< Dy (| g(ti,t2) — g(=,t2) [, y)

+ Dp (g, th) — g9(2,9) [12,9)

< Dhy(wilgs |t — o |)iz,y)

+ Dy, (walgs | t2 —y )iz, y)

< wi(g;0n) (L4 06, Ll (|t — 2 [;2,y))

+ wa(g;0m )(1+571D“”’ (|t =y l;z,y))
< wi(g <1+ NIRRT :ay))

1 v
+ walba) (14 5 DER(E —0)%00))

Choosing §2 = (5,211,ch = Dﬁ:,”n((tl — )% 2,y) and 62, = 57%% = Dhy v ((ta —y)?%52,y),
we arrive at the desired result. O

Next, we investigate convergence in terms of the Lipschitz class for bivariate
functions. For M > 0 and py, p2 € [0, 1], the Lipschitz maximal function space on
E x E C I? is defined by

‘Cpl,Pz (E X E) = {g : Sup<1 + tl)pl (1 + t2)p2 (gPhPZ (t17t2) ~ Yp1.p2 (l‘>y))

1 1
< M ,
BN C (1+y)p2}
where ¢ is continuous and bounded on Z?2, and

| g(t1,t2) — g(x,y) |

. 2
‘t1—$|p1|t2—y|p2’ (tlat2)7(1‘7y) S (33)

‘ gl)17p2(t17t2) - gp17ﬂ2(1'7y) |:

Theorem 3.6. Let g € L,, ,,(E x E). Then for any p1,p2 € [0,1] there exists
M > 0 such that

D) —otea)| < w{ (@B +@20% ) (@B
£ @)F )+ By )

where 0y 5 and 6, are given as in the proof of Theorem .
Proof. Take | x — x¢ |= d(z,E) and | y — yo |= d(y, E). For any (z,y) € Z?, and
(x0,90) € E X E welet d(z, E) =inf{|z —y |: y € E}. We can write
| g(t1,t2) — g(z,y) |[< M | g(t1,t2) — g(@o,%0) | + | 9(z0,y0) — 9(z,y) | (3.4)
Applying the operators Dpp
| Dis (g5 2,y) — g, y) |
< Diy (| 9(z,y) — g9(xo,90) | + | 9(z0,90) — 9(z,9) |)
< MDLy, ([t —zo [P t2 — o 7252, 9)
+ M|z—z|"y—yol|™.

we will get
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For A, B > 0 and p € [0, 1], using the inequality (A + B)? < A? 4+ B”  we have
|t1—l‘0 |p1§‘t1—.’15|p1—|-|.%'—$0 |P17
| to—yo ' <[ta—y >+ ]y —yo |7

Therefore,

\D””(g,x y) —9(z,y) |

MDyy ([t —z | te —y |[72,y)

MlCC—.TO |p1 Dnm(|t2_y|p2;z7y)

M |y—yo|” Dy ([t —2 [ 2,y)

+ 2M [z — 0 ||y —yo |”* Dy, (0,052, Y) -

+ o+ A

On applying the Holder’s inequality, we get
Dy ([t =z | by —y [P 2,y)

= Uy (= ["2,y) Vi (Tt —y 17252,y)

< (Dt - )71<D“’ (av0ie,9) *
P2 2—p2
X (D“’ (| ta —y |? )2 (D”’ (0,05, y)) z

which can be rewritten as
| Di (g5 2,y) — g(2,y) |

Pl P2
< M(02,)7 (6h,) 7 +2M (d(z, E))” (d(y, E))”
M (d B (8,,) % + Ly B)” (52.) 7
and this completes the proof of the theorem. (I

Theorem 3.7. If g € C'(I?), then for all (x,y) € I?, the operators DY (.;.,.)
satisfy

1 1
| Divin(gi 2. y) — 9(2.9) [ g0 llo@z) (0n0)” + 1 9y lle@z) (0m,)?

where 6y, 5 and d,, 4 are given by expressions in the proof of Theorem .

Proof. Let g € C'(Z?). For fixed (z,y) € Z?%, we have

t1 ta
stnt) = gle) = [ gttt [ oles)ds
z y
Application of DJ; on both sides gives

m (g(t1,t2);2,y) — g(z,y)

ty
s ( [ i t2>dr;x,y) e ( / 4s(2,8)dsi @ y) (3.5)
x Yy

By the sup-norm on Z? one can write

t1
/ gr(r, ta)dr

to
‘/ gs(x, s)ds
y

t1
< / | go(r,t2)dr |<]| g ol t1— x| (3.6)

and

ta
< / | g (. 8)ds 1< gy o] t2—y | (3.7)
Yy
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Utilizing (3.5} and (3.7)), we obtain

t1
Dt ateizn) o) | < Dt (| [ atrtmiarfiony)
ta
+ Dy <‘/ gs(x, s)ds ;x,y)
< H 9z ||C(I2) Dnm(|t1_z‘x y)
+ gy lle@z) Dhm (Lta =y [;2,9)
< | e llo@) (Diim (b —2)%52,y) Dir, (12, )
+ gy lle@ (Din((t2 = y)%52,y)Di, (152, 9))
1 1
= N gs llo@) (022)° + 1l 9y lloaz) (97.,) %
and the proof is completed. [

Theorem 3.8. For any g € C(Z?), if we define an auziliary operator such that
Thn(giey) = Din(gz,y)+9(z,y) —g (Uff,k(@l,o; ), Vinaleo; y)) ;

where, from eqns (2.5)), (2.6) and Lemma Uﬁk(el 0;%,y) = Diy (e10;7,y) =
z+ 2 and V(e y) Di-v (eo;, y) =y+ L. Then for allg € c'(7%),
operators TH:Y (5., .) satisfy ‘T“ ” (g;t1,t2) — g(x, y)‘

A+1\°  /A+1)?
< {52 +§,2ny ( - ) +(m> }9|02(12)-

Proof. In the view of operators T#’gq”l(.; .,.) and Lemma we obtain
Thmayy) =1, TV (0 — x52,y) = 0 and ThyY (t2 — y;7,y) = 0. For any g €
c’ (IQ)7 the Taylor’s series gives us

g\
g(ti,t2) —g(z,y) = t 2 +/ Fg\y) 4

8a2

2 +A 2 t2 _ 8(;2 ¢)d¢

Q_)/-\ QJA

On applying TH-¥ = we see that

n,m’

T#,’ﬁz (g(tlv t2) ) T#,’ﬁz (g(ma y)

Il
3
3%

7 N
h
e~

=
I
L
Q
Qi
[\v]
s

o,

Q

&

N
N———

N

[
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to 2
e o ([ -0 Th5 0y
oA 1+ g\ y)
/ < - —a) 902 da

vt 1+ 0%g(z, 9)
GO

From hypothesis we easily obtain

(t1 — a)%da

<|| g lc2(zey (t1 — )3,

O
12 62 (
‘/ (02679 dqb‘ (2= 05552 00] <1 g lowien (12—
x+% 2
/ $+M—Oé 89( )da <||g||02(12 M
- n 0a? n

A+1

2
vt A+1 A+1
[ (v o) S5a o] <l g lewery <m>

Thus, we obtain | T} (g;t1,t2) — g(=,y) |

< {Dﬁ%((tl —x)%x,y) + Div (b2 — y)*s 2, y)

2 2
A+1 A+1
— | +|— I 9 llc2(z2),
n m

Choosing 82 = 62, = Dt ((ty — @)% 2, y) and 62, = 62, , = D ((t2 — y)% 2, ),
we arrive at the desired result. O

4. APPROXIMATION IN BOGEL SPACE

We recall some definitions and notations from [24]. Consider a function g :
71 xZy — R and suppose for all (t1,t2), (x,y) € Z; X Iy and A, t2)g(x, y) denotes
the bivariate mixed difference operator defined as follows:

Al 9@ y) = g(t1,t2) — g(t1,y) — gz, t2) + g(2,y).
We observe that at any point (z,y) € Z1 X Za, lim(y, 1) (2,y) A (tr,42)9 g(z,y) =0.
The set of all continuous functions and B-continuous functions defined on I? will
be denoted by C(Z?) and C,(Z?) respectively.
For X = (t1,t2), Y = (w,y) € I?2, the Lipschitz class of functions in terms of
B-continuous functions is defined by

Lig§, = {g € C(T)/AL (X, V) |S M| X =Y ||},

where M is a positive constant and 0 < ¢ < 1, and the Euclidean norm by
| X =Y =/t —2) + (t2 — y)%.
For more details on space of Bogel functions one is referred to [4] [5].
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To investigate more of operators in (2.1]), we define the following sequence of oper-
ators:

=3 ) P () / / Qum(t1,12) Pry (b1, t2)g (b1, ta)dty s,
0 0

k=0 k=0

where P, y(t1,t2) = (g(t1,y) + g(z,t2) — g(t1,t2)).
We prove the following theorems.

Theorem 4.1. For all g € C,(Z?), the following estimate is obtained

| Kfm (g(t1, t2);2,y) — 9(2, ) |< 4w (9 0n,2, Omy) »
where 0y . and by, are given as in the proof of Theorem 3.3,
Proof. Let (t1,t), (z,y) € Z?. For all n,m € N and 6,,d,, > 0, one gets

| A9t te) | < wil(g|lti—a||ta—yl)

< (1 + tl(;_ x) <1 + —t25_ y) wB (g; Ons Om) -

n

Making use of Cauchy-Schwarz inequality, from (4.1]), we get

1 1
< (e + 5 (DL - aPsa)
1 » 1
+ 5 (Dt —y)%2,9))?
1 v 2 %
1 1
<o (DE = 0P50) ) (9505,
and then in view of Theorem [3.5] the result is obtained. O

Theorem 4.2. For all g € Lipﬁ/[, the operators KIY satisfy

| Kb (9(X,Y )i, y) — glw,y) |< M{62,, + 62, }5,
With 0y and 0y, 4 defined as before.
Proof. We write
K (9(X,Y)izy) = Dy (9(2,Y) + g(X,y) — 9(X, t2);2,9)
Dy (g(x,y) — AL 9(X ta); wy)

= g(z,y) — Dy, (Aa,y)g(X, tz);:ay) :
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Then,
KA (Y )iay) —g@y) | < Dh (1 A7,)9(X,Y) ay)
< MDDy (I X =Y |5 2,y)
y £
< M{Dhy (I X =Y |*2,y)}2
< M{Djy ((t—2)%2,y)
£
+ DZZTVn ((tQ*y)Q;xay)}2a
and the theorem is proved. ([

5. CONCLUSIONS

In this manuscript we introduced a bivariate Szasz-Gamma hybrid operators and
studied their approximation properties using modulus of continuity in the space of
Lipschitz-maximal type of functions and through the Peetre’s K-functional. Error
estimates are obtained in Bogel function spaces.
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