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CLASS OF OPERATORS RELATED TO (a,3)-CLASS (Q)
OPERATORS

AYDAH MOHAMMED AYED AL-AHMADI, NOUF MAQBUL SAQER ALRUWAILI AND
SID AHMED OULD AHMED MAHMOUD

ABSTRACT. In this paper, we introduce new class of operators related to the
class (o, 8)-Class (Q) operators which is named m-quasi-(a, 8)-Class (Q) op-
erators. A bounded linear operator R on a complex Hilbert space ) is said to
be m-quasi (a, 8)-Class (Q) operator if

a2(R*)m+2Rm+2 S (R*)M(R*R)ZRm S 62(1;{*)m#»?l;{m+27
where 0 < a < 1 < 8 and m is nonnegative integer. We investigate some basic

properties that this class enjoys. Product and tensor product results were also
investigated.

1. INTRODUCTION

Let ) be a complex separable Hilbert space. If R € B D)} , we denote by ker(R)
its kernel, Ran(R) its range and R* for its adjoint. Moreover For R € B[Y], we
write o4(R), o(R) and o4, (R) for the surjective spectrum, the spectrum and the
approximate spectrum of R, respectively. An operator R € B[y] is said to be

(1) normal if R*R = RR* (@ |Rw|| = [|R*w|| Y w € y) [1, 2],

(2) hyponormal if R*R > RR* (<:> |Rw|| > [|R*w|| ¥V w € y) [ 2],
(3) (o, B)-normal operator (0 < a <1< 23) ([2],3], [I1]) if

’R*R < RR* < B°R’'R, <a||Rw|| < ||R*w| < B||Rw|| ¥V w € y),

(4) m-quasi-(«, 8)-normal operator (0 < o <1

B) ([M2)) i
a2<R*>m“Rm+1s<R*>mRR<> < P(R)"R
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In the development of operator inequality, many operator classes which include
normal operators were defined and many authors studied these new classes.We
mention here the classes for which our work represents an extension. An operator
R e BD)] is said to be

(1) Class (Q) operator if R*?R? = (R*R)2 <<:> |IR*w| = |R*Rw| Vwe y)
(I61),

(2) Almost Class (Q) if (R*R)” < (R*)’R2 < & |RRw|| < |R2w| Vwe y)
(51,

(3) (o, B)-Class (Q) operators (0 < a <1< g) ([14]) if

o’R*¥R? < (R*R)2 < BPR*R? (aR2w < ||R*Rw| < B|R*w| Ywe y).
There are many classes of operators that have been studied by many authors in

recent years, so we direct the readers to [4l Bl [@, [13].

Referring to definitions of class (Q) operators and («, 3)-Class (Q) operators, we
wanted to present a new class of operators termed as m-quasi-(a, §)-Class (Q)
operators parallel to («, 8)-normal operators ([2, [I1]) and m-quasi-(a, §)-normal
operators ([I0, 12]). We study some properties of some members of this class of
operators.

2. m-QUASI-(a, 5)-CLASS (Q) OPERATORS

In this section, we are interested to introduce a new concept of operators known
as m-quasi-(«, 8)-Class (Q) operators. We investigate various structural properties
of this class of operators and study some relations about it.

Definition 2.1. An operator R € B[Y] is said to be an m-quasi-(a, 3)-Class (Q)
operator for 0 < a <1 and 1 < B if R satisfies
a2(R*)m+2Rm+2 < (R*)m(R*R)sz < 52(1{>«)m+2]1m+27
for some nonnegative integer m.
Remark. (1) If m =0, then o*(R*)?R? < (R”‘R)2 < B%(R*)?R2.
(2) If R is («a, B8)-Class (Q) operator, then R is an m-quasi-(a, 8)-Class (Q) oper-

ator.

Theorem 2.1. Let R € BDJ}, then R is an m-quasi-(«, 8)-class (Q) operator, if
and only if

o R 2w < [RR™ || < BIIR™ w]),
forallw e Y.

Proof. The proof is an immediate consequence of Definition [2.1 O

Remark. Clearly every an m-quasi (o, 8)-Class (Q) operator is an (m + 1)-quasi-
(a, 8)-Class (Q) operator. We want to find an example of an operator R which
is a m-quasi (a, 5)-Class (Q) operators but not a (m — 1)-quasi-(a, 5)-Class (Q)
operator.
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0 0 1 1

, 0 0 0 1 ) 4

Example 2.1. Consider the operator R = 00 0 1 acting on Y = C*.
0 0 0O

Direct computation shows that R satisfies
o| R < [R*RPw|| < B[R],
but not satisfies
a|RPw| < |[R*R*w|| < B||R*w.
This means that R is a 2-quasi («, §)-Class (Q) operators but R is not a 1-quasi-
(a, B)-Class (Q) operator.

Now we are ready to give a sufficient condition for an m-quasi-(«, 5)-Class (Q)
operator to be a quasi-(«, 8)-Class (Q) operator.

Theorem 2.2. Let R be an m-quasi-(a, 8)-Class (Q) operator for m > 2 and
satisfies Ran(R™) = Ran(R’) for some integer j € {1,2,--- ,m—1}. Then R is
an j-quasi-(a, B)-Class (Q) operator.

Proof. The proof is an immediate consequence of Theorem [2.1] O

Proposition 2.3. Every m-quasi-(c, 8)-normal operator is an m-quasi-(a, 8)-Class
(Q) operator.

Proof. Let R be an m-quasi-(«, §)-normal operator, then we have
a| R | < [R*R™w| < IR lw|| Vw e Y,
which implies that
o| R 2w|| < [R*R™ || < B|R™Pw|| Vwe.

Therefore R is m-quasi-(«a, §)-Class (Q) operator.

Theorem 2.4. Let R be an m-quasi-(«, 8)-Class (Q) operator. If Ran(R™) =Y,
then R is (o, B)-Class (Q) operator.

Proof. According to Ran(R™) = ) we have for w € ) there exists a sequence (w,)
in Y such that R™(w,) — w as n — oo.
Since R is an m-quasi-(«, 8)-Class (Q) operator, we have

af R 2wl < [R*R™wl| < BIR™ w||
for all w € Y. In particular,
afR™ 2w, || < [RAR™Flwy || < BIR™ 2w, |
for w, € Y. It follows that
a|R*w[| < |[R*Ruw] < B[R*w|.
for all w € Y. Therefore R is («, 3)-Class (Q) operator. O

The following theorem gives a matrix representation of m-quasi-(a, 5)-Class (Q)
operator.
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Theorem 2.5. Let R € BDJ] such that R™ does not have a dense range, then the
following statements are equivalent.

(1) R is an m-quasi-(a, 8)-class-(Q)-operator.
(2) R= ( Rol 32 > on Y = Ran(R™) @ ker(R*™), where
3
o®R’R} < (R{R1)” + RIRoR5R, < B°R;?R2,
and RY* = 0. Furthermore o(R) = o(Ry) U {0}.
Proof. (1) = (2). Consider the matrix representation of R with respect to the

decomposition Y = Ran(R™) @ ker(R*™) : R = ( 1?)1 E{Q > Let P be the
3
R, O

projection onto Ran(R™). Then ( 0 0 ) = RP = PRP. Since R is an
m-quasi-(a, 8)-Class (Q), we have
Q2(RF)™H2R™2 < (R*)™(R*R)?R™ < §%(R*)" 2R+
and it follows that
a2P<R*2R2>P < P<(R*R)2>P < 62P(R*2R2>P
which implies that
o®RI’R? < (R{R1)” + RIRyR3R, < B°RI°R2.

Observe that for w = w; + wy € Y = Ran(R™) @ ker(R*™) we have by a simple
computation that

RYws, , ws) = (R™(I - Pyw,(I- P)u)
= {((I—- P)w,R"™(I — P)w) =0.
Hence, R5" = 0.
Since 0(R) US = o(R1) Uo(Rs3), where S is the union of the holes in ¢(R) which
happen to be subset of o(R1) No(R3) by Corollary 7 of [7], and o(R;) No(R3) has
no interior point and Rg is nilpotent, we have o(R) = o(Rq) U {0}.
R:i R

(2) = (1) Assume that R = onto Y = Ran(R™) & ker(R*™) with
0 Ry

o®R;?R? < (RiRy)” + RiR,R5R, < B°R;?R?
and R =0.

m—1
R Y RIR;R; '’ RR; R:R,
AsR™ = Jj=0 and R*R =
R;R; RjR,+RiRs
0 0
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Further

m—1 m—1 *
R7RI™ + ( > R{R2R§—1‘j> ( > R{RgRg_l_J) 0

RM™MR*™ 7=0

=0

=

m—

m—1 *
R{RQR’;‘l‘f) ( > R{R2R§‘1—j) =D,

where D,,, = RPRI™ + (
j=0

Jj=
We get

a2 RmR*m (R*QRQ) R’rnR*m
a?D,, (R;>R})D,, 0

0 0
* 2 * *
0 0
2 *2P 2
< ( /8 DmRé Rle 8 ) — ﬁQRmR*m (R*QRQRmR*m>

Which implies that
a2R*m (R*QRQ) Rm S R*m (R*R) 2]_:{m S BQR*M (R*2R2) Rm’

on Y = Ran(R*™) @ ker(R™). Therefore, R is an m-quasi-(«, §)-class (Q) oper-
ator. (]

Theorem 2.6. Let R = Rol 32 ) € B[y @ Y]. If Ry is surjective (c, B)-
3

Class (Q) operator and RE* = 0, then R is similar to an m-quasi- (o, §)-Class (Q)

operator.

Proof. Sine R, is surjective and R" = 0, we have o5(R1) N 04p(R3) = (0. From
the statement (c) in [8, Theorem 3.5.1], there exists some operator N € B[Y] for
which RlN — NR3 = RQ.

o )T m)=(5 w)(5 )

R, O
0 Rs

Hence R is similar to A = <

N——
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In fact, since R4 is («, 5)-Class (Q) operator and R%* = 0, we obtain
(R)" R 0

(A*)m+2Am+2
0 0
) * m
< ( (R})™ (R{R1)°R7 0 ) (A%)" (A*A)*A™
0 0
< ( 32 (R*>7n+2Rm+2 ) A* m+2Am+2
Therefore R is similar to an m-quasi-(«, 3)-Class (Q) operator. O

Theorem 2.7. Let R,N € BDJ} are doubly commuting operators. If N is an m-
quasi-(o/, B')-class (Q), and R is an m-quasi-(a, 5)-Class (Q) and then RN is an
m-quasi-(ac, BB")-Class (Q) operator.

Proof. Under the assumptions that R is an m-quasi-(«, §)-class (Q) and N is an
m-quasi-(o/, B')-class (Q) operator such that [R,N] = [R,N*| =0 we have

ad'[|RN)" 2wl = ad/|[R™N™ | < o [RFR™FIN™u|| < [N*RR™IN™ |
and
||N*Nm+1R*Rm+1wH < ﬂ/||NNm+1R*Rm+1w|| _ ﬁ/||R*Rm+1NNm+1wH < 6ﬁ/|”Rm+2Nm+2U)”.
Consequently,
ad[[(RN)™ 2w < ||(RN)" (RN) " || < 88/ (RN) " w].
O

Theorem 2.8. Let R € B[Y] such that Ran(R™*!) = Ran(R*"™!). IfR is an
m-quasi-(a, §)-class (Q) for 0 < a <1 and 1 < 3, then R* is an m-quasi-(%, é)-
Class (Q) operator.
Proof. According to that R is an m-quasi-(«, 8)-Class (Q), we have that

o R 2] < [RR™ | < SR 2w, Vwe .
This means that

a|R(R*)"™

m+1 m—+1

of| < [R*(R*)" 0| < BIR(R*) 0|, Ywee.

Combining these inequalities,

1 *\ M %\ M *\ M
51 (®) ol < IR(RY) ™ o) < — ||(R> .

)-Class (Q) operator. O

QI

1
This shows that R* is an m—quasi—(B7
Corollary 2.9. Let (o, 3) € R? such that 0 < a <1< 8 and let R € BD)} such
that Ran(R™*!) = Ran(R*™*1). If af = 1 then R is an m-quasi-(c, B)-Class
(Q) operator if and only if R* is an m-quasi-(a, §)-Class (Q) operator.
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Theorem 2.10. Let R,N € BD)} are m-quasi-(a, B)-Class (Q) operator, then the
following assertions hold.

(1) R® N is an m-quasi-(a, 8)-Class (Q) operator.
(2) R® N is an m-quasi-(a?, 3%)-Class (Q) operator.

Proof. The outline of the proof is analogous to the one given in [12] Proposition 2],
so we can omitted it. O

Theorem 2.11. The class of m-quasi-(a, 5)-Class (Q) operators (0 < a <1< f)}
is arcwise connected for m € N.

Proof. Let R be m-quasi-(«, 3)-Class (Q) operator and A € C,\ # 0. Direct calcu-

lation shows that

ﬁ” ()\R) m—+2 m+2

w|| > [|(AR)"(AR) " w[| > of|(AR)"w|| Vw e Y.

O

Proposition 2.12. Let V € BD)} be an isometry and let R € B[y] be an m-
quasi-(«, 8)-Class (Q) operator for (0 < a < 1 and 1 < 8. Then VRV* is an
m-quasi-(a, §)-Class (Q) operator.

Proof. In view of assumptions that R is an m-quasi-(«, 8)-Class (Q) operator for
(0<a<1<p)andV is an isometry. Direct calculation shows that

B2((VRV*)")"(VRV*)" ™ > ((VRV*)*)m((VRv)* ((VRV*))Q(VRV*)m

and
2

((VRV*)")" ((VRv)* ((VRV*)) (VRV*)™ > o*((VRV*) )" (VRV*) "
Therefore, VRV* is an m-quasi-(«, §)-Class (Q) operator. O

Proposition 2.13. Let R,N € BD)] are commuting operator and such that R s
an m-quasi-(a, 8)-Class (Q) operator. The following statements are true.

(1) If N s unitary and R*N = NR*, then RN is an m-quasi- (a, 5)-Class (Q)
operator.

(2) If N is selfadjoint and R*N = NR* then RN is an m-quasi-(c, 8)-Class (Q)
operator.

Proof. (1) In view of the fact that N is unitary we have N*N = NN* = 1.

Now direct calculations give

3?2 (((RN)*)m“(RN)mH) -
g2 ((R*)m“ (N*)m“Nm“Rm”) _ g <(R*)m+2Rm+2>

> ()" (RRRT) 2 o (R)" RN

(1) (2)
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> (R*)m (R*R)ZRm > a2 (R*)m+2 (N*)m+2Nm+2Rm+2
— R*"N*"N" (R*N*NR)’R" > o*((RN)")""*(RN)" "
= ((RN)")" (RN)" (RN))*(RN)" > o*((RN)")" " (RN)
Therefore, RN is an m-quasi-(«, 3)-Class (Q) operator.

m—+2

(2) In similar way the proof of the statement (2) follows. O

Theorem 2.14. IfR € BDi] is an m-quasi-(a, §)-Class (Q) operator, then ker (Rm“) =
ker (R™72).
Proof. Since R is m-quasi-(«, 8)-Class (Q) operator

a| Rl < [R*R™ ul| < BIR™Pw|| YVwe ).

Let w € ker(R™*2), we get R*R™"lw = 0 and therefore (R*)m+1Rm+1w =

0, with implies that w € ker((R*)mHRm“) = ker (R™*1). Consequently,
ker (R™T1) = ker (R™12). O

Corollary 2.15. IfR is an m-quasi-(a, 8)-Class (Q) operator, then R has SVEP.

Proof. According to Theorem we have ker (Rm“) = ker (Rm+2). Hence R
has finite ascent and therefore R has SVEP by [IL Theorem 3.8]. O
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