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SOME RESULTS ON WOVEN FRAMES IN QUATERNIONIC
HILBERT SPACES

NITIN SHARMA, B. SEMTHANGA, DOLLY JAIN, S. K. SHARMA

ABSTRACT. In this paper, we obtain some new properties of weaving frames
and present some conditions under which a family of frames is woven in quater-
nionic Hilbert spaces. Some characterizations of weaving frames in terms of
operators are given. We also give a condition associated with synthesis opera-
tors of frames such that the sequence of frames is woven. Finally, for a family
of woven frames, we show that they are stable under invertible operators and
small perturbations.

1. INTRODUCTION

Frames [9] in Hilbert spaces were introduced in 1952 while studying the non-
harmonic Fourier Series. But their potential was realized by the researchers after the
work done by Daubechies et al.[8], due to its vast applications in various fields like
signal and image processing, sigma-delta quantization, filter bank theory, sampling
theory and wireless communication, for details one may refer to [7]. Over the
past few years, many generalizations of frames were introduced and studied, fusion
frames were defined and studied by P. Casazza and G. Kutyniok [5] and K-frames
were introduced and studied by Gavruta [12]. X. C. Xiao, M. L. Ding and Yu
Can Zhu [16] have defined and studied the K-fusion frames in Hilbert spaces. In [4]
Bemrose et al. have defined and studied the properties of weaving frames in Hilbert
spaces which are used in distributed signal processing. For details regarding fusion
frames and woven fusion frames one may refer to [0, [I1] and for details regarding
weaving K-frames and their properties one may refer to [2, 22, 23]. Hamilton
discovered the field of quaternion which is a generalization of complex numbers. It
is a four-dimensional non-commutative real algebra. Quaternions are used to study
rotation in the higher dimensional Euclidean spaces, theory of relativity, Newtonian
and quantum mechanics and general relativity in which Lorentz transformation
is given in terms of quaternions. For details regarding quaternions see [I]. In
[13] R. Ghiloni et al. have extended the continuous functional calculus in the
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case of quaternionic Hilbert spaces. They also observed that every separable right
quaternionic Hilbert space has an orthonormal basis (see Proposition 2.6 in [13]).

Khokulan et al. [T4] have defined and studied frames in finite dimensional quater-
nionic Hilbert spaces. In [I7], Sharma and Goel have studied frames in separable
right quaternionic Hilbert spaces. In [I0], H. Ellouz studied K-frames in right
quaternionic Hilbert spaces. Recently in [3] Ruchi et al. have defined O PV-frames
in right quaternionic Hilbert spaces and woven frames in right quaternionic Hilbert
spaces were studied in [I8]. For details regarding woven fusion frames, woven K-
frames and woven K-fusion frames in quaternionic Hilbert spaces, one may refer to
[19, 20, 21].

In this paper, we propose certain conditions under which a family of frames
is woven in quaternionic Hilbert spaces and get some novel features of weaving
frames. Also, few operator-based characterizations of weaving frames are given.
Additionally, we provide a prerequisite linked to the synthesis operators of frames,
guaranteeing that the series of frames is interwoven. Lastly, we demonstrate the
stability of a family of woven frames under small perturbations and invertible op-
erators.

Outline of the Paper: The paper is divided into three sections. Section 1 deals
with introduction of the topic whereas in Section 2, we reviewed the basic definitions
of frames and woven frames in the right quaternionic Hilbert spaces. Also, we stated
some known results which will be used throughout the paper. Section 3 consists of
the main results. In this section, some characterization of woven frames are given.
Further, for the stability of woven frames systems, we proved some results related
to small perturbation of given families of sequences in HZ(Q).

2. PRELIMINARIES

Throughout this paper, Q will denote the non-commutative field of quaternions,
J a countable set, and [m] the collection of the first m natural numbers. H?(Q)
a separable right quaternionic Hilbert space. By the term “right linear operator”,
we mean a “right Q-linear operator (i.e., a right linear operator 7' on H*(Q) is a
mapping T : HE(Q) — HE(Q) such that T'(ug; + vg2) = T(w)q1 + T(v)q2, u,v €
HE(Q), q1,q2 € Q)”. B(HE(Q)) denotes the set of all bounded (right Q-linear)
operators on H?(9). Quaternions are four dimensional non-commutative real al-
gebra generated by 1,14, j,k where ¢, j, k are called imaginary units. They are an
extension of the complex number C and operations on C are those of £ restricted
over C, for operation and various properties of quaternions see [13].

For the definition of a right quaternionic Hilbert space one may refer to [13], for
the definition of frame and Bessel sequence in a separable right quaternionic Hilbert
space see [17], and for terminology related to woven frames and related concepts in
right quaternionic Hilbert space one may consult [I§].

For details concerning frame operators, perturbation and dual frames see [17].

Let § = {{uij}jes : i € [m]} be a family of frames for H(Q). Then § is said
to be woven frame if there are positive real numbers r; and ro so that for every
partition P = {0;};em) of J, the family Fp = {ui;}jeo, ic(m) is a frame for H(Q)
with lower and upper frame bounds ry and 75 respectively. Each family §p is called
weaving frame. If every weaving sequence is a Bessel sequence, then the family § is
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called a woven Bessel sequence of H?(Q). For details regarding analysis, synthesis
and frame operator corresponding to a woven frame see [I8].

In the following result, Sharma et al. [I8] proved that a family of Bessel sequences
collectively forms a woven Bessel sequence.

Proposition 2.1. [I8] Consider a family of Bessel sequences § = {{ui;j}jcy : 1 €
[m]} of HE(Q) with bounds ro;. Then for any partition P = {o;}icim) of J, the
family {ui;}jco, icim) 15 a Bessel sequence with bound 3 ro;.

1€[m]

The concept of woven frames is inspired by the principles of distributed sig-
nal processing and holds significant potential for applications in wireless sensor
networks, particularly in scenarios requiring distributed processing across multiple
frames. Additionally, woven frames are relevant for the pre-processing of signals
using Gabor frames.

Consider a scenario in image processing where two sets of filters, F' = {f;}jcs
and G = {g,}jes, are used for feature extraction. For each image, we can apply
either filter f; or filter g; to extract features. The extracted features are then
represented by the set {(f|f;)}jcoc U {(flg;)}jeoe for some subset o C J. If the
combined set of filters {f;}jes U {gj}jeoc still provides a comprehensive feature
set, then the image f can be accurately reconstructed from these features. In this
context, we describe the filter sets F' and G as woven filters. Some interesting
results on weaving frames are proved by D. Li [15] .

Extending concepts such as frames and woven frames to quaternionic Hilbert
spaces is motivated by the unique mathematical properties and applications of
quaternions, which differ from those of real or complex numbers. Quaternions are
widely used in areas such as quantum mechanics, signal processing, and computer
graphics because they provide a more compact and stable representation of ro-
tations and orientations in three-dimensional space. Extending frame theory to
quaternionic Hilbert spaces allows for the direct application of these concepts to
problems involving rotational symmetries and other phenomena naturally modeled
by quaternions. Woven frames in quaternionic Hilbert spaces could lead to more
robust methods for signal recovery, particularly in environments where noise and
other perturbations are quaternionic in nature.

3. MAIN RESULTS

We begin this section with the following result that provide a necessary and
sufficient condition for the weaving of two woven frames to be a tight frame in a
right quaternionic Hilbert space.

Proposition 3.1. Let two frames F = {f;}jes and G = {g;}jes be woven with
synthesis operators Tp and Tq, respectively. For any o C J, a weaving {f;}jes U
{g;}jcoe is an A-tight frame for HE(Q) if and only if TpDoTh + TaDye T =
Alyr gy, where Do is a |J| x |J| diagonal matriz with d;; = 1 for j € o and
0 otherwise, Dy is a |J| % |J| diagonal matriz with d;j; = 1 for j € ¢° and 0
otherwise .
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Proof. For any ¢ C J, then the synthesis operator of the weaving frame W =
{fitieo U{gj}tjeoc is Tk Dy + T Dye. Then the frame operator
SW :(TFDU —+ TgDﬂc)(TFDU =+ TgD(Tc)*
=TpD;Thr +TrDsDseTi +TDoe DoTh + TaDye e
=TrD,ThH +TcDyeTg. O
We can equivalently express D, in Proposition as a mapping D, : [*(Q) —

12(Q), where it acts on a sequence by mapping each component to itself if it belongs
to o, and to zero otherwise.

Next, we prove that under certain conditions, the canonical dual frames associ-
ated with woven frames also form woven frames.

Proposition 3.2. Let two frames F' = {f;}jes and G = {g;}jes be a woven
frame of HE(Q) with universal constants A, B and frame operators Sr and Sg,

respectively. If ||Sp|| |55 — S5H| < /% (or 1Sall[ISF* = S5 < /4, then
S F ={Sa' fiYieq and S;'G = {S5'g;}jeq forms a woven frame for HE ().

Proof. We only consider the case of ||SF|||[Sz' — Sg'|| < /4. Now for every
o C J and each f € HF(Q), we have
(D USEHINE+ D 1S5 ailnI?)
j€Eo jEOC
= (X IHISE N+ Y Haslsa nE)’
JjEo jEo°
= (D HHISF NP+ 3 Hasl Sz + (5" = SEHNIE)
jET jEOCT®

> (Y KHISENE+ D Haslsz N1)T = (D Hasl(s" = SEHNPR)

jea j€oc j€oe

Nl

> VAIISE Il = (D 1gil(S5" = SeHnP)

jEoC

> VA|ISp Il = VBIISg' = Sy IlIf]

VA L
> (g~ VBl = Sx )11
and
SISEHINP+ 1S alNP < S ISE BN+ Y 1S5 9;10)P
j€o j€ac jeJ JET
<

B(IISH 2 + 1155 1) 11

Note that in Proposition [3.2} it is established that for any subset ¢ C J,
the collection {fj}jeo U {g;}jcoc forms a frame for H(Q). Similarly, the set
{S:' fi}ieo U{S5"g;}jeoe also constitutes a frame. However, it is important to
observe that the set {Sz'f;}jco U{S5"g;}jcoc does not generally serve as a dual
frame for {f;}jco U{gj}jeoc. In this direction we have the following example:

M
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Example 3.3. Let H?(Q) be a right quaternionic Hilbert space with an orthonor-
mal basis {e;}jen. Define

F = {fj}jen ={e1, €2, e1+e2, €3, €4,---} and
G = {gj}jGN:{eh e1 + ez, 61_627637647"'}7

then F and G constitute a woven frame for HR®(Q). The corresponding frame
operators and their inverse operators are given by

Sp(e1) =2e + ey, Sp'(er) =2e1— 2,
Sr(e2) =e1+ 2e, Spl(es) ==& 4 %2,
Sr(e;) =ej, j =3, Splle;) =ej, j>3
Sc(e1) = 3er, Se'(e1) 2,
Sa(ea) = 2eq, and 551(62) =2
SG(ej) = €y, .7237 551(6]‘) = €5, j>3
The dual frames
2 1 1 2 1 1
S;lF = {361 - 562, 1g€1 + geQ, §61 + geg, €3,64," " } and
_ €1 €1 €y €1 €9
SIG = {717 a0 o a0 ) 7}
G 3'3 203 e

of F and G, respectively, are woven frames.
Further, corresponding to the partition {o1 = {1,2}, 0o = N\ o1} of N, the
weaving frame W of F' and G, and the weaving W of SElF and SélG given by

W= {fi, f2; 93, 94, g5, } = {e1, e, e1 —ea, €3,€4,---} and
{Sglflv S};lfz, 561937 551947 5&1957"'}

2 1 L2 1]
= —e1 — —e€ —=e —e —e1 — <€ e €4,
3 1 3 2, 3 1 3 25 3 1 2 2, €3, ¢4,

forms frame for HE(Q). Observe that, dual frame corresponding to W is
2 1 1 2 1 1 —~
Sv_vlw = {361 + 5627 561 + 362, 361 - 5627 €3, €4, " } #W.

The following result is related to the dual frames of a woven frame.

Proposition 3.4. Suppose that the family of frames {Fz = {fij}jej NS [m}} 18
a woven frame for H?(Q). Let {Ui}z‘e[m] be any partition of J. Then the synthe-

sis operator of dual frame of the weaving frame W = {fij}jGJi,iE[m] is given by
Su'Tw + U, where Y. Tr Dy, U* =0.

i€[m]
Proof. Straight forward. O

Let P = {0i}ic[m) be any partition of J, define the space

i€[m] j€oi

P (Q)(0:) = S {aistieon, iem CQ: DD gyl* <o
i1€[m]
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Then, @ (?(Q)(0;) is a right quaternionic Hilbert space with the quaternionic
i€[m]
inner product

<{pw}]€m i€[m {qu}jGUz z€[m]> Z ZPT]‘QU’-

i€[m] jE€oi

Next, we give a characterization of weaving frames in terms of bounded right
linear operators.

Theorem 3.5. Fori € [m], let F; = {fi;},c ; be a sequence in HE(Q). Then the
following assertions are equivalent:

(i) The family of sequences {F} (m] &8 woven frame for HE(Q).

(it) For any partition {0}, c () of J, there exists A > 0 and a bounded right

linear operator T : @ (2(Q) (0;) — HE(Q) such that T (u;;) = fij, for all j €
i€[m]

0i,1 € [m], and Alyrq) < TT™*, where {u;;}

basis for @ (*(Q) (0;).

i€[m]

is the standard orthonormal
JETiiE[m]

Proof. (i) = (ii): Choose A to be the universal lower frame bound for the family
of sequences {Fi}ie[m}- Let Tyw be the synthesis operator associated with W =
{fis}ico icm)- Take T' =Ty . Then

T (uij) = Tw (uij) = Y Tp Dy, (uij) = fij, j € 01,i € [m],
i€[m]

is the standard orthonormal basis for @ ¢?(Q) (o;). Further,
i€[m]

where {uij}jem,ie[m]

for all f € HE(Q), we have
AU = AP < Y0 WDl = ITR(OI° = 1T (HI° =TT f11)

j€o;,i€[m]

This gives Algrq) < TT™.

(ii) = (i): For any partition {0}, of J, for {c;;} € D ?2(Q) (0;) and

1€[m]
/)

T: @ () (0;) — HF(Q), we have

i€[m]
<T W45 Cij ‘ > = < Z T’U,”CZ]
Jj€0;,i€[m] jE€oi,i€[m]
< Z fijcij f>: Z ij (fijl f)

(T ({ei D1

j€o;,i€[m] jEoi,i€[m]
This gives
T*(F) = (il )y sepm - VF € HE(Q) (3.1)
Since Alyrq) < TT*, using (3.1), we obtain
AIfIP <(TTfIf) = |1T"(f Z > Wl

m] jEoT;
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On the other hand, for any f € H?(Q), we have

SN TREA AP =T A2 < I 1P

i€[m] jETi

Hence, {fij};c,, ie[m) 1s @ frame for Hf(Q) and the family of sequences {Ei}icpm)
is woven frame for H?(RQ). O

Recall that if F = {f;},c7 is a Bessel sequence in H?(Q) with synthesis opera-
tor(analysis operator) Tr(T}), then for any subset o of J we defined the truncated
form TZ(Tg*) of Tr(T}) as

T7 ({g}ieq) = Y 1ia; (TE* (w) = {(fi|w)}jes) -

j€o

In the following result, we obtain sufficient condition for two Bessel sequences in
terms of their synthesis operators to form a pair of woven frames.

Theorem 3.6. Let ' = {f;},.; and G = {g;},c 7

HR(Q) with synthesis operators Tr and Tg, respectively. For any o C J, if
Iyrq)y =TrTE =T6TE and TETE* = TETE, then F' and G are woven frames for
HE(Q), where Tg and TE are truncated form of Tr and Te for o C J, respectively.

be two Bessel sequences for

Proof. Let By and By be Bessel bounds for F' and G, respectively. For any f €
HR(Q) and ¢ C J, we have f = ngj (filf) = ‘ijj (9;1f) and 3 g; (f;lf) =
JE Jj€

Jj€o
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> fi{g;|f). By using (a +b)*

yiSle
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< 2a? + 2b2, we compute

2
et = <Z 9i (f3l1) |f>
JjET
2
= <Zgj i1+ g5 (1) |f>
j€o jEOC
2 2
< 2 <Zgj<fj|f>|f> +2 <Zgj<fj|f>|f>
jEo jEo°
2 2
= 2 <Zgj<fj|f>|f> +2 <Z i <gj|f>|f>
j€Eo VEsTead
2 2
= 2> (fl glH] +2 Z< il ) (F516)
jEo ]
< 2) UHIOPY WgIHP+2 D gl HIP D KHINE
jEo j€Eo j€EOC ViTead
< 2Bl £1P D UAIOE + 2Bl D Kaslf)IP
jEo VisTead
< 2max{By, Bo} | fIP | DOIAIAP+ Y HailHI?
j€o j€o©
Therefore, for all f € H?(Q), we have
1
WWHQ KZJ HIH1 +]§L (g;1£)° < (B1+ Bo) || £]1?
Hence, F' and G are woven frames. O

In the following result, we give a sufficient condition for a family of frames that
are image of a frame under a sequence of operators to be woven frames.

Theorem 3.7. Let F' = {f;}
{Ui}ie[m] C BHE(Q)). If Uy, has a left inverse V € B(HE(Q)) and max; 4 | Uy, — Us|| <

jes be a frame for HE(Q) with bounds A, B, and

\ /ﬁ T then the family of frames {U; F}Ze[m] s a woven frame.
Proof. Since VU = Iyr(g), we get

[ Tgm () —

Therefore, VU; is invertible for ¢ € [m]
for any i € [m],U; is bounded below by A, den A f] <

VU =V (U H<w \/ <l

Consequently, U; has a left inverse. Hence,
[T f| for any f € HF(Q).

Since )\2 'IHR(Q) < UZ*Ul and A - IHR(Q) < SF < B- IHR(Q), we get

AN? - Igr(g)

<A-UiU; < Su,rp < B-UiU; < B|Ui||* - Iyr(.-
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Hence {U; f;} ;. ; is a frame for any i € [m]. Let {oi},c(,, be any partition of J.
Then, for every f € H?(Q) we have

ZDUW ZZWJ\Uf <Y HUHIHP BZHUHIIfH?

m] jEo; m]jEoi i€lm]j€T m]

On the other hand, we have

Z STHRUHIOP =D WOHIHE++ D WUHIHP+- 4+ D U151

m] JET; JjE€o1 Jj€o; JjEoL
> Unfil P
JE€EOm
= WU =Us+Ue) {1 HE+-++ D (Ui = U + Ui £5] HI?
Jj€o1 JjEOT;
+Z|kaj|f +Z| *Uk+Uk)fj|f>|
JEokK JjETm
> WOHIHOP+ D OO =D (U = Uk) £i] HI?
jETK jEo; Jj€ET;
+ Y WOEIHP =D 0= Ux) £ £
JjE€o1 j€oy
A Y HUREIAOP = > WU = Uk) £ DI
JEOK JjEOm
>N WUREIHP =YD KU = Ue) £ DI
jeJ i#k jEoT;
=S UHITEAHP =D KW = Uk) £51 0
jeJ i#k jEoO;
SAIURFI? =D D WU = Ue) £ 0P
i#k jeJ
2_B U, —U 2
>< A~ 1) Bmax |, Ukn?) T O
BNE i '

Next, we present a characterization of weaving frames by synthesis operators of
frames.

Theorem 3.8. Fori € [m], let Fi = {fj},c; be a frame for HE(Q) with bounds
A;, B;. Assume that for any k € [m], ||Tr, —Tr,|| <
k. Then the family of frames {F;}

A . .
(mfl)(\/gi.A»\/Bik)’ Ze[m]’ Z#
iem) 18 woven frame of HE(Q).

Proof. The family {f;;} | is a Bessel sequence with Bessel bound max B;

jETi, €M i€m]

by Proposition Therefore, for any f € HF(Q),

|75 f]]

=D Wl AP <D Kl HF = 1T 17 < Tl 1 F1?

j€o; jeT
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Thus, || 7!

< ||Tr, || and so

O O * O o % o;mo;” O O * O o * O o %
||TFi TFi - TFk TFk TFT; TF,i - TFi TFk +TF¢ TFk - TFkTFk

< |7 (T = TR + (77 - T7) 77|
< HT;Z ||TF1 - TFkH + ||TF1 - TFkH HTFkH
< (VBi+VBy) ITr, - T |

Therefore, we get

YoSE o= > SE+SE

i€[m] i€[m]\{k}
= Y sE+|se- > sy
ie[m]\{k} i€[m]\{k}
= Sp + Z (S;: B S;’;)
ie[m]\{k}
> Aelgrioy— Y |1SE — ST Tanga
i€[m]\{k}
> Ap — Z (\/ B; + V Bk) HTFz - TF}c ” IHR(Q)‘
i€[m]\{k}
Hence, the sequence { f;; }j coricm) 1S & frame for H?(Q), and the family of frames

{Fi}ie[m] is woven frame of H?(Q). -

Now, recall that a right linear operator 7" on HF(Q) is said to be positive if
(T(u)|u) >0, u € HE(Q). Next, we provide conditions in terms of a positive right
linear operator under which a family of frames is woven.

Theorem 3.9. Fori € [m], let F; = {f;},c; be a frame for HE(Q) with bounds
A;,B;. Foranyo C J and a fizedk € I, let P7(f) = > fi; (fis| )= > frj (fujlf)

jEo jEOT
for i # k. If P is a positive right linear operator, then the family of frames
{Fi}icpm) form a woven frame.
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Proof. Let {0i},c(,, be any partition of J. Then, for every f € H?(Q), we have

i€[m
AP <l OF = D0 D 1wl HP
jeTg i€[m] jET;
=y <Z Fri <fkjf>|f> = > <Z fig <fz-j|f>—P{”(f)|f>
i€[m] \j€Eo; i€[m] \j€o;
= <Z fi (Fisl ) |f> Z (Pr(f
i€[m] \J€Eo; i=1
<) <Z Fig (Fisl ) |f> Yo > Wl hP
i€[m] €o; i€[m] JET;
<Y HSINE < | Y] B IfI%
i€[m]je€T i€[m]
Hence,
A 17 < Z STUSINE <D BillfI*
m] jETi i€[m)]

Finally, we consider the perturbation of a set of frames that is woven frame. We
first need the following definition:

Definition 3.10. Let F' = {f;},. ; and G = {g;}
nionic Hilbert space HE(Q), let 0 < u, A < 1. If

YL =gl HE <A UHINE+ulfI?, feHHS)

JjET Jje€T

jeg be sequences in right quater-

then we say that G is a (X, p)-perturbation of F.

In the following result, we obtain conditions under which a family of frames
forms a woven frame for HZ(Q).

Theorem 3.11. Fori € [m], let F; = {fi;},. ; be a frame for H(Q) with bounds
A;, B;. For a fited k € [m], let F; be the (\;, p;)-perturbation of Fy, for all i €
[m]/{k}. If

Z)\i <1 and Ay, > ZL]CMA,

then the family of frames {Fi}ie[m] forms a woven frame.

Proof. Let {o;} | be any partition of J. Now, observe that

i€[m

Z| fkj f’t]|f Z| fk] f11|f>|

j€o; jeT
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Also, for every f € HE(0Q), we have

SoB| A= D0 Y Kl nP

i€[m] i€[m] j€o;

=D U O 1l HP
JEOK i#k jEoT;

= > U AP DD i = fri + il HF
jEok i#k jEo;
> Wl DAY Wl HF =D i — frsl HI?
JjEoTK i#k jEo; i#k jEo;
Z Z fk]|f| _ZZ fzj fk]|f|
i€[m] j€Tk i#k jE€O;
> W O =D i = fal HIP
JjET i#k j€T

> 1l O =D N Kl HIF + wall £112
JjeET i#k jeTg

> =00 ) A= | lIFIP

i#k i#k

Hence, the family of frames {F}},.,, is a woven frame with bounds (1 - > A > Ap—

i#k

i£k i€[m]

i€[m

As an illustration of theorem 3.11, we give the following example.

Example 3.12. Let HE(Q) be a three dimensional right quaternionic Hilbert space
with an orthonormal basis {ej}j‘:r Let g1 = e1,92 = e2,93 = e1 + €3, and let
fi = 2g;,h; = 3gj, for all j = 1,2,3. Then F = {f]}j ., G = {gj}jzl and
H = {hj}?zl are frames for H¥(Q) with frame bounds (,2%"),(1,3) and (},32),
respectively.
Choose \1 = %,ul = % and Ny = %,/1,2 = %. Then A\ + Ao < 1 and A1 >
R

%, For any f € H™(Q), we compute

(9,1 £)I”

RNy
M-

SUfi—glHPF =

Jj=1 j=1

[571%3l%

I
O =
]

1

<.
Il

51O+ pallf 112

N
2
[M]

1

<.
I
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and

Z (9,1 £)I°

3
> Kf = hyl P

Jj=1

~S

3 3
S CUAIOP <D KHIOP + mal £
i=1 j=1

Ne
<.

Therefore, by Theorem F,G and H are woven frames. In fact, for any parti-
tion {o1,09,03} of T,

STUHINE+ S gl AP+ 3 Wl P =S |3 £+ dS2g; + doohy| )

Jj€o1 JjEo2 j€Eos JjeT

do'l . dUs
S (P e+
jeET

where d;’ =1 for j € 0,(i = 1,2,3) and 0 otherwise. Hence {fj}je(71 U {gj}je@ U
{hj}jeag is a frame for HF(9Q).

2

)

b

Definition 3.13. Let F' = {f;},.; and G = {g;},. ; be sequences in HE(Q), let
0 <A< 1. Let {cj}jej be an arbitrary sequence of positive numbers such that
> c? < oo. If

JjET

> i (fi—95) <>\H{Cj}jej

2(Q
= i) (2)

then we say that G is a A-perturbation of F'.

Finally, in the following result, we give conditions under which A\— perturbation
of woven frame is woven.

Theorem 3.14. Let {F,- = {fij}jej c1E[m ]} be a family of woven frames with
bounds A and B, and let F] = { 7’]} be \;-perturbation of F;. If \; < 2\/73’
for all i € [m], then the family offmmes {F’}Z (m) forms a woven frame in Hilbert
space H(Q).

Proof. Let Tr, be the synthesis operator of F;, by (3.2), it follows that

| =Ty

| <\, Vi€ [m]

Let {07},c(,, be any partition of 7. Then, for every f € HE(Q),

AlFIP < 3 T8 (I < BISI

i€[m]
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Therefore, we obtain

2
S ] = 3w - o)
ze[m ie[Tﬂ]
< 2 -]+ £ In
i€[m] i€(m]
< 2% |(rp-1z) H 171 +2 3 175l
16[m] 1€m

< 2| YN IfFIP+2BlIfIP =2 B+ Y A7 IfI-
i€[m)] i€[m]

On the other hand, by using the inequality

(@ta+ o +an) < fm@+ad++az) (a>0)
for any f € H?(Q), we have

)

i€[m]
2
= > T - T+ TR )|
1€[m]
2
> > (lrz ol - |mzr o) -2
i1€[m]
2
= 5 (el + |z o - e -2z ol |z o - 700
i€[m)]
> 3zl -2 X g ol e o) Tz;*<f>H
i€[m)] i€[m]
> 3 |lTEr o) = 2max (A} /] S TEr
i€[m] 1€[m]
> AJfI? = 2 max {0} f] m Y ||
1€[m]
> A|FIP = 2v/mB max A} |17 O
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