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CERTAIN CLASSES OF p-VALENT ANALYTIC FUNCTIONS
WITH RESPECT TO SYMMETRIC AND CONJUGATE POINTS
INVOLVING A CALCULUS OPERATOR

POONAM SHARMA AND MAMTA PATHAK

ABSTRACT. In this paper, we consider classes T'Ss(«, 3, v, 0,p) , T Sc(a, B,v, 8, p)
and T'Ssc(«v, B,v, 8, p) of p-valent analytic functions with respect to symmetric,
conjugate and symmetric conjugate points respectively. Necessary and suffi-
cient coefficient conditions for functions belonging to these classes are obtained.
In addition, coefficient estimates, growth theorems, closure theorems, extreme
points, integral transform, radii of starlikeness, convexity are also found for
functions belonging to these classes.

1. INTRODUCTION

Let A(p) denotes the class of functions of the form:

flz) =27+ Zap+kzp+k (pe N={1,2,3....}), (1.1)
k=1
which are analytic and p-valent in the open unit disk U= {z: z € C and |z| < 1}and
T(p) denotes the subclass of A(p) whose members are of the form:

f(2) =27 = |appul 2" (pe N ={1,2,3...}). (1.2)
k=1
We denote A(1) = A.
Let S¥ and Cs respectively denote the class of starlike and convex functions
f(z) € A with respect to symmetric points satisfying

Re{f(;{/(;()_z)}mand Re{(f(z(fji/(;())_/z))/}>0 2eU  (13)

respectively which were introduced and studied by Sakaguchi [I3] and Das and
singh [3] respectively.
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56 P. SHARMA AND M. PATHAK

Let S¥ and S, respectively denote the class of starlike functions f(z) € A with
respect to conjugate and symmetric conjugate points satisfying

Re{zf/(z)} > 0 and Re{zfl(z)} >0
f(2)+ f(2) f(z) = f(=2)

respectively which were introduced by El-Ashwah and Thomas [5]. The class S,
is also studied by Chen et al. [2] (see also [I7], [I8] and [12]).

We denote by S*(p) and Cs(p) respectively the class of starlike and convex
functions f(z) € A(p) with respect to symmetric points satisfying

2f'(z) (2f'(2))
re{ errtmers ) 20 R g ey 70 0
respectively. Note that S¥(1) = 5%, Cs(1) = C,.
We also denote by S*(p) and SZ.(p) respectively the class of starlike functions
f(2) € A(p) with respect to conjugate and symmetric conjugate points satisfying

Re{zf/(z)}>0andRe{ zf’(z)}>0
f(2)+ f(2) f(2) + (=1)7?f(-%)

respectively. Further we denote by C.(p) and Cs.(p) respectively the class of convex
functions f(z) € A(p) with respect to conjugate and symmetric conjugate points
satisfying

Re {(zf’(z)/} >0 andRe{ (zf’(z))/i } >0
(f(z)+ f(Z) (f(z)+ (=1)7f(=2))

respectively.
In this paper, we consider an operator I%“for v > —1,§ € R, which is defined
for an analytic function f(z) by

1 z
Ié,ufz = 7/ Zit(sfltyf t dt, §5>0
0 = 1 | -0
1 d : S
= m&A(z—t)tf(t)dt, -1<94
d)\
= @I% f(z), y=A=6<-1,-1<~v<0, A€ N.

The multiplicities of (z —¢)°~!, (z —t)" are removed by considering log(z — t) to be
real if (z —¢) > 0.

The operator 1%” f(z) is studied recently by Kim and Srivastava [I1], Dziok [4]
and the image of z* under this operator is given by

ok I'(v+1+k) .
F(v+1+d5+k)

(1.5)

for positive v + 1+ k > —4.
Definition 1.1. With the use of , a normalized operator fg”’ . A(p) — Al(p)
forv>—-1—p, §+v>—1—pis defined by

N F'v+1+4+d+p)

IV f(z) =

p 1) F'(v+1+p)

2TV f(z). (1.6)
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The series expansion of I3 f(z) is given by

o0
Ig’”f(z) =2P+ Z Ops i (0, V) apyp 2T, (1.7)
k=1
where for convenience
(V + 1 + p)k
v+1+0+p),

The symbol (), is called Pochhammer symbol defined as

Oy (5.) = (L8)

T(A+ k)
I'(A)
Note that I;?’Of(z) = f(2), I;jl’of(z) = #.
Motivated with the recent work of Huang et al.[8], Wang et al.[19] and to unify

the studies in [14], Sudharsan et al.[16], Khairnar and More [I0] and Halim et
al.[6], [7] as well to obtain some new results, we define following sub classes of A(p)

(Vi = =AM+ 1)..(A+k—1)and (\)o = 1.

involving a calculus operator fg”’ f(2).

Definition 1.2. A function f(z) € A(p) is said to be in S(a, B,v,0,p) class if it
satisfies for0 < a<1,0<f<1l,v>—-1—pd+v>—-1—p,

2:(I)" (=) 202" 1(2))
DY f(z) + (~1)PIp" f(~=2) L f(2) + (~1)7PI" f(=2)

Definition 1.3. A function f(z) € A(p) is said to be in S.(«, B,v,0,p) class if it
satisfies for0 < a<1,0<f<1l,v>—-1—-pd+v>—-1—p,

(1.9)

p|<ﬂ

(1.10)

22(I0 f(2)) 20z(I0V f(2))
=5, o 552) = _p‘< 7o, s ~§u)), TPl
L7 f(z) + I f(Z) L7 f(2) + I f(2)
Definition 1.4. A function f(z) € A(p) is said to be in Ss.(c, B,v,d,p) class if it
satisfies for0 < a<1,0<f<1l,v>—-1—-pd+v>—-1—p,

22(15" f(2)) 20z(I)" f(2))
LY f(2) + (-1 f(=2) LY f(2) + (-1 2" f(=2)
We denote by T'Ss(«, 8, v,0,p) = Ss(«, 8,v,6,p)NT (p), TSc(ax, B,v,8,p) = Se(c, B, v,6,p)N
T(p), TSsc(a, B,v,06,p) = Sse(a, B,v, 8, p)NT (p). We further denote T'S¢(av, §,0,0,p) =
TS*(a, B,p) and T'Ss(e, 8,0,—1,p) = TS¢(ev, B, p) which were studied by Sharma
and Awasthi [I4] for p = 1. Also we denote T'S.(«, 5,0,0,p) = T'S¥(a, 5,p) and
TSC(a76707 _1ap) = TSS(OQﬁ,p)

In this paper, we give necessary and sufficient coefficient conditions for functions
belonging to the classes T'Sq(a, 8,v,0,p), T'Sc(e, B,v,0,p) and TSs.(c, 5,v,6,p).
Coefficient estimate, growth theorem, closure theorem, extreme points, integral
transform, radii of starlikeness, convexity are also found for functions belonging to
these classes.

—p| <8 (1.11)

+p|.
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2. COEFFICIENT CONDITIONS

In this section, we give necessary and sufficient coefficient conditions for functions
belonging to T'Ss(«, 58,v,0,p), T'S.(a, B,v,6,p) and T Ss.(c, B,v, 0, p) classes.

Theorem 2.1. Let f(z) € T(p) of the form satisfies

= [p+k)(1+af)  B-D{1+(-1D*}] @+1+p),
Z[ pBlta) | 28(1+a) ]<u+1+5+p>k

or, equivalently

— [k +af)  B-D{1+(D)"7] @+l+p),,
k;p;rl [pﬁ(1+a) + 26(1 + ) } v+1+d+p)_,

for0<a<1,0<p <1, v>—-1-—p, éd+v>-1—p,if and only if f(z) €
TSS(a7 /B’ V767p)'

Proof. Let f(z) € TSs(«, 8,v,0,p), then from Definition we get

lap+x] <1, (2.1)
k=1

lag| <1, (2.2)

2:(Ip" f(2)) 20z(1)" f(2))
70,v - _p 70,V 7p7ﬂ 70,V - _p 70,V +p<0
L f(2) + (=D)L f(=2) L2+ (D)LY f(=2)
or,
2pz? —2 Z(p + k)Op+x (6, V)|ap+k‘zp+k — 2pz¥
k=1
DY Opel8, {1+ (=1 Hap |27
k=1
-8 2apzP — 2 Z(p + k)0p 11 (6, V) |apip| 2P TF
k=1
12027 = p> " Oy (6,0) {1+ (—1)FHapi k27| < 0.
k=1
Hence, we have
2(p + k) = p{1 + (=1)*}) Opsn (8, ) aprl 27| -
k=1
B |20(L+a)[2P| =D 2(p + k)i (8, )l april| 27T = 9D Opri(8,0){1 + (=1) Y apyul[27H]
k=1 k=1
< 0
or,
Y 20+ +ab) +p(8 — DL+ (=1)"}) Opn(8,v)|apsx| < 2pB(1 + )
k=1
or,

3 [(p+ RO +af)  (B=D{l+ (="
= pB(l+ «) 26(1+ «)
For converse part, the method of Clunie and Keogh [I] is used for |z| < 1.

Op (6, V)|apsk| < 1.
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Consider,
22(I3 F()) —p (18 £(2) + (-1 I F(~2))|
—8 a5 £(2)) +p (137 () + (-1) 75 £ (=) )|

oo

= — 20+ k) = {1+ (=1)"}) Opn(8,v)|apsr|PF*

-B

?T‘

P+ @) — 32+ Kby (50 apeele? ™ — p8S i) {1+ (—1) a2
k=1 k=1

< Y e+ +aB) +p(8 = D{L+ (=1)*}] p41(8, ¥ aprk| — 208(1 + a) <0,
k=1

if (2.1)) holds. Hence

2:(10" f(2)) 2az(1)" f(2))
7o,V 70,V -p 70,V 70,V
I f(2) + (~1) 2" f(~2) I f(2) + (~1) 7L f(~2)
Thus, f(z) € TSs(e, B,v,d,p). The result is sharp for the function:

2) = 2P 2pB(14a) (v +1+6+0p), .
fr(z) = R+ k) (1+aB) +p(B—D{1+ (D (v +1+p), (k>1).

<pB

+p

O

For 6 =v =0 and § = —1,v = 0 respectively in Theorem we get following
results.

Corollary 2.2. Let f(z) € T(p) of the form satisfies

p+k)(1+apf)  (B—D{l+(-1F}
Z { Bp(1+ ) + 26(1 + ) ] lapix] < 1.

for0<a<1,0<p<1,ifand only if f(z)€ TS «,pB,p).
Corollary 2.3. Let f(z) € T(p) of the form satisfies

(p+k)(1+aB) | (B 1){”(_1)]6}} lapsr] <1
Bp2(1 + ) 26p(1 + a) e

,0< B <1, if and only if f(z) € TS, B, D).
Corollary 2.4. Let f(z) € TSs(a, B,v,0,p), then for 0 <a<1,0< <1

2pB(1+a) (v +1+6+p),
il S T T TP -DOF O I, P2V

On similar lines of Theorem [2.I] we can easily prove following Theorems for
TS.(a, B,v,0,p) and TSs.(a, B,v, 6, p) classes.

<+/~c>[

n g

for0 < a
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Theorem 2.5. Let f(z) € T(p) of the form satisfies

S lk(1+ 08 + 80+ ) T < g1 ). (23)
k=1

for0<a<1,0<B8<1L,v>—-1—p d+v>—-1—p,if and only if f(z) €
TSC(a7/87 V7 5’p)'

Theorem 2.6. Let f(z) € T'(p) of the form satisfies for0<a<1,0<
B<1l,v>—-1—p,d4+v>—-1—p, if and only if f(z) € TSs.(c,B,v,6,p).
3. COEFFICIENT ESTIMATES

In this section, we obtain coefficient estimates for functions to be in T'Sq(«, 8, v, d,p), T'S.(a, B, v, §, p)
and T'Ss.(«, B,v,d,p) classes.

Theorem 3.1. Let f(z) € TSs(a, B,v,6,p), then for any ¢ € C,
(I+ap)B(v+p+2)

— Ca? < 1
[ap2 = ] < P+ D10, 1) (v +0+p+2) (381)
((A+ap)(v+p+2) H
1, .
e [ p {“ T Tttt 2)
The estimate([3.1]) is sharp.
Proof. By hypothesis, we write
22(Ip" f(2)) _ 1 Bu(z) (3.2)

LY () + (-1 7?7 f(—z) 1+ aBu(z)’

where w(z) = Y72, wxz" is a bounded analytic function satisfying the condition
w(0) = 0 and |w(z)| < 1 for z €U. Writing corresponding series expansions in (3.2]),
we get

<2p -2 Z(p + k)01 (0, 1/)|ap+kzk> (1 +af Z wkzk>
k=1

k=1
= (2 - Zﬁp+k(5, v){1+ (—l)k}|ap+k|zk> (1 - ﬂZwkzk> .
k=1 k=1

Equating the coefficients of z and z? on both sides, we obtain

paBwi — (p+ 1)|ap+1]0p1(6,v) = —Buwy

or,
pwi (1 + ap)

= 3.3
et = 10,01 (6,) (3:3)

and

paBws — (p+ 2)0p12(8, v)|api2| — aB°wi (1 + ap)
= —Pwz — bOpi2(8,v)|apio
or,
(1+ ap)B {wy — afw?
|apta] = p+1 {9 5 3 (3.4)
p+1)0p12(0,v)
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Now, for any complex number (, we write

(14 ap)B {ws — apwi}} B
(p+1)0p42(0,v)
1+ap)Bv+p+2)
P+ 1016, v)(v+5+p+2)
_3la (1+ap)B(v+p+2) w?
‘W /3{ +C(p+1)9p+1(6,v)(u+6+p+2>} '
(I+ap)B(v+p+2)

— a2
= Ui prD

B*wi(1+ ap)?
(p+1)262,,(0,v)

¢ (3.5)

’%+2 - C‘1127+1|

)

where

(3.6)

§=B{a+§ (1+ap)B(v+p+2) }

P+ 1Dbp1(6,v)(v+6+p+2)

It is known from the result of Keogh and Marker [8] that, for every complex number

£,

|U}2 - fwﬂ S maX{L |§|} )

and the estimate is sharp for the functions fo(2) = 2P and fi(z) = 2P for |¢| > 1
and for |¢] < 1 respectively. From (3.5)), it follows that

1+ap)Bv+p+2)
p+1)bp1(6,v)(v+0+p+2)

where ¢ is given by (3.6). O

max {1, [},

|aP+2 - <a12>+1| < (

For § = v = 0 in Theorem we get following result.
Corollary 3.2. Let f(z) € TS:(«, 8,p), then for any ¢ € C,

Ca L OtenB T (L+ap)s
ovsa =Gl < G mae Lo I @

and estimate (3.7)) is sharp.

Taking p = 1 in above corollary, we get the result studied by Sharma and Awasthi
[15].

On similar lines of Theorem [3.1] we can easily prove following Theorems for
TSq(a, B,v,0,p) and T'Ssc(c, B,v,0,p) classes.

Theorem 3.3. Let f(z) € TS.(a, B, v,0,p),then for any ¢ € C,

1+ap)Bv+p+2) “
(p+1)0p,1(6,v) (v + 6 +p+2)
B[ (+pa+ta) p+1)A+ap)v+p+2)
mm{l’p{ (pa+1) < POpr1(v+9+p+2) }H

|aps2 = Cap| < (3.8)

The estimate (@ s sharp.

Theorem 3.4. Let f(z) € T'Ssc(w, B,v,0,p), then for any ¢ € C, we obtain
and the estimate is sharp.
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4. GROWTH THEOREMS

In this section, we obtain growth results of f(z) € T'Ss(«, 8, v,0,p), TS:(c, 8,v,9,p)
and T'Ss.(«, B,v,9,p) classes.

Theorem 4.1. Let f(z) € T'(p) of the form be in the class T'Ss(«, B, v,0,p),
then for |z| =r < 1.

R AR/ (O] L Lol netc) R

(p+1)(1+ap) (p+1)(1+ap)

Proof. In (2.1)), let [2(p + k)(1 + aB) — p(1 — B){1 + (—=1)*}] =: Apip for 0 < o <
1,0 < B <1, it is noted that Apip11 — Aptr > 0 thus, using (2.1), we get

(4.1)

2(p+ 1)L+ aB) Y Opsu(6,)|apsl
k=1

<D 2+ k)1 +aB) —p(1 = {1+ (= 1) N0y 115, v)ap ]

k=1
<2pB(1+ )

which gives

= pB(1+a)

Oprr(0,0)|apsr] < ———>—r.

; p+ ( )l p+ | (p+1)(1+a6)
Therefore,

= 1+ a)

I(S,u < P pﬁ( p+1

ST AT eB)”
and

70,v Py D pﬂ(l +OZ) p+1

This proves (4.1]). O

Using Theoremand Theorem we obtain following results for T'S.(«, 8, v, 0, p)
and T'Ss.(«, B,v,d,p) classes.

Theorem 4.2. Let f(z) € T(p) of the form be in the class T'S.(«, 8,v,9,p),
then for |z| =r <1

pB(1+ )

pB(1+ ) p+1
[(1+af) +pB(1 + )] '

[(T+aB) +pB(l+a)
(4.2)

rP —

<LV f(2) < P

Theorem 4.3. Let f(z) € T(p) of the form be in the class T'Ss.(a, B,v, 6, p),
then for |z| =r < 1.
v pB(1+ a)

PP A Tt < |fg’yf(z)| <7rP 4+

pﬂ(lJrO‘) ptl
(p+1)(1+aB) '

p+D)(1+aB)
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5. EXTREME POINTS

Theorem 5.1. Let fo(z) = 2P and

o 2pB(1 + a) (V+140+D)k pik
&) = AT aB) + G- DO+ O] writr), (’“é 11;
then f(z) € TSs(«, B,v,0,p), if and only if it can be expressed in the form .
f(z) = i)‘k fi(2),where A\, > 0 and § A =1
k=0 k=0
Proof. Suppose
F) = > A fulz)
k=0
_ Zp—i 2pB(1 + a) g (V—|—1+(5+p)kzp+k
—[2(p+k)(L+ap) +p(B - {1+ (-1} (v +1+p), '
Then
S B vk W 14p)
kZ:l (b + )1+ 0f) +p(8 = DL+ (DN o
y 20B(1 + )\ (v+1+6+p),
2+ k)1 +aB) +p(B—-D{1+ (D] (v+1+p),
= 2pB(1 + a)\ < 2pB(1+a ZAk =2pB(1 + a)(1 = Xo)
k=1 k=1
<2pB(1+ «).

Hence, from (2.1)), f(z) € T'Ss(a, B, v, 6, p). Conversely, suppose that f(z) € T'Ss(«, 5,v,9,p).
Then from Corollary we obtain

2pB(1 + «) (v+1+54+0p),

[apek] < 20+ k)1 +af)+p(B—D{1+(-1)*}] (¥+1+p), (k= 1).
Setting
R+ +af) +p(B - D{1+ (=1)*|apis] @ +1+p)
M= 2pB(1+ a) (u+1+6+;)k (kz21)
and
1= M=2X
k=1
On using , we get
=> M fi(2)
k=0
(I

On similar lines of Theorem [5.1] we can easily prove following Theorems for
TS.(a, B,v,0,p) and T Ss.(a, B,v, 6, p) classes.
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Theorem 5.2. Let fo(z) = 2P and

pB(l+ «) (V+1+5+p)kzp+k
[k(L+aB) +pB(1+a)] (v+1+p),
then f(z) € TS.(«, B,v,8,p) if and only if it can be expressed in the form

f(z) = > fr(z), where Ay >0 and > A =1.
k=0 k=0

fe(z) = 2P —

(k=1),  (52)

Theorem 5.3. Let fo(z) = 2P and

o 2wA(1 + ) 1484, ,
e = A el + G- D+ (D] weixp), © #ZD

then f(z) € TSsc(a, B,v,8,p), if and only if it can be expressed in the form

f(z) = > M fr(z), where A, >0 and > A =1.
k=0 k=0

6. CLOSURE THEOREM FOR T'Sq(«, 8,v,8,p),TS.(a, B,v,6,p) AND
TSSC(a7 B? I/) 57p)

Theorem 6.1. Let f(z) be of the form and g(z) given by g(z) = 2P —
ioj |bpx|2PTF are in T'Ss(a, B,v,6,p) class, then h(z) = 2P —3 io: |aprk+bp k| 2PTE is
Zislo in TSs(a, B,v,6,p) class. =

Proof. Since f(z) and g(z) are in T'Ss(«, 8,v,6,p), by Theorem we get

o0

2[2(1) + k)1 +aB) +p(B— {1+ (=1 N0, x(5,v) |apir| < 2pB(1 + ) (6.1)
k=1

and

o0

Y R0+ K1+ aB) +p(8 = {1+ (1) 104k (8,v) [bprr| < 2p8(1+a) (6.2)
k=1

Then, using (6.1)) and (6.2)), we have

%ZP(pﬂf)(l +af) +p(B = D{L+ (=1)*N0psr(6,v) lap+r +bprk| < 2pB(1+a),
k=1

which implies that h(z) € T'Ss(«, 8, v, d,p). |

On similar lines of Theorem we can easily prove following Theorems for
TS.(a, B,v,0,p) and T Ss.(a, B,v, 0, p) classes.

Theorem 6.2. If f(z) and g(z) = 2P — 3 |bpsx|2PTF € TS.(a, B,v,0,p),then
k=1

18

L5 |apsk + bpsr|zPHE s also in TS.(a, B,v,6,p).

Il
-

k

Theorem 6.3. If f(2) and g(z) = 2P — > |byyi|2Pt* € TSse(a, B,v,0,p), then
k=1

118

h(z) = 2P — 33 |apik + bpyr|2PT is also in TS,c(a, B,v,6,p).

k

Il
-



CERTAIN CLASSES OF p-VALENT ANALYTIC FUNCTIONS 65

7. INTEGRAL OPERATOR

Definition 7.1. Let f € T(p), an integral operator R.(f) with ¢ > —p, is defined
by

Ru(f) = (c:cp)

Theorem 7.1. Let the function f(z) of the form be in the class TSs(a, B,v,9,p),
then R.(f) defined by be also in the class TSs(c, B,v, 4, p).

Proof. From (7.1)), we get

[T f(t)dt, z € UL (7.1)

= P _ S ctp p+k.
R.f(z) =2 kZ:lc+p+k|ap+k|z .
Therefore by hypothesis
S+ K1+ aB) + (8 — {1+ (~DF s (6.0)— Ly
Pt c+p+k ’
< Y Re+R)A+aB) +p(8 = D+ (=1 H0pik(5,v)|ap]
k=1
< 2pB(l+a).
Which by Theorem implies that R.(f) € T'Ss(a, B, v,6,p). O

On similar lines of Theorem we can easily prove following Theorems for
TSq(c, B,v,0,p) and T'Ss.(c, B,v,0,p) classes.

Theorem 7.2. Let the function f(z) of the form be in the class TS.(«, 8,v,0,p),
then R.(f) defined by be also in the class T'S.(«, 8, v, 0, p).

Theorem 7.3. Let the function f(z) of the form be in the class T'Ssc(a, B,v,0,p),
then R.(f) defined by be also in the class T'Ss.(av, B, v,0,p).
8. RADII OF STARLIKENESS AND CONVEXITY

Theorem 8.1. Let the function f(z) of the form be in the class T'Ss(c, B, v, 8, p),
then f(z) is starlike in the disk |z| = r1 < 1, where

: (p+ k)1 +ap) (ﬁ1){1+(1)k}) p t
T + Opri(0,0)| . (81
. Igfl K pB(1+a) 26(1 + a) v+ k) p+1:(0, V) (8.1)
Proof. To estabilsh the required result, it is sufficient to show that
2/ (2)
—p| <p for 2| <1
7@ -

or equivalently,

o0
Y klapx|e®
k=1 <p

o0
L= > fapenlh
k=1
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which is equivalent to show that

[ee]
> 0+ Bl

<1 (8.2)

p
As f(z) € TSs(a, B,v,0,p), we have from Theorem

i {(p+ k)(1+aB)  (B-D{1+ (="}
Pt pB(1+ «) 26(1+ )

Thus (8.2) is true, if

] 61 (6. V)] < 1.

(p+R* _[p+k)0+af)  (B-D{1+(-1)*}
p : [ pB(1+a) 26(1+ o) } Prei(0¥)
. (p+k)(0+af)  B-D{I+CEDY p k
= (Pt e ) o)
which is the required result. O

On similar lines of Theorem [B.I] we can easily prove following Theorems for
TS.(a, B,v,0,p) and T Ss.(a, B,v, 6, p) classes.

Theorem 8.2. Let the function f(z) of the form be in the class T'S.(a, B, v, 0, p),
then f(z) is starlike in the disk |z| = r1 < 1, where
: k(1 + af) +pﬁ(1+a)) » ]
ry = inf. 0 o,v
! kzj; K pB(1+ ) (p+k) pek(0.7)

Theorem 8.3. Let the function f(z) of the form be in the class T'Ss.(av, B, v, 0, D),
then f(z) is starlike in the disk |z| =1 < 1, where

. (p+ k)1 +ap) (6—1){1+(—1)’“}> P
ne [( pBita)  2B(ita) )+ h)
Similarly we can proved the following Results.

Theorem 8.4. Let the function f(z) of the form be in the class T'Ss(c, B, v, 9, p),
then f(z) is convex in the disk |z| = ro < 1, where

» (p+k)(1+aB)  (B—D{1+(=D}\ p? k
=i |(Matra e ) Gt 69

Theorem 8.5. Let the function f(z) of the form be in the class TS.(a, B,v,0,p),
then f(z) is convex in the disk |z| = 1o < 1, where

[k aB) +pB0L+ a)) P } ;

— inf 0, 0(6,0)] . 8.4
= K pB(1+ ) -+ iz () 54

Theorem 8.6. Let the function f(z)of the form be in the class TSg.(av, B,v,0,p),

then f(z) is convex in the disk |z| =19 < 1, where

» (p+k)(1+aB)  (B-D{1+ (=)  p? x
r2 = inf [( pBita) T 28(+a) ><p+k>29”*’“<5’”)}'

k

k

6y (0.0
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In order to establish the required results in Theorem [8.4] 5] and B.0] it is
sufficient to show that,

7Z—p <p for|z| < 1.

Remark. The results of Sharma and Awasthi [14)] follows by takingd =v =0,p =1
and 6 = —1,v=0,p =1 respectively in Theorems[2]] and [87)
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