BULLETIN OF MATHEMATICAL ANALYSIS AND APPLICATIONS
ISSN: 1821-1291, URL: HTTP://WWW.BMATHAA.ORG
VOLUME 2, IssuE 3(2010), PAGEs 27-31.

ON LOCAL PROPERTY OF FACTORED FOURIER SERIES

WAAD SULAIMAN

ABSTRACT. In this paper generalization as well as improvement to the Sarigol’s
result concerning local property of factored Fourier series has been achieved.

1. INTRODUCTION

Let > a, be a given series with partial sums (s,), and let (p,) be a sequence of
positive numbers such that

P,=po+ ...+ pn = 00 asn — 0.

The sequence to sequence transformation

1 n
T, = Fn ;pvsv

defines the sequence (7},) of the (I, p,) means of the sequence (s,) generated by
the sequence of coefficients (p,,).The series > a,, is said to be summable |N,pm H‘k ,
k> 1if (see [8])

o0
ST 0E T, — Tua|* < . (1.1)
n=1
In the special case when 6,, is equal to P, /p,, n,we obtain ‘N, p”|k ;| R, pnl), summa-
bilities respectively.
Let f be a function with period 2, integrable (L) over (—m, ). Without loss of
generality, we may assume that the constant term of the Fourier series of f is zero,
that is

] f)dt =0,

fit) =~ i(an cosnt + by, sinnt) = i Ch(t). (1.2)
n=1 n=1

The sequence (\,) is said to be convex if A2\, > 0 for every positive integer n,
where A\, = A, — Apt1-

2000 Mathematics Subject Classification. 40G99, 43A24, 42B24.

Key words and phrases. Absolute summability; Fourier series; Local property.
(©2010 Universiteti i Prishtinés, Prishtiné, Kosové.

Submitted April, 2010. Published Jun, 2010.

27



28 W.T. SULAIMAN

Generalizing the results( [1], [2], [5], [6]), Bor [3] has proved the following result
Theorem 1.1. Let k > 1 and (p,) be a sequence satisfying the conditions
P, = O(npy), (1.3)

P, Ap,, = O(prpnti)- (1.4)

If (0,) is any sequence of positive constants such that

i 9’0’0
> (%

k—1 1
)-ﬂw—mm (15)

v=1
O (Bopo T
> (%) Sowt = o) (17
v=1
and
mz*:l (9npn>k_l Pn _O<<9Upv)k_1 i) 18)
= P, PuPy P, P, ) '

_ o0
then the summability ‘N,pn7 9"’k of the series Y. Cp(t) nPn/npy at a point can
n=1

be ensured by local property, where (\,) is convexr sequence such that > n~1\, is
convergent.

In his roll, Sarigol [7] generalized the above Bor’s result by giving the following
Theorem 1.2. Let k > 1 and (p,) be a sequence satisfying the conditions
A (P, /np,) = O0(1/n). (1.9)

Let (\,) is a convexr sequence such that S n~1\, is convergent. If (0,) is any
sequence of positive constants such that

m P,U
DO AN, < oo (1.10)
v=1 V¥ P

m k
> okt (%) < 00, (1.11)

v=1
and
£ ) e o(() ) o
W P, P,P,_1 P, P, )’ '

R o0
then the summability }N,pn7 9"’k of the series Y. Cp(t) nPn/npy at a point can
n=1
be ensured by local property of f.

The following Lemmas are needed for our aim
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Lemma 1.3. [B]. If the sequence (py) satisfies the conditions

P, = O(npn)v (113)
PnApn = O(pnpn-i-l) (114)

then
A (Pu/rpa) = O(1/n). (1.15)

Lemma 1.4. [4]. If (\,) is a convexr sequence such that > n~1\, is convergent,
then (A\n) is non-negative and decreasing and AN\, — 0 as n — oo.

2. MAIN RESULTS
The coming result covers all the results mentioned in the references

Theorem 2.1. Let k > 1, and let the sequences (pn), (0n), (A\n) and () where
0, > 0, are all satisfying

Ans1]l = O (IAnl), (2.1)
%) k
S i (p—> Dl Ll < oo, (2.2)
n=1 Pn
D 0E A" A" < oo, (2.3)
n=1
n—1 po (/-1
3611 | (—) INVES (2.4)
p— DPv
and
m+1 k—1 k—1
> (H"p"> b _—0 (mv) _ . (25)
n=v+1 P" P"P"*1 Pv P’u

_ oo
then the summability |N,pn,9n|k of the series Y. Cp(t)Anpn at a point can be
n=1
ensured by local property of f.

Proof. Let (T),) denote the (N,p,) mean of the series > C,(t)\n¢n. Then, we
n=1

have
Pn
Tn_Tnf = P'uf A'u vy
! PnPn—l,L; ! o
D n—1 v n D
= n v A P»Uf vV v v _77’ nyn
s (S arnees (S v
n—1
Pn Pn
= —SvPvAvPu vP'uA'u'u v Py A'u n 75 ‘n¥n
PnPn—lvz:‘:( SuPvAppy + 8 Ao + 8o Podhpr1Apy,) + 8 Pn/\ ©

= Tnl + Tn2 + Tn3 + Tn4'

In order to complete the proof, by Minkowski’s inequality, it is sufficient to show
that

S 0T | < o, r=1,2,3,4.
n=1
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Applying Holder’s inequality,

m+1 1 & m+1 ko1 &
22 0 M Tn|” = 2_22 U EH /N WM
: ml k-1 k k et bt
< Lo (k) # Il tonl (S 72)
k k—1 o
— <>2pv|x| ool z o (B) 7
771 ne'u-i- el X
= o) Xl le |(;Tﬁv) "
= o 5 (B) Il o).
m—+1 m+1
Z r—1 |Tn2|k = Z gh=1 |SUPUA)\UQDU|I€
n=2 n=2
m4+1 P kn—1 (k=1)(1—1/k)
< ekfl n v Pk A)\ 91 1/k)(1—k)
<> o (55— ) > Il PE Nl "

nl p,\ (/B k=1
< (S w(—) AN
- Dov
m P\ (=D(A-1/k) m1
—0)Y PEIAN e o000 (£2) S g ( P )

v=1 Dv n=v+1 P P
(k—1)(1—1/k) m+l
0 Y AN [0 (B B
v=1 Dy n= 'u+1 n P
m (k—1)(1—1/k) k-1
P, [
=0 Y 1Ay 600 () (%)
o1 v v

~ -1/ P\
— o) 6 |<pv|<p—) AN] = O(1).
v=1

v

m—+1 m—+1

> oot |Ts|* = > oot |50 Po Ao Apo|*
n=2 n=2
" o k—1
< gk—1 ( Pn —= A F1A vl -
i Pf k FRN e (Pl
:O(l)ZzFM”H' Agul® Y 0 <p_n> Py
v=1 n=vtl
s Pk vPv o 1
_0(1);k1|A||AUI<PU> P,

m

=0 Y05 It |Aglt = 0(D).

v=1
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m+1 . m+1 P k
Zﬁﬁ71|Tn4| = Zﬁfjl snFn n®n
n=2 n=2 n
m+1 D k . .
= 9k71 o )\n n = O 1 .
>0 (B Paltteat” =0

Since the behavior of the Fourier series concerns the convergence for a particular
value of x depends on the behavior on the function in the immediate neighborhood
of this point only, this justifies (1.2) and valid. This completes the proof. O

Remark. The result of [7] follows from theorem 2.1 by putting
on = Pn/npy, Ay, = O(1/n).
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