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NEW CLASSES OF P-VALENT HARMONIC FUNCTIONS

R. M. EL-ASHWAH AND M. K. AOUF

ABSTRACT. In the present paper we have studied new subclasses of p-valent
harmonic functions in the unit disc and obtain the basic properties such as
coefficient bound, distortion properties, extreme points and also we apply in-
tegral operator for the same.

1. INTRODUCTION

A continuous function f = u 4+ iv is a complex valued harmonic function in a
complex domain C' if both v and v are real harmonic in D. In any simply connected
domain D C C' we can write f = h+ g , where h and g are analytic in D. A
necessary and sufficient condition for f to be locally univalent and sense preserving

in D is that ’h/(z) > ‘g/ (2)], Clunie and Sheil - Small [7] (see also, [2], [8] and
[13]).

Denote by H the family of functions f = h + ¢ , which are harmonic univalent
and sense-preserving in the open unit disc U = {z : |z| < 1} with normalization
f(0) = h(0) = f(0) =1 =0.

Recently, Ahuja and Jahangiri [1] defined the class H,(n)(p,n € N = {1,2,....})
consisting of all p-valent harmonic functions f = h +7g that are sense-preserving
in U, and h, g are of the form:

h(z)=2"+ > a2, g(z) = Y ¥, bup| < L (1.1)
k=n+p k=n+p—1

For f = h+g given by (1.1), the modified multiplier transformation of f is defined
as:

DI f(z) = DIV h(2) + (=1)™ Dy g(2); (1.2)
where
m,l _ m k
Dy h(z) = 2P + k:%H_p(pi_’_é) agz
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and
= k+!
m,L _ m k
Dt = 30 (o)
=n+p—1

(see [5], [6], [10] and [14]). We note that Dy*0f(z) = Dy f(z), where Dy f(z) is
the p-valent Salagean operator (see [3] and [9]).

Also, the subclasses denoted by HI’,”(n) consist of harmonic functions f,, = h+ Gm,,
so that h and g,, are of the form:

o)== 3wk, gn(z)= (D" Y b,
k=n+p k=n+p—1

for ag, by > 0, |bpsp—1] < 1.

For 0 <a <pmé&Ny=NU{0},£>0,A>0,p€ N and z =re’’ € U, a function
fin Hy(n) is said to be in the class H;"(n, (; A, ) if

m Dy f() DR (2) a
R’e (]‘ - )\)p pami + )\p 1 Zéerl > pm+17
_>P —
90m z gmTT 2P

where D;“’ef is defined by (1.2).

We define the subclass le(n,ﬁ; Aa) = H'(n, 6\, o) N H](n).

m M

We note that : (i) H, (n,0;A\,a) = H, (n; X\, ) (Yalcin et al. [15]);

p

(ii) Ff)(n,o; A\ a) = Hp(n; A, a) (Ahuja and Jahangiri [1]);
(iii) H, (n,4;0,a) = H, P(n,4; )

Dm,é (Z) o
— m . m_ P .
_{fer(n).Re<p o, >>pm+1,z€U ;

oo™

=M

(iv) H, (n,6;1,a) = FSQ(n,Z; @)

Dm+1,£ (Z) o
:{fGH;n(n):Re(per1 pamzp >pm+1,zEU )

In this paper, we obtain sufficient coefficient bounds for functions in H{,"(n, G ).
These sufficient coefficient conditions are shown to be also necessary for functions
in H;n(n,ﬂ;)\,a). A representation theorem, inclusion properties, and distortion

bounds for the class F;n (n,4; \, ) are also obtained.
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2. COEFFICIENT BOUNDS

Theorem 1. Let f=h+7g given by (1.1). Then f € H}'(n,l; A, ) if

R R AN DY S ¢}
> et 2|+

kemtp p+Y p+£
= E+e | Mk4+0—-(1=N(p+£
Z m+1( )m‘ ( ) ( )(p )‘|bk Spm—kl_a. (21)
el p+Y p+L

Proof. Using the fact that Re¢ > 0 if and only if |1 4+ (| > |1 — (| in U, it sufficies
to show that

|pm+1 _ a+pm+1w’ > |pm+1 T _pm+luj|7 (22)
where 4(2) g
D f(z DTHEf(z
w(z) = (1- )\)pmlﬂami + )\pm-‘rl%
——2zP — 2P
o™ Hom+1

Substituting for A and g in w, we obtain

‘an+1 —a +pm+1w’ Z 2pm+1 —a

= okl p e NE—p _
-y niE ] ( )\|ak||z|”

kemtp p+YL p+Y
a1 kD= M+ p+20) .
D I e e a1
k=n+p—1 p p
and
k/’+f p—l—)\(k p) k—
m+1 < m+1 m 4
+a—p™" w| o+ Z erg P |ax]| [2]

k=n-+p

k+¢ {— Mk 2/ _
D I o e IR

it p—i—é p+4L

these two inequalities in conjunction with the required condition (2.1) yields

m—+1 m+1w’ _ ‘ m—+1 m+1w|

" —a+p fa—p

> k+0., |p+Ak—p
> 9 m+1 . m—+1
>2|p a— Y p (p+£) P,

\u
k=n+p

i m+1(k+€)m‘p+£—)\(l€+p+2€)

b.|| > 0.
p+/L p+Y ’|k| -

k=n+p—1
The coefficient bound (2.1) gave in Theorem 1 is sharp for the function

_p p‘*‘g (p+ Oy, k

=7 +k§n:+ 0 T pE T A=)
— p+l,, (p+ Oy &
RPN e vy e sy T

k=n+p—1
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[ee] [ee]
where Y |zp|+ > |ukl =pm ! - a
k=n+p k=n+p—1
Theorem 2. Let f,, = h+ G, be given by (1.2). Then f,, € ﬁ;n(n,ﬁ; A, ) if and
only if

o0

k+0, | M+ (1=
o e L
Mo P P
> k+¢ ‘A(kw)—(l—A)(pM)‘ _
ml m by <p™ ! —a. 2.3
k:n%:p_lp (p+£) P k<P (2.3)

Proof. In view of Theorem 1, we only need to prove the only if part of the theorem,
since f,, € H;n(n,é;)\,oz) C H(n, ;N\ ). If fp, € H;n(n,ﬂ;)\,oz) then, for z =
re'? € U, we get

Dm,éf ( ) Dm+1 Kf ( )
p Jm +1
Re (1_>\)Pmam7 + Ap™ W
2P — 2P
89m 89m+1
Dth 1) DI g, (2)
=Re{ (1-A)p" ) D )
80m
Dm+1,12h 1 mDm+1 AmELe N
—|—/\pm+1 L (Z) afn-&-l)
angrl
D7n,€h(z) ( mDm N
=Re< (1—-2) 4 o
1z
[ D) = ()" DF T g )
* gmtlzp
N kAl M (L= Np|
>1- > )m‘ agrt P
ket p+4 p+Y
. Z (kiﬁ)m A(k+£)7(—]i-_;/\)(p+£) bkrkfpz w?:_l'
k=n+p—1 p b p

This inequality must holds for all z € U. In particular, choosing the values of z on
the positive real axis, letting r — 1, it yields the required condition.

Putting A = 0 in Theorem 2, we obtain the following corollary.

Corollary 1. Let fn, = h+ g be given by (1.2). Then f,, € FZLP(nJ;a) if and

only if
> k+¢ P k+¢
E : m—+1 m § : m+1 m b m+1 _
s P (p+€) (erZ) Bt p+€) @
=n+p k=n+p—1

Putting A = 1 in Theorem 2, we obtain the following corollary.
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Corollary 2. Let f,, = h+ gm be given by (1.2). Then f., € FZLQ(TL,E;Q) if and
only if

o0

Z pm+1(k+€) (% o + Z Pt k+€>m+1bk<pm+1_a_
k=n+p p+€ p+€ k=n+p—1 p+€

3. . EXTREME POINTS AND DISTORTION THEOREM

Our next theorem is on the extreme points of convex hulls of F;n(m 4; A, ) denoted
—Fm
by cleo H,, (n, ;A ).

Theorem 3. Let f,, be given by (1.2). Then f, € ﬁ:(n,f; A, ) if and only if
fm can be expressed as

fn(2) = Xphp(2) + > Xihi(2)+ Y Yigr,.(2)

k=n+p k=n+p—1
where "
m —
hp(z) = 2P, hy(2) = 2P — P c 2"
Ak+(1-N)p m+1(w)m
p+L p p+L

perl —« X
k=n+pn+p+1,..), z) =24+ (=)™ zZ
( pn+p+1,..), 0k, (2) (-1) ‘A(H)f(lﬂ)(pm SIS

pre p e

(k=n+p—1n+p,..), X >0,Yp 120X+ > X
k=n+p

+ Z Y, =1 and X, >0,Y,>0 for k=n+pn+p+1,.. .
k=n+p—1

Proof. For functions f,, of the form (2.2), we have

fn(2) = Xphp(2) + > Xphi(2)+ Y Vigr,.(2)
k=n+p k=n+p—1

St m+1

p

m—+1(k+l\m Ak+(1=N)p
k=ntp P (557) p+e

oo m-+1

p
m+1 (%)m

-«
— P

‘szk

—« &

Y
A0 — (LA (1) ’ W
p+L

+(-1)™

k=n+p—1 p

Consequently, f,, € ﬁ;n(n,ﬁ; A, @), since by (2.2), we have

o0

Z pmﬂ(k—i—ﬂ)m‘)\k—i-(l—)\)p

p+Y p+4L Gt

k=n+p

oo

a1 kAL A+ — (1 =N (p+0)
Z b +(p+€) ‘ p+/4

by,

k=n+p—1

oo

Z m1( k—|—€ ‘)\k—l—(l—/\)p p

+ € + ¢ ’ k+e Ak+(1-N)p
p p pm+1(m)m B

m+1_a
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m—+1

N o kAR — (1= N (p+ L ptl —
+ 2: 1’+%p+€)‘ ( )p&g ) )' mﬂrmzm/mm@4pmwﬂ)|n|
k=n+p—1 P () pte
=@ =) | YD IXl+ > Wl =" —a)(1-X,)
k=n+p k=n+p—1
Spm-‘rl —

and so f,, € F?(n,@; A ).

P o) oo
Conversely, suppose f,, € H?(n,@; Aa). Letting X, =1—- > Xp— > Y,

k=n+p k=n+p—1
where
m+1(k+€)m A+ (1= Mp
Y, — p+Y4 p+e
k= JREE - ay
and
v, — p+/ p+/ b

k = pm+1 “ o ks
we obtain the required representation, since

fm(2) = 2P — Z apz® + (—=1)™ Z bz"

k=n+p k=n+p—1
e o (pnz+1 _ Oé)Xk Zk
k=n+ppm+1(k +£)m Ak + (1 - )\)p‘
p+L p+Y
— (P - )Yy =k
+(=D™ z
k:ngj;)fl pm+1(k + e)m ”\(k +0O-10=MNp+0 ‘
p+Y p+Y
=2 = Y (P —he(2)Xk = D (2" = g, (2)Ve(2)
k=n+p k=n+p—1
=(1- > Xp— > Y@+ > m(@Xet Y. g ()i
k=n+p k=n+p—1 k=n+p k=n+p—1
=Xphp(2) + > Xehi(2)+ Y Yigk,.
k=n-+p k=n+p—1

This completes the proof of Theorem 3.

The inclusion relations between the classes ﬁ;np(n, 4 a), FZLQ(n, 4; ) and H;n (n, 4; \, ) for
different values of A are not so obvious. In the following theorem we discuss the
inclusion relation between the above mentiond classes.

Theorem 4. For n € N and 0 < a < p, we have
- Fm

(i) H, Q(n,t;a) C H, P(n, l;cx),

(i) H, Q(n,t;a) C H, (n, 6\, ),0 < A < 1,
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(iii) H (nﬁ)\oz)CH Q(n,;a), A > 1.

Proof. (i) In view of Corollaries 1 and 2, since

= k+¢ P k+£
m—+1 m 7rL+1
> () ak + E )b
k=n+p p + ¢ p + ¢ k=n+p—1

= k+¢ k k+¢
< m—+1 4 m+1 m+1b
< X ) > )™ b
=n+p k=n+p—1

< pm+1 —a
the result follows.

(if) For 0 < A < 1, we have

o0

E:;W+Kk+%m‘MH(lAm
p+/4 p+£L

k=n+p

2 okl INEFD (1 =N (p+0)
Z b +(p+€) ‘ p+/

k=n+p—1

ak+

i pm+1(k+€)m AMk—p)+p
p+4L p+Y

k=n+p

53 pmﬂ(k+éwwx@+4ﬁ+£ax—1)—

p be
p+4L p+4

k=n+p—1

> k40 k k+¢
< m—+1 4 m+1 m+1b < m+1
DI e e ; P e <

k=n+p
by Corollary 2. Thus, (ii) is obtained from Theorem 2.

(iii) If A > 1, then,

= k+ ¢ k+ ¢
m+1 m+1 m+1b
S (A (p+ Sax + 3 Ry

k=n-+p p+£ k=n+p—1 p—f—g
> E+0, | ANk—=p)+p
< Z P )m‘ ag+
ket p+Y p+4L
= E+l | Ak+£0)+E2N—1)—p
m—+1 m < m+1
> op (p+£) ‘ P b <p o.

k=n+p—1
Thus, (iii) is obtained from Corollary 2.

Finally, we give a distortion theorem for functions in F:(n, £; A\, ), which leads to
a covering result for this family.

Theorem 5. Let the functions f,,(z) defined by (1.2) be in the class FZL(n, G a) (A >

1).Then for |z| =r < 1, we have

[fm(2)] < (14 brgporr™H)rP+
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m—+1

p -« _
m+1(n+p+€)m()\n+p)
p+Y p+/L
—1+7
(L) P+ 20 - 1) — p 227 - 1)
n+p
PPl 4 p) e
P+l b
and
[fm(2)] = (1= bpypar™ )P —
pm—i-l_a
_— n+p+L, An+p B
prt (S
—1+/
CEP Dy A+ 2p — 1) — p+ 427 — 1)]
p+L b L\ e
(W)m()\n_’_ ) e .
p+YL P

Proof. We prove the left hand side inequality for | f,,| . The proof for the right hand
side inequality can be done by using similar arguments
Let f, € H;n(n,f; A, ), then from Theorem 2, we have

[fm ()] = |22 + (=1)"bpyp 12" P + Z (ar2® + (=1)"b2")
k=n+p

Z rp - bn+p—1rn+p71_

n+p

L O e
n+p+Ll, AIn+p pmtl — o

m k=n
p+Y ) (p—iré) o
(/\n+p)
p+€ m—+1 n+p+£mk

p7n+1 _ s (

ax+

m+1(

Z P — bn-{—p—lrnijil*

P - Z p+Y
n+p+€, An+p pmtl — o

m k=n
p+Y ) (p+€) P
Ak+p) —p+L2A-1)

p+4
pm+l_a

m—+1 >

ag+
m+1(

k+4
p+Y

bk m+1( )mrk

>(1- bn+p_1r"*1)rpf
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(ntpt=1 [ At 2p—1)—p+p(2A=1)
P —a 1 1 PHt pte b
n+p+l. ~An+tp -p pm Tl n+p—1
pte )" Cpre)

rn+p

prmti(
> Cl_'bn+p—lrn_1)Tp_

m+1

p «Q _
m+1(n+p+€)m()\n+p)
p+4 p+Y
n+p+f—1
(————)"[A\n+2p—1)—p+p2r—1)]
p+{ b L St
(W)m()\n_’_ ) e .
p+4L P

This completes the proof of Theorem 5
The following covering result follows from the left side inequality in Theorem 5.

—Fm

Corollary 3. Let fy, € H, (n,{; ), a), then the set

{w: lw| <

pie )" (pTe P+t

n+p+L , ntpt+l—1 nt2p—1)— -
pmot1 (PP *”P>—pm*1+a—{pm+1(%}j#)w%wwﬂ( D m [ At 2= 1) (2 1)]}bn+pf1
p+e

pm+1(%)7n( Mb+p)
is included in f,,(U).
Putting A = 0 in Theorem 5, we obtain the following corollary.

Corollary 4. Let the functions f,(z) defined by (1.2) be in the class FZIP(n, l; @), then
for |z =r <1,

[fm(2)] < (1 bugprr™ ™ )rP+
n+p—1+7¢

pm+1 — + ( D + 14 ) bn+ 71 rn—i—p
TR R MY S U RPN
p+4 p+/4 p+/L p+/
and
|fn(2)] = (1= bpypar™)rP—
n+p—1+£
P a T
m+1(”'+p'+€)n% > | +-(”'*p‘+€)n% > )bn+p—1 PP,
p+/L p+4 p+4L p+4

Putting A =1 in Theorem 5, we obtain the following corollary.
Corollary 5. Let the functions f,,(z) defined by (1.2) be in the class F;nQ(n, ¢;a). Then
for |z] =r < 1, we have

|f7n(z)| < (1 + bn+p—17‘n71)7qp+

(n+p—1+£)7rz+1
Pt —a _ p+2 b
T R ET ISR RS
p+Y p+4L p+4 p+4
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and
| fm(2)| > (1= bn+p—lTn_1)Tp_
(n—|—p—1—|—€)m_’_1
pm+170[ B p+é b . ptp.
m+1(n+p+£)m(n+p) (n+p+€)m(n+p) e
p+Y p+Y p+4 p+Y

Now we will examine the closure properties of the class H, (n,f;A,a) under the
generalized Bernardi-Libera-Livingston integral operator ( see [4], [11] and [12])

L., (f) which is defined by
(3.1)

LoD = 22 [0t (e ),
0

Theorem 6. Let [ € ﬁs(n,f; A ). Then L. ,(f)(z) belongs to the class H,, (n,l; \, «)

Proof. From the representation of L. ,(f)(z), it follows that

z

LoD = T2 [ {nto) + 5@ at

2C
0

c+ o—
el Lo 3 it [ 3
0 k= n+p 0 k= n+p 1
Z Akzk—l— Z kak,
k=n+p k=n+p—1
where N N
c+p cCTp
= B
k (C4fk)ak and k= (C%fk)b
Therefore
N it kL M+ (1= Np| c+p
DO e s LR Gl ik S
s p+Y p+Y c+k
=n-+p
N o kL IANEEO) — (=N PO, ct+p
+ > Y ) ( )b
e p+Ye p+Y c+k
=n+p—1
> E+£€ | e+ (1—XNp
< Z P )m‘ ag
e p+Y p+Y
k40, [ ME+0)—(1—=N(p+20)
m+1 m b < m+1 .
* Z G+? p+e k=P “

k=n+p—1
Since f € H, (n,f; A\, a), by Theorem 2, we have L., (f)(z) € H, (n,0;\, )

For harmonic functions of the form:
fo(z)=2" = > ap+ (-1 Y bpFF(ar >0, >0) (3.2)
k=n+p—1

k=n+p
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and
Fn(z)=2"= Y Af+(-1)" > Biz"(4,>0,B>0), (3.3)
k=n-+p k=n+p—1

we define the convolution of two harmonic functions f,,, and F,, as

(fm % Fin)(2) = fm(2) * Fin(2)

=P - Z akAka + (_1)m Z kakEk
k=n+p k=n+p—1

Using this definition, we show that the class F;n(n, £; A\, ) is closed under convo-
lution.

Theorem 7. For 0 < f < a < pm € Nog,p € N,/ >0 and A > 0, let
fm € F;n(n,ﬁ;)\,a) and F,, € F;n(n,@; A, B). Then fp, * Fp, € le(n,ﬁ; Aa) C
H, (n,6; ), 8).

Proof. Let the functions f,,,(z) defined by (1.2) be in the class F:(n, l; A\, o) and
let the functions F,,(z) defined by (3.3) be in the class F:l(n,é;)\,ﬁ). Then the
convolution f,, * F, is given by (3.4). We wish to show that the coefficients of
Jfm * Fyy, satisfy the required condition given in Theorem 2. For F,,, € ﬁ;n(n, &N B)
we note that 0 < Ay <1 and 0 < B < 1. Now, for the convolution f,, x F,, we
obtain

+/{ +/¢
Z £ m+17ﬂp akAk+
k=n+p p
p+Y p+4 b B
Z pmtl — 3 k Pk
k=n+p—1
pm-‘rl(k—i_ﬁ)m )\k—’—(lz/\)p
p+ p+
< > ap+
— m+1 __
Mt p B
m+1(k+£)m Mk+0)—(1=XN(p+20)
i p+4 p+Y b
m—+1 _ k
k=n+p—1 p * 5
m+1(k+€)m e+ (1—Mp
p+L p+Y
< P ag
k=n+p p
ma1 kL IAE+0) — (1= X)(p+ 1)
> P (p+£) p+Y
+ e bi <1,
k=n+p—1

since0 < g <a<pand f, € le(n,ﬁ; A, @). Therefore f,,*F,, € F;n(n,é;)\,a) C
H, (n,6:\,5).
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