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ON CERTAIN SUBCLASSES OF P-VALENT ANALYTIC
FUNCTIONS INVOLVING THE CHO-KWON-SRIVASTAVA
OPERATOR

(DEDICATED IN OCCASION OF THE 70-YEARS OF
PROFESSOR HARI M. SRIVASTAVA)

ALI MUHAMMAD AND SAEED-UR-REHMAN

ABSTRACT. In this paper, we introduce new classes B};\(a, ¢ p,a,p)and T,;\(a, ¢ D, p)
of multivalent analytic functions defined by using the Cho-Kwon-Srivastava
operator. We use a strong convolution technique. Inclusion results, a radius
problem and some other interesting properties of these classes are discussed.

1. INTRODUCTION

Let A(p) denote the class of functions f (z) of the form

f(2) :z”+Zanz”+p, (peN={1,2,...}), (1.1)
k=1
which are analytic and p-valent in the open unit disc E = {z: |z < 1}. Also let
the Hadamard product (or convolution) of two functions

Fi(2) =28 4 an 2" (j=1,2),

n=1

be given by

(frxfo) (2) =22+ Y an1an 22" = (fax f1) (2) (2 € E).

n=1
Let Py (p) be the class of functions p(z) analytic in E with p(0) = 1 and
2m

/ ‘Rezl)(z)—p’ do < krm, z = re', (1.2)
—p
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88 A. MUHAMMAD AND S. REHMAN

where k > 2 and 0 < p < 1. This class has been introduced in [8]. We note that
P (0) = Py, see [II], Py( p) = P(p), the class of analytic functions with positive
real part greater than p and P»(0) = P, the class of functions with positive real
part. From (1.2) we can easily deduce that p(z) € Pi(p) if, and only if, there exists
p1(2), p2(z) € P(p) such that for z € E,

k1 k1
0= (5+3)me - (5-3)me. (1)
In [I3] Saitoh introduced a linear operator £,(a,c) : A(p) — A(p) defined by
£o(a,0) = dyla,ci2) ¢ (2), (= € B f(2) € Alp), (14)
where
[e%s} Cl n n+p . - _
(a,¢;2) Z ©n (a€R; ceR\Zg ={0,-1,...}, z€ E), (15)

and (z),, is the Pochhammer symbol defined by

T@+n) [z@+)(x+2)...(x+n—-1),neN
@ ="T@ ~{ Ln=o0

The operator £,(a,c) is an extension of the Carlson-Shaffer operator, see [I]. Very
recently, Cho, Kwon and Srivastava [2] introduced the following linear operator
T (a, ¢) analogous to Ly (a,c) :

I)(a,c) : A(p) — A(p)

I)(a,0)f(2) = ¢\ (a,c;2) = f(2), 2 € E, (1.6)

where a € R; ¢ € R\Zy, A > —p and ng,(,T)(a, ¢; z) is the function defined in terms of
the Hadamard product (or convolution) by the following ways.

AN xol (a o) — — 2
bp (a,c;2) x B}, (a,c;2) = (1—2))‘“” z € R, (1.7)
where ¢, (a,c; z) is given by (1.5). It is well known that for A > —p

2" o A+ D)a(©n oyt
m = Z TZ p’ z e fg7 (18)
n=0

Cho, Kwon and Srivastava, see [2] have obtained the following properties of the
operator I;‘ (a,c)

(1) f(z) = T2 (p+ 1.1) f(2) = £(2), T (po1) f(2) = Zf;fz), (1.9)
ST (1. () =0 (@) [(z) — (a— )T (a+ L) fz),  (1.10)

2 (T) (a.e) £(2) = A+ D) T2 (a,¢) f(2) — AT (asc) f(2), (1.11)
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Ba+1056) = » [ I B0 1) =1 e+ 11 16) = 10,
0

zf'(z 2f1(2) + 22" (=
Lo e = T e e - BREEELE),
I} (a,a) f(z) = D"™P7'f(z),neN, n> —p,

where D"*P~1f(2) is the Ruscheweyh derivative of (n + p — 1)th order, see [3].
Many interesting result of multivalent analytic functions associated with the linear
operator I, (a,c) have been studied in [2]. Also the authors [2] presented a long
list of papers connected with the operator (1.4) and (1.6) and classes of functions
defined by means of those operators. The interested reader are refered to the work
done by authors [4] [7, [@, [15]. Using the Cho-Kown-Srivastava operator IZ’,\ (a,c),
we now define a subclasses of A(p) as follows:

Definition 1.1. Let f € A(p). Then f € By (a,c,p,a, p), if and only if

{<1 @) o0 G0 } € P(p),

- A (1.12)

where o is a complex number, k>2,z€ E,0<p<p, A>—p, a, ce R\Z; .
Definition 1.2. Let f € A(p). Then f € T a,c,p,a, p), if and only if

Aac z Ala,c V4
{(la)Ip( O )+aIp+ (a, 9/ )}GPk(P),

> > (1.13)

where « >0, k>2,2€ E,0<p<p, A\>—p, and a, c € R\Z; .

2. PRELIMINARY RESULTS

Lemma 2.1. [12]. If p(z) is analytic in E with p(0) = 1, and if Ay is a complex
number satisfying Re(A1) >0 (A1 #0), then

Re{p(z) + \zp/(2)} > B, (0< B <1).
implies
Rep(z) > f+ (1= B)(2y - 1),

where 7y is given by
1

v = /(1 + tH)dt,
0

which is an increasing function of Re\; and % <~ < 1. The estimate is sharp in
the sense that the bound cannot be improved.

Lemma 2.2. [14]. If p(z) is analytic in E, p(0) =1 and Rep(z) > %, z € E, then
for any function F analytic in E, the function px F takes values in the convex hull

of the image of E under F.
Lemma 2.3. [10]. Let p(2) = 1+ b1z + be2% + ... € P(p). Then

Rep(z) > 2p—1+ 21(_1;;').
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3. MAIN RESULTS
Theorem 3.1. Let Reaw > 0.Then
Bli\(aa ¢ p,Q, P) - Bl)c\(aa ¢ D, Oa pl)

where py is given by
p1=p+(1—-p)(2y-1), (3.1)
and

1
v = / 1 + tRe* dt.
0

Proof. Let f € B)(a,c,p,a, p) and set

BTG _ ) (5+3)ne-(5-3)me 62

Then p(z) is analytic in E with p(0) = 1. By a simple computation we have

Aa,c)f(z Ma, c)f(z))
{(1_a)zp< ) | o (B(0)f(2) }: {p(mpzp,(z)}.

Q

a
2P D 2P~

Since f € B(a,c,p,, p), 50 {p(z) + %Zp'(z)} € Py(p) for z € E.
This implies that

{mer+ Sat)} >0 112

Using Lemma 2.1, we see that Re{p;(z)} > p1, where p; is given by (3.1).
Consequently p € Px(p1) for z € E, and the proof is complete. O

Now we take the converse case of Theorem 3.1.

Theorem 3.2. Let f € B)(a,c,p,0,p) for z € E. Then f € Bj(a,c,p,a,p) for
|z| < R(a,p), where

Re(a,p) = —— L2 (3.3)

jal + y/laf” +p
Iy (a,0)f(2)

o =@—ph(z)+p, hePb.
Now proceeding as in Theorem 3.1, we have

{(1 _B@9IE) o @@ alE) p}

2P P zp-1

—0-) |G+ {me+ Y - G- D e+ 2O

where we have used (1.3) and hy,hy € P, z € E. Using the following well known
estimates, see [5]

Proof. Set

— - {n:) + 2o () |

|2hi(2)] <

2r .
—3 Re{hi(2)}, (Jz|=r<1), i=1,2,
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we have

2afr

Re{nta)+ 2ot} 2 Re o) - 12 anico
> Rehi(z){l— }

p(1—7r2)
The right hand side of this inequality is positive if r < R(«a,p), where R(a,p)

) a,p
is given by (3.3). Consequently it follows from (3.4) that f € Bj(a,c,p,a,p) for
2| < R(a,p). Sharpness of this result follows by taking h;(z) = 122 in (3.4
i=1,2. 0

Theorem 3.3.
B?(CL,C,p,Otl,p) C Bli\(aacvpv Oég,p) fOT 0 S ag < Qi.

Proof. For az = 0 the proof is immediate. Let az > 0 and let f € By (a,c,p, a1, p).
Then there exist two functions Hy, Hs € Pi(p) such that , from Definition 1.1 and
Theorem 3.1

Ma,o)f(2)  ay (TMa,c)f(2))
{(1_a1);rp< ,Zp)ﬂ >+p<zp<zp>{< ) }=H1(z),
and N
IP (aﬂzi)f(z) :HQ(Z).
Hence
IMa, ¢)f(z as Ig‘ a,c)f(z)) Qo oo
{(1—a2> P ) 2 G al) }—mm(zml—m)ﬂxz). 5)

Since the class Pj(p) is a convex set, see [6], it follows that the right hand side of
(3.5) belong to Py(p) and this proves the result. O

Theorem 3.4. Let f € By (a,c,p,, p), and let ¢ € C(p), where C(p) is the class
of p-valent convex functions. Then ¢ x f € Bg‘(a, ¢,y P).

Proof. Let F' = ¢ * F.'Then we have
I)a,c)F
{(la) MadF(E)

«
2P P 2P

= (1-a)(T )« g P e
- ().ap),
where
IMa, o) f(z) o (T2 a,c)f(2))
G(z):{(l_a @9/t p<p<zp_>{< ))}ep(p)

Therefore we have

et = -0 {(5+3) (B rae) - (5-3) (L rne)
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with g1, g2 € P. Since ¢ € C(p), Re{%} > %, z € F, and so using Lemma 2.2,

we conclude that F = ¢ x F € B)(a, ¢, p, a, p). O
Now we study the interesting properties of the class 7, (a, ¢, p, @, p).

Theorem 3.5. Let f € T a,¢,p,a, p2) and g € TN a,¢,p,a, p3), and let F = fxg.
Then F € T a, ¢, p, a, ps) where

)\+ 1 >\+P_1

p [u=

=1-4(1- 1-— 1-— . .

os (1= p2) =) 1= 222 [25 —ay (3.6)
0

Proof. Since f € 7;)‘((1, ¢, p, a, p2), it follows that

Iy (a,0)f(z) Ty (a,0)f(2)
H(z) = {(l—a) P 7 + a2 o € Pi(p2),
and so using identity (1.11) in the above equation, we have
z
A+D 24 Ap
A 1
e, 0)f(z) = “ L /t L1t (3.7)
0
Similarly
T)Ma,)g(z) = ¥z1’—¥ £V (), (3.8)
0
where H* € Py(ps3). Using (3.7) and (3.8), we have
Atp 2w f Adp
A 1
I (a,c)F(2) = . 2P /t o TQ(t)dt, (3.9)
0
where
ko1 E o1
e =(F+3) a6 - (§-3) e (3.10)
Vep s sy e
e
0
Now
ko1 ko1
H(z) = (4 + 2) hi(z) — (4 - 2) ho(2), (3.11)

(Z + ;) hi(z) — <Z - ;) h(2),

where h; € P(pz) and h! € P(p3),i = 1,2. Since
* — 1 1
Pi* — m + - € P(,
21— p3) | 2 2
we obtain that (h; % p}) € P(ps), by using Herglotz formula. Thus

(hi * hi) € P(pa),

), 1=1,2,
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with
pa=1-2(1—p2)(1—ps). (3.12)
Using (3.9), (3.10), (3.11), (3.12) and Lemma 2.3, we have

Reqi(2) = )\—l—p u(HP)_lRe{ hi * hl)(uz)}du

/
0

(>\+p) 2(1—/)4)
> 2 1+——=|d
= U ( pa—1+ 1+l U
A ; 2(1
L +p>/u<w> 1<2p4_1+ ( —p4>)du
« 1+u

(A +p) 1

— 1 4(1 - pa)(1— p3) L—sz)/uliucw

0

From this we conclude that F' € T (a, ¢, p, a, ps) where py is given by (3.6).
‘We discuss the sharpness as follows:

We take
ko 1\ 14 (1—2p2)z E 1\ 1—(1-2p2)z
H = — — B —— —_— = B —
(2) (4+2) 1-2 12 1tz
1\ 1 1-2 1V1-(1-2
H*(2) = ﬁ_~_, 1+ =2p3)2 (k 1 w
4 2 1—=2 4 2 1+ 2
Since
1+ (1 —2py) 1+ (1 —2p3)2\ . . B 4(1 = p2)(1 — ps3)
(A2 ) (P2 ) 1 g1 g RO,
It follows from (3.10) that

1
()\+p) 4(1 — 1—
%(2) e R A A R
0
A+p)
A =1
— 141 —p2)(1 = p3) |1 ( ZP) /u1+u du| asz— —1.
0

This completes the proof. 0

Theorem 3.6. Let f € A(p) and define the one parameter integral operator J. by

c+p
ZC

Jf(z) = P / VW (f € Ap): ¢ > —p). (3.13)

0

If

zP zb

{ (- B@ILiE) | T c)f(Z)} € P, (3.14)
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then
B@IRIC) b g
P
where
B=p+(1—-p)2mn 1), (3.15)
and

/1(1+t = )dt.

0
Proof. First of all it follows from (3.13) that

z(IZ’)\(a, e)J.f(2)) = (c+ 1))sz((17 o) f(z) — CIZ’)\(a7 c)J.f(2). (3.16)
Let N
I (a,c)d.f(z
LOILIE ey~ B e - E-Dme. ean

Then the hypothesis (3.14) in connection with (3.16) would yield

{(1 - oz)Ié\(am)JCf(z) + aI’;\(a’ C)f(z)} = {h(z) + azl'(z)

zP zP c+p

} € Py(p) for z € E.

Consequently

h/
{h(z) + az+(z)} €P(p), i=1,2 0<p<p, and z € E.
cTp

Using Lemma 2.1 with Ay = (Ci—p), we have Re{h;(z)} > [, where [ is given by
(3.15), and the proof is complete. a

Theorem 3.7. Let f € T,Ma,c,p,a,p), and let ¢ € C(p), where C(p) is the class
of p-valent convex functions. Then ¢ * f € T, a,c,p,a, p).

Proof. Let F = ¢ = f. Then, we have
{(1 - a)I’?(%C)F(Z) +0<II;\+1(Q’ C)F(Z)} B 0C) * G(z),

2P zP

where

Therefore, we have
¢z(§)* { ( )*91( ))+p—(i—;)(p—p)(¢ii))*gz(z))+p}7

Since ¢ € C(p), Ri { oz )} , z € E, and so using Lemma 2.2, we conclude that
F=¢xfeTMacpa,p). O

Theorem 3.8. For 0 < as < ay,

773‘(017 ¢, D, a/lap) C 773\(0/’ ¢ p, a2ap)'
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Proof. For ap = 0, the proof is immediate. Let as > 0 and f € T (a,c,p, a1, p).
Then

T, (a,c)f(2) Iy (a,0)f(2)

(1—ag)-2 s + ag o
Lo () (BT oy (BT , (B0
a1 as 2P 2P 2P

« «
= <12> H1(2)+iH2(Z), Hy, Hs GPk(p)
aq aq

Since Py (p) is a convex set, see [6], we conclude that f € T (a,c,p,az,p), for

z e k. (]
Theorem 3.9. Let f € TMa,c,p,0,p). Then f € TMa,c,p,a,p) for
1 1

zZ| <rq = , a#F -, 0<a<l.

1 200 + V4a? — 2a + 1 7é2
Proof. Let

2P zP
v - (-
oc(z) ( a)(l_z) +a(1_z)2

2P + Z(l + (n— 1)a)z" P71,
n=2

U, € C(p) for

1

1
) OL¢77
200 + Va2 —2a+ 1 2

O<a<l.

lz| < 1o =

We can write

> (a,0)f (2 2 a,c) f(z z Na,c)f(z
(1_a)zp( ,Zp)f( )+azp+ (Z; )f(2) :\IIZZ())*IP( ,zp)f( ).

Applying Theorem 3.8, we see that f € T, (a,c,p,a,p) for 2] < rq. O
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