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ON CERTAIN SUBCLASS OF MEROMORPHIC HARMONIC
FUNCTIONS WITH FIXED RESIDUE «

(DEDICATED IN OCCASION OF THE 70-YEARS OF
PROFESSOR HARI M. SRIVASTAVA)

IF. GHANIM, 2M. DARUS AND 3G.S. SALAGEAN

ABSTRACT. In this paper, we consider some properties such as growth and dis-
tortion theorem, coefficient problems, linear combinations for certain subclass
of meromorphic harmonic functions with positive coefficients.

1. INTRODUCTION

Let A(p) denote the set of function analytic in D\{p}, Where D = {z : |z| < 1}.
In the annulus {z : p < |z| < 1} every function & in S, has an expansion of the form

«

h(z) = + ) anz", (1.1)

Z=p

where o = Res(f,p), with 0 < a <1, z € D\{p}.

The function h given in (1.1) was studied by Jinxi Ma [§] and Ghanim and Darus

Mg

A continuous function f = w 4+ v is a complex valued harmonic function in a
complex domain D if both v and v are real harmonic in D. In any simply con-
nected domain D C C we can write f = h + g, where h and g are analytic in D. A
necessary and sufficient condition for f to be locally univalent and sense preserving
in D is that | b’ (2)| > | ¢’ (2)] in D (see [B]). In [7], there is a more comprehensive
study on harmonic univalent functions.

Denote by SH, the class of the functions f = h 4 g that are harmonic univalent
and sense preserving in the punctured unit disk D\{p}.
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Then for f = h+g we may express the analytic function h as the form (1.1) and
g as

g (2)= Z b, 2"
n=1

then, we have

[ =h(z)+7 () = 72+ 3 ane" 43 bue, (1.2)
n=1 n=1

where oo = Res(f,p), with 0 < a < 1, z € D\{p}.

Let SH, be subclass of SH,, consisting of function of the form

«
Z=p

f(z)= h(z) +9 (Z) = + Zanzn + Z bpz™, (ambn > 0) (1.3)
n=1 n=1

where v = Res(f,p), with 0 < o < 1, z € D\{p}, which are univalent harmonic
in the punctured unit disc D\ {p}. h(z) and g(z) are analytic in D\ {p} and D,
respectively and h(z) has a simple pole at the point p with residue «.

For a = 1 and p = 0 the function f studied by Bostanci, Yalgin and Oztiirk [4].

A function f € SH) is said to be in the subclass SH, of meromorphically
harmonic starlike in D\{p} if it satisfies the condition

W () +20 () R
§R{ h ) 130) }>0, (z:p<|z| <1). (1.4)

Also, a function f € SH), is said to be in the subclass C H, of meromorphically
harmonic convex in D\{p} if it satisfies the condition

ére{ _ B () 42 (2) + 229" (2) + 20 (Z)} >0, (z:p<lzf<1). (L)

zh! (2) + 29’ (2)
This classification (1.4) for univalent functions was studied by Ghanim and Daus
[, [2]], and the classification (1.5) with & = 1 and p = 0 was first used by Ja-
hangiri [6].

Next, we define the operator I* on the class SH, as follows:

I°f (2) = £ (2),

I*f(2) = I*h (2) + T*g (2), k=1,2,3,... |, (1.6)
where
_ 2z —p) ! =
I*h(2) =z (I* 'h(z /+a( = + nFa,z".
(2) = 2 ( (2)) C_pf z-p ;
and

IFg(2) =2 (kalg (z))/ = anbnz”.

n=1
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With the help of the differential operator I*, we define the class SHy (k,a, B)

Definition 1.1. The function f € SH, is said to be a member of the class
SHy (k,a, B) if it satisfies

/

Z(Ikh(z))/—i—z(l’fg (2)) Z(Ikh(z))/—i—z(lkg (z))
I*f (2) I*f (2)
(k€ No=NUQO) for some (0 < B < 1) and for all z in D\{p}.

+1 < +28—1], (1.7

It is easy to check that SH (0,1, 3) is the class of meromorphically starlike func-
tions of order 3 and SH;(0, 1, 0)gives the meromorphically starlike functions for all

z € D\{p}.

Let us write
SH[k, o, 8] = SH, (k,a, 3) N SH,, (1.8)
where SH,, is the class of functions of the form (1.3) that are analytic and harmonic

in D\{p}.

Next, our first results will concern on the coefficient estimates for the classes
SHy (k,a, B) and SH [k, a, B].
2. MAIN RESULTS
Here we provide a sufficient condition for a function, analytic in D\{p} to be in

SHy (k,a, B).

Theorem 2.1. If f (2) = h(2) + g (2) is of the form (1.2) and satisfies the condi-
tion

Y onF 4 B)(1=p) (lan| + b)) Sa(1=8) (ke No), (2.1)

n=1
where (0 < B < 1), then f is harmonic univalent sense preserving in D\{p} and
J € SH(k.a. ).

Proof: Suppose that (2.1) holds true for 0 < 8 < 1. Consider the expression
M (2) = |=(1° (2) + = (Ihg (2)) +1°F (=)
e (FFh ) + = (TR () + (28 - 1) I*f (2)]

then for |z| = r, and since |z — p| > |z| — p =7 — p, we have

M) = |G+ o 2 (et D) (e 5)
_ ‘ REALCS (LA S 1428 1) (" + 1o

) |_(z gpp)2 + 1" (04 1) (an2" +Dy2")

n=1
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—2az + 2afz — 2a8p + ap

+ Zn (n+28-1) (anz" —|—bnz")

(z—p)? =
and
M (1) < 2o+ 30t (0 1) (fan + o7
20 Kl—ﬁ)”fp]‘ahzn (1428 — 1) (Jan| + [bu]) 1™
(’I’—p) n=1
= > ont (o4 )l 4 )" = 2
That is )

(r—=p) M (r) <Y 20" (n+ B) (Jan| + bal) (r = p) " — 2 (1 = ) (2.2)

n=1

The inequality in (2.2) holds true for all » (0 < r < 1). Therefore, letting » — 1 in
(2.2), we obtain

(1-p) }: F(n+ B) (lan| + [bn]) (1 = p) — 20 (1 = B).

By the hypothesis (2.1) it follows that (1.7) holds, so that f € SH, (k,a, 3). Note
that f is sense-preserving in U\{p}. This is because

7= o = X ol 2

> = 3 o 2" (1= = pl < |2)
>4 ¥ nlahmt 2 1- % nla,

>1 é; n(n+B8)(1-p)las|

zéy( +8) (1= p) [bal
;g\\2§IMM”5w(M

Hence the theorem.

Corollary 2.2. Let k= =0 and p — 0 in the Theorem 2.1, then we have

n (|an| + |bn|) <

HMS

Corollary 2.3. Let k = 5 0, a =1 and p — 0 in the Theorem 2.1, then we have

n (lan| + |bn|) <

HMS

the result was achieved by Bostanci, Yalgin and Oztirk [4].
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Corollary 2.4. Let k=1, =0 and p — 0 in the Theorem 2.1, then we have

S 02 ([an| + [ba]) < @
n=1

Corollary 2.5. Letk=1,8=0,a=1 and p — 0 in Theorem 2.1 , then we have
oo
S 0 (Jan] + Ibal) < 1
n=1

the result was achieved by Bostanci, Yalgin and Oztirk [4].

Next we give a necessary and sufficient condition for a function f € SH,, to be in
the class SH[k, o, B].

Theorem 2.6. Let f € SH,, be a function defined by (1.3). Then f € SH[k,«, 3]
if and only if the inequality
> nF(n+B)(1=p)(an+by) <a(l-8) (ke N (2.3)
n=1
is satisfied. The result is sharp.

Proof: In view of Theorem 2.1, it sufficies to show that the ’only if * part is true.
Assume that f € SHy[k, a, 3]. Then

2 (I*h(2)) + 2 (I*g (2))

) i
2 (I (2)) + 2 (IFg (2))
7 () +26-1
L}g + an (n+1) (anz™ + byz") 2"
_ SO _ <1, (24)
e zaﬁp T, Z n* (n+28 —1) (anz" + by2")
(Z _p) n=1
z € D\ {p}.
Since R(z) < |z| for all z, it follows from (2.4) that
Lpg +an(n—|—1) (anz™ + byz™) 2"
S <1, (25)
_20‘[(1_(5)2 jfp] T LS 0 (4 28— 1) (a2 + by
Z=Pp n=1

z € D\ {p}. We now choose the values z on the real axis. Upon clearing the
denominator in (2.5) and letting z — 1 through real values, we obtain

> 0k (n+1)(1=p) (an +bn) <
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20 (1= B) = > nF (n+28—1)(1—p) (an+bn),

n=1

which immediately yields the required condition (2.3).

A distortion property for functions in the class SHj [k, «, 3] is contained in the
following theorem:

Theorem 2.7. If the function f defined by (1.3) is in the class SH [k, , 8], then,
for |z| = r, we have

« a(l = p5)

z)| < + .

s e ma-p

Proof: Let f € SHy[k,a, 3]. Taking the absolute value of f we obtain

|f@»§rfp+§jmn+mw

o - n+ﬂ( p)
S +(1+/3 z:: A
a (1—5)
ST A"
The functions
- a(—5) Z an z) = a (- p) z
R (e [y i A R A (E o ()

for 0 <o <1and 0 < f <1 show that the bound given in Theorem 2.7 are sharp
in D\ {p}
Theorem 2.8. Set

ho (Z) =2 _ gO(Z) =0,

« a(l_ﬁ) n
c—p A+ B (1-p)

form=1,2,3,..., and

a(l-p)  _
I TE T >0
form=1,2,3,...,.
Then f € SHy[k, v, B] if and only if it can be expressed in the form
n=0

where A, >0, v, >0 and Z A+ 7)) =1.
In particular, the extreme pomts of SHy[k,a, ] are {h,} and {gn}.
Proof: From (2.6), (2.7) and (2.8), we have

n=0
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< o~ a(l-p5) n
—T;)(/\n+77l)z_p +nZ::1 nk (n—l—ﬁ) (1 _p)/\nz

- & (1 B 5) —=n
"
Then
= A
k n
; (0 8) 1= P) e T
— k Tn
+n§(” (n+8) (1 =P) e 5 =)
:Z()‘n'i_'Yn)_)\O:l_)\OSl
n=1
So f € SH;[k,aﬁ].

Conversely, suppose that f € SH, [k, a, B]. Set

n* (n+ B) (1 —p)

and

Ap = o= f) Qs n>1,
_n"(n+B)(1-p)
Yn = o (1 — /B) bn, n > 0.

Then by Theorem 2.6, 0 < A, <1 (n=1,2,3,...) and 0< v, <1, (n=0,1,2,...).
We define

)\0:1_2)\71_2771
n=1 n=0

and note that, by Theorem 2.6, Ay > 0.
Consequently, we obtain

oo

f (z) = Z ()‘nhn + 'Yngn)a

n=0

as required.
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