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COUPLED FIXED POINT THEOREMS IN PARTIALLY
ORDERED METRIC SPACES

(DEDICATED IN OCCASION OF THE 70-YEARS OF
PROFESSOR HARI M. SRIVASTAVA)

NGUYEN VAN LUONG, NGUYEN XUAN THUAN

ABSTRACT. The purpose of this paper is to prove some coupled fixed point
theorems for mapping having the mixed monotone property in partially or-
dered metric sapces which are generalization of the main results of Bhaskar
and Lakshmikantham [T.G. Bhaskar, V. Lakshmikantham, Fixed point theo-
rems in partially ordered metric spaces and applications, Nonlinear Anal. TMA
65(2006) 1379 - 1393]. We support our results by an example.

1. INTRODUCTION

Existence of a fixed point for contraction type mappings in partially ordered
metric spaces and aplications have been considered recently by many authors (see,
for details, [2], [3], [, [B], [13], [14], [15], [16], [I7], [18], [19], [21], [22],[23], [24],
251, [27], [28], [29).

In [T5], Bhaskar and Lakshmikantham have introduced notions of a mixed mono-
tone mapping and a coupled fixed point and proved some couped fixed point the-
orems for mixed monotone mapping and discuss the existence and uniqueness of
solution for periodic boundary value problem. The notions of a mixed monotone
mapping and a coupled fixed point state as follows.

Definition 1.1. ([15]) Let (X, <X) be a partially ordered set and F : X x X — X.
The mapping F is said to has the mized monotone property if F(x,y) is monotone
non-decreasing in x and is monotone non-increasing in y, that is, for any x,y € X,

1,22 € X, 1 S x3 = F(21,y) < F(x2,y)
and
yy2 € X,y 2y = Fo,m) = F(x,y2)
Definition 1.2. ([15]) An element (z,y) € X x X is called a coupled fized point
of the mapping F: X x X — X if
x=F(z,y) and y = F(y,x)
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The main results of Bhaskar and Lakshmikantham in [I5] are the following cou-
pled fixed point theorems

Theorem 1.3. ([15]) Let (X, =) be a partially ordered set and suppose there
exists a metric d on X such that (X, d) is a complete metric space. Let F': X x X —
X be a continous mapping having the mized monotone property on X. Assume that
there exists a k € [0,1) with

k
d(F (z,y), F (u,0)) < 5 [d(@,u) +d(y,0)]
for all x = v and y < v. If there exist two elements xg,yo € X with
zo = F (20,90) and yo = F(yo, zo)
then there exist x,y € X such that
v = F(z,y) and y = F(y,z)

Theorem 1.4. ([15]) Let (X, =) be a partially ordered set and suppose there
exists a metric d on X such that (X,d) is a complete metric space. Assume that X
has the following property:

(i) if a non-decreasing sequence {x,} — x , then x, < x for all n,

(ii) if a non-increasing sequence {yn} — y , then y <y, for all n.

Let F: X x X — X be a mapping having the mired monotone property on X.
Assume that there exists a k € [0,1) with

A(F (2,9), F (0,0)) < & [d(,u) +d (y,0)
for all x = u and y 2 v. If there exist two elements xg,yg € X with
xo 2 F (20,y0) and yo = F(yo, o)
then there exist x,y € X such that
x=F(z,y) and y= F(y,x).

In this paper, we give some coupled fixed point theorems for mapping having
the mixed monotone property in partially ordered metric sapces which are gener-
alization of the main results of Bhaskar and Lakshmikantham [15].

2. THE MAIN RESULTS

Theorem 2.1. Let (X, =) be a partially ordered set and suppose there is a
metric d on X such that (X,d) is a complete metric space. Let F: X x X — X
be a mapping having the mized monotone property on X such that there exist two
elements xg,yo € X with

zo 2 F(z0,y0) and yo = F(yo, o)
Suppose there exist non-negative real numbers o, B and L with o+ 8 < 1 such that
d(F (z,y),F(u,v) < ad(z,u)+Bd(y,v)

. d(F (z,y),u),d(F (u,v),z),
_Fme{ﬂF@wJ%MFW@#)} 21)

for all x,y,u,v € X with x = u and y < v. Suppose either
(a) F is continuous or
(b) X has the following property:
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(i) if a non-decreasing sequence {x,} — x , then x, <z , for all n,

(ii) if a non-increasing sequence {yn} — y , then y <y, , for all n.
then there exist x,y € X such that
r=F(z,y) and y=F(y,z),
that is, F has a coupled fixed point in X.

Proof. Let zg,yo € X be such that zy = F(z0,y0) and yo = F(yo,20). We
construct sequences {x, } and {y,} in X as follows

Tpt1 = F(n,yn) and ypi1 = F(yp,x,) foralln >0 (2.2)
We shall show that
Tp X Tpqq foralln >0 (2.3)
and
Yn = Ynt1 foralln >0 (2.4)

We shall use the mathematical induction.
Let n = 0. Since z¢ <X F(zo,y0) and yo = F(yo,z0) and as x; = F(xo,yo) and

y1 = F(yo,x0), we have zy < 1 and yo > y1. Thus (2.3) and (2.4)) hold for n = 0.
Suppose now that (2.3) and (2.4]) hold for some fixed n > 0. Then, since x,, <
ZTpt1 and yp, = Ynt1, and by the mixed monotone property of F', we have

T2 = F(@ni1,Ynt1) = F(Tn, Ynt1) = F(Tn,Yn) = Tnpa (2.5)
and
Yn+2 = F(Yn+1,Tnt1) 2 F(Yns Tng1) 2 F(Yn, Tn) = Ynt1 (2.6)
Thus by the mathematical induction we conclude that and hold for all
n > 0.
Th_erefore,
To X201 XT3 R et XX X T (2.7)
and
Yo Z Y1 Z Y2 2 s 2 Yn 2 Ynd 2 e (2.8)
Since x,, = xn_1 and y, =< Yn_1, from and , we have

d(F (xnayn) 7F(xn—1ayn—1)) <oad (xrul'n—l) + Bd (ynayn—l)

: d(F(xn7y’l’L)7xn71)7d(F(xn717yn71)7xn)7 }
L
" mm{ d(F (s yn) ,2n) A (F (Tn1,Yn1) 1)
or
d(anrla xn) S ad($n7 l’n,1) + 5d(yn7 ynfl) (29)

Similarly, since y,_1 = y, and x,_1 =X x,, we have

d (F (yn—la -rn—l) aF (y’m xn)) S Oéd (yn—la yn) + ﬁd (xn—h xn)

+ Lmin{ d(F(yn_l’x”_l)’yn)7d(F (ynaxn)ayn—l)a }

d (F (ynflvxnfl) aynfl) s d(F (ynvxn) 7yn)
or

d(yTH yn+1) S ad(yn—lv yn) + 6d(xn—17 'ITL) (210)
Adding (2.9) and (2.10), we get
d(Tpy1,Tn) + d(Ynt1,Yn) < (o + B) [d(zn, Tr-1) + d(Yn, Yn—1)] (2.11)
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Set d, = d(xpi1,7n) + d(Ynt1,Yyn) and § = a + B < 1, we have
0<dy <8dp 1 <6%dp g < ... <8"dg
which implies

lim [d (xn-i-lv xn) +d (yn-i-la yn)] = nh—%o d, =0

n—oo

Thus,
nh—>né<> d ($n+17 xn) = nh_{I;o d (yn+17 yn) =0

For each m > n we have
d (xma xn) S d(xmamm—l) + d(xm—laxm—2) + ...+ d (xn+17$n)
and

d(ymayn) S d(yﬂuym—l) + d(ym—lvym—2) + ...+ d(yn+1;yn)

Therefore

d(xmvfrn) + d(ymyyn) < dp-1+dmo+..+d,
< (6T 8mTE L+ 0™ do
57’7,
< :
< 7% (2.12)

which implies that
lim [d (Im, In) +d (yma yn)] =0

n,m—00

Therefore, {x,} and {y, } are Cauchy sequences in X. Since X is a complete metric
space, there exist x,y € X such that

lim z, =2 and lim y, =y (2.13)
n—oo n—oo

Now, suppose that assumption (a) holds. Taking the limit as n — oo in (2.2)) and

by (2.13), we get

z= lim z, = lim F(zy-1,Yn-1) =F ( lim z,_q, lim yn,l) = F(x,y)
n— oo

n— oo n—oo n— oo

and

n—oo n—oo

y= Tim g, = Tim F(yp1,00-1) = F ( lim g, lim 2, 1) = F(y,2)
n—oo n—oo
Thus we proved that x = F(z,y) and y = F(y, ) .
Finally, suppose that (b) holds. Since {z,} is non-decreasing sequence and

x, — x and as {y,} is non-increasing sequence and y, — y , by assumption (b),
we have z,, = x and y,, < y for all n. We have

d(F (2, yn) F (2,y)) < ad (n, ) + Bd (yn, y)

2.14
)2 4 ) 0), | @1)
d (F (1'7“ yn) axn> ,d (F (LL', y) 71')

Taking n — oo in (2.14) we get d(z, F(z,y)) < 0 which implies F(z,y) = x.
Similarly, we can show that F(y,z) = y.

Therefore, we proved that F' has a coupled fixed point.{

+ Lmin{
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Corollary 2.2. Let (X, =) be a partially ordered set and suppose there is a
metric d on X such that (X, d) is a complete metric space. Let F: X x X — X
be a mapping having the mired monotone property on X such that there exist two
elements xg,yo € X with

zo = F(zo,y0) and yo = F(yo,zo)
Suppose there exist non-negative real numbers «, 8 with o+ 8 < 1 such that
d(F (z,y), F (u,v)) < ad (x,u) + Bd (y,v)

for all x,y,u,v € X with x = v and y <X v . Suppose either
(a) F is continuous or
(b) X has the following property:
(i) if a non-decreasing sequence {x,} — x , then x,, < = , for all n,
(ii) if a non-increasing sequence {yn} — y , then y <y, , for all n.
then F has a coupled fixed point in X.

Proof. Taking L = 0 in Theorem ({2.1f), we obtain Corollary (2.2).0

Remark 2.3. In Corollary , taking a = [, we get the main results of
Bhaskar and Lakshmikantham [15].

Now we shall prove the uniqueness of coupled fixed point. Note that if (X, <)
is a partially ordered set , then we endow the product X x X with the following
partial order relation:

for all (x,y), (u,v) € (X x X), (x,y) = (u,v) &z u,y = .

Theorem 2.4. In addition to hypotheses of Theorem , suppose that for
every (x,y), (z,t) € X x X, there exists a (u,v) € X x Xthat is comparable to (z,y)
and (z,t), then F has a unique coupled fized point .

Proof. From Theorem ([2.1)) the set of coupled fixed points of F' is non-empty.
Suppose (z,y) and (z,t) are coupled fixed points of F', that is, z = F(z,y),y =
F(y,xz),z = F(z,t) and t = F(¢,2z) . We shall show that x =z and y =t .

By assumption, there exists (u,v) € X x X that is comparable to (z,y) and (z,t) .
We define sequences {u,}, {v,} as follows

Uy = U, Vg = U, Ups1 = F(up,v,) and v,41 = F(v,,u,) for all n.
Since (u,v) is comparable with (z,y), we may assume that (z,y) = (u,v) = (ug, vo).
By using the mathematical induction, it is easy to prove that

(z,y) = (un,v,) for all n. (2.15)
From and (2.15]), we have
d(F(z,y), F(un,v,)) < ad(z,un) + Bd(y,vn)

. d(F(x,y),un), d(F(upn,v),x)),
*L“““{ d(F (). ), d(F (. v,) ) }

or
A, un 1) < ad(z, un) + Bd(y, vn) (2.16)

Similarly, we also have

d(vn+17y) < ad(vn,y) + ﬁd(ufhx) (217>
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Adding (2.16) and (2.17)), we get
Az, uni1) +d(y, vn1) < (o + B)[d(x, un) + d(y, vn)]
< (a+B)%[d(z, un—1) + d(y,va-1)]

< (a+ )" Hd(x, uo) + d(y, vo)] (2.18)
Taking the limit as n — oo in (2.18)), we get
nh~>ngo [d (33, un-‘rl) +d (y7 U""‘l)} =0

Thus,

nll_{r()lod(xaun-i-l) = nli_{réod(yavn-i-l) =0 (219)
Similarly, one can show that

nh_)rrgod(z,unﬂ) = nh_}rréod(t,vn“) =0 (2.20)

From ([2.19) and (2.20)), we obtain x = z and y = ¢. {

Theorem 2.5. In addition to hypotheses of Theorem , if zg and yo are
comparable then F has a fixed point, that is, there exists x € X such that x =
F(z,z).

Proof. Following the proof of Theorem (2.1]), F has a coupled fixed point (x,y)
. We only have to show that z = y . Since xg and yy are comparable, we may
assume that xg = yg . By using the mathematical induction, one can show that

Ty =y, forall n>0 (2.21)

where{z, } and {y,} be defined by (2.2).
From and , we have

A(F (20, Yn)s F(Yn, ©0)) < @d(@n, yn) + Bd(Yn, Tn)
: d(F(xnvyn)ayn)vd(F(yn7In);xn))7}
+L
“““{ d(F (@, Yn)s@n) A(F (Y 20)s Yn)
or
d(mn+1v yn+1) < ad(xna yn) + Bd(ynv xn)
+ Lmin {d(xn+17 yn)? d(yn-‘rl; I7l)7 d(xn-‘rlv xn)7 d(yn+17 yn)}
Taking n — oo in the above inequality, we have
d(z,y) < (o + B)d(x,y) + Lmin{d(z,y),0} = (a + B)d(z,y)
which implies d(x,y) = 0 (since aa+ 5 < 1). Therefore z = y, that is, F' has a fixed
point.¢

The following example shows that Theorem [2.1]is indeed a proper extension on
Theorem 1.3 and Theorem 1.4.

Example 2.6. Let X = [0, 1] with metric d(z,y) = |z —y|, for allz,y € X. On
the set X, we consider the following relation:

fore,ye X, e 2y x,y€{0,1} and x <y,

where < be usual ordering. Clearly, (X,d) be a complete metric space and (X, <)
be a partially orderd set. Moreover, X has the property:
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(i) if a non-decreasing sequence {x,} — x, then x, = x for all n,
(ii) if a non-increasing sequence {yn} — y, then y <y, for all n.
Let F: X x X — X be given by

_ (.’II—y)/2, Zf xay€[071]3$2ya
F(x,y){ 0, if x<uy.

Obviously, F' is continuous and has the mixed monotone property. Also, there
are g = 0,99 = 0 in X such that

zg =0 = F(0,0) = F(xo,y0) and yo =0 = F(0,0) = F(yo, zo)
Clearly, F' has a coupled fixed point that is (0,0). But the condition
k
A(F (), P, 0) < Sld(e,u) +dy,v)] Ve =y <o,

in the Theorem 1.3 and Theorem 1.4 is not true for every k£ € [0,1). Indeed, for
x=1,y=0,u=0,v=0 and for every k € [0,1), we have

S, u) +diy, )] = 101,0) +d(1,0)] =
< 5 =d(F(1L,0), F(0,)) = d(F(z,y), F(u,v))

So we can not use the Theorem 1.3 or 1.4 for the mapping F.
Now, we verify the mapping F' satisfies the condition with a =2/3,8 =0 and
L =2. We take z,y,u,v € X such that = u,y < v or (z,y) = (u,v). We have
the following cases:
Case 1. (z,y) = (u,v) or (z,y) = (0,0), (u,v) = (0,1) or (x,y) = (1,1), (u,v) =
(0,1), we have d(F(z,y )) = 0. Hence holds.

) 0),

Case 2. (z,y) = (1, ,’(u,v) = (0,0), we have
d(F(z,y),F (u,v)) =d(F(1,0), F(0,0)) = % < % = ; d(1,0) = ad(x,u)
Hence holds.
Case 3. (z,y) = (1,0), (u,v) = (0,1), we have
A(F (,9), F (u,0)) = d(F(1,0), F(0,1)) = £ < 2 = 2.d(1,0) = ad(z, )
Hence holds.
Case 4. (z,y) = (1,0), (u,v) = (1,1), we have
o [ APy d(Fo)a), | d(F(L0),1).d(F(1,1),1)
d(F(z,y),x),d(F(u,v),u) d(F(1,0),1),d(F(1,1),1)

= d(F(z,y), F(u,v))

Hence (2.1)) holds.
Therefore, all the conditions of Theorem are satisfied. Applying Theorem

we can conclude that F' has a coupled fixed point in X.
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