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ABSTRACT. In this paper, we introduce two generalized operators of fractional
g-integration, which may be regarded as extensions of Riemann-Liouville, Weyl
and Kober fractional g-integral operators. Certain interesting connection the-
orems involving these operators and g-Mellin transform are also discussed.

1. INTRODUCTION

The fractional integration operators involving various special functions, in par-
ticular the Gaussian hypergeometric functions, have found significant importance
and applications in various sub-fields of applicable mathematical analysis. Since
last three decades, a number of workers like Love [11], McBride [13], Kalla and
Saxena [8, 9], Saigo [21-23], Saigo and Raina [24] etc. have studied in depth, the
properties, applications and different extensions of various hypergeometric opera-
tors of fractional integration. A detailed account of such operators along with their
properties and applications can be found in the research monographs by Miller and
Ross [14], Kiryakova [10] and Nishimoto [15-18] etc.

The fractional g-calculus is the g-extension of the ordinary fractional calculus.
The theory of g-calculus operators in recent past have been applied in the areas like
ordinary fractional calculus, optimal control problems, solutions of the g-difference
(differential) and g¢-integral equations, g-transform analysis etc. Recently, Abu-
Risha, Annaby, Ismail and Mansour [1] and Mansour [12] derived the fundamental
set of solutions for the homogenous linear sequential fractional g-difference equa-
tions with constant coefficients. Fang [6] and Purohit [19] deduced several trans-
formations and summations formulae for the basic hypergeometric functions as the
applications of fractional g-differential operator. For more details one may refer the
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36 S.D. PUROHIT, R.K. YADAV
recent papers [4], [5] and [20] on the subject.

We propose to define and investigate the g-extensions of the hypergeometric op-
erators of fractional integration due to Saigo [21].

In a series of papers [21-23], Saigo introduced the following pair of hypergeomet-
ric operators of fractional integration.

For o > 0, real numbers S and 7, we have:

_a_B x
1o () = QJF(T)/O (x—t)* ' oF (a+ B, —ma;1 —t/z) f(t)dt,  (1.1)
T f () = ﬁ /Oo(t —2)* PR (e + B, —myas 1 — 3 /t) f(B)dt, (1.2)

where, the o F; (.) function occurring in the right-hand side of the above equations,
is the familiar Gaussian hypergeometric function defined as:

w0 (@) (B)n "
oF) (a,b;¢;2) = oF; x| = Z AR (1.3)

C n=0

The operator I #1( ) contains both the Riemann-Liouville and the Erdélyi-Kober
fractional integral operators, by means of the following relationships:

R, () = 107 f(x) = ﬁ / “@ - 0 f (1), (1.4)
and o N
B2 @) = 121w = o [ =0t vrwan, (1.5)

where as the operator (1.2) unifies the Weyl type and the Erdélyi-Kober fractional
integral operators. Indeed we have

W f () = JOs f(z) = ﬁ / (= o) ), (1.6)
and

* _xa—l —a—n
) / (t — )1 £~ F (1) dt. (1.7)

For real or complex a and |¢q| < 1, the g-shifted factorial is defined as:

K20 fe) = 28" f(a) =

n—1 o]

(@;9)o =1, (a;q)n = [[(1 —ag"), n >0, and (a;q)e = [[(1 —ag’).  (1.8)
i=0 i=0
Equivalently
Fyla+n)(1—q)"
(a;:q)n = ol +qu£) i (1.9)
where the g-gamma function cf. Gasper and Rahman [7], is given by
r,(a) = (4 @)oo _ (#@)a (1.10)

(@%@l =gt (1 —g)at’
(a7£03717723"')'
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Also, the g-analogue of the power (binomial) function (x + y)™ cf. Gasper and
Rahman (see also Ernst [5]), is given by

x”(*%ﬂ])n ) L 7£ 0
(z+y)™ = (1.11)
qn(n—l)/2 yn L,z =0,

where the g-binomial coefficient is defined as:

n (4 O)n
[ k L (G Dk (G Dk (1.12)
+o00
For a bounded sequence (A, ), ez of real or complex numbers, let f(x) = Y. A,z
be a power series in z, then the g-translation operator is defined as: S
400
Tow(f(@) = > Ana™(y/x;0)n. (1.13)

n=—oo

The generalized basic hypergeometric series cf. Gasper and Rahman [7] is given by

ap, -+ , 0 o0 (al o a q) (14s—r)
rPs T | = : g {(_l)nqn(n_l)/2} )
by, by nz:%(q,bl,”-,bs;q)n

(1.14)
where

(a1, ,ar; @) = (a15Q)n(a2;@)n -+ (@r; @)n,
and for convergence, we have |¢| < 1 and |z| < 1if r = s+1, and for any z if r < s.

A g-analogue of the familiar Riemann-Liouville fractional integral operator of a
function f(z) due to Agarwal [2] is defined as:

/ox(qt/m;q)alf(t) dgt, (1.15)

xa—l

Iz(; {f((E)} = Fq(Oé)

where R(a) > 0;|q| < 1 and

(a; )0
a;q)a =
(%00 = laga; )
Also, the basic analogue of the Kober fractional integral operator cf. Agarwal [2]
is defined by

, a € R

=1

1774 (@)} = T /Oz(qt/:c;q)alt”f(t) dyt, (1.16)

where () > 0;]g| < 1;n7 € R.
A g-analogue of the Weyl fractional integral operator (1.6) due to Al-Salam [3], is
defined as:

qfa(afl)/Q

Kl = "r@

/ T e Qe ft) dyt, (117)

where R(a) > 0;]q| < 1.
In the same paper, Al-Salam [3] introduced the g-analogue of the operator (1.7) in
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the following manner:
g "z
Ko —
@) = T

where () > 0;]¢| < 1;n € R.
Also the basic integrals (cf. Gasper and Rahman [7]), are defined as:

/Oo(x/t; Qa1 7 f(tg ) dyt, (1.18)

/0 A dyt = 21— ) S ¢ F (), (1.19)
k=0

[ @ di = a-0 S0 e, (1.20)
z k=1

and
o

/0 Tt dt=(0-0) 3 ¢ f(d). (1.21)

k=—o0

The ¢-binomial summation theorem is given by

(az;¢)os
1Do |a;—3q, 2] = ———, |2| < 1. 1.22
=g, = 20 gy (1.22)
Also the ¢-Chu-Vondermonde summation theorem cf. Gasper and Rahman [7]
e (c/aq)
o D q,q | = ——(a)". 1.23
2P D (a) (1.23)

The object of this paper is to introduce two hypergeometric operators of frac-
tional g-integration, which may be regarded as extensions of the fractional ¢g-integral
operators (1.15)-(1.18). Having defined a g-extensions of these operaotrs, we inves-
tigate their fundamental properties such as integration by parts and connection
theorems with g-analogue of Mellin transform. Certain interesting special cases in
the form of the known results have also been discussed.

2. THE FRACTIONAL ¢-INTEGRAL OPERATORS

In this section, we introduce the following fractional g¢-integral operators in-
volving the Gaussian basic hypergeometric function, which may be regarded as
g-extensions of the Saigo operators (1.1) and (1.2).

For o and real 8, we define the fractional g-integral operators I 375”7(.) and

Kg’ﬁ’"(.) in the following manner:
—B—=15—n(a+p)
1980 () = z 9
! Lg(a)

></ (ta/23@)a1 T, gorre (2@1 [a°F7, ¢7"10%q,0]) £(2) dgt, [t/ <1, (2.1)
0 T

and
g—(etB)—ala+1)/2-2p

Ly(a)

Ko f () =
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></ @/t ar 77T e (291 [0, 67750 0,q]) flta' ™) dot, /1] < 1,

’ (2.2)
where 7 is any non negative integer and the o®;(.) function occurring in the right-
hand side of (2.1) and (2.2) is the Gaussian g-hypergeometric function defined as
special case (for r = 2 and s = 1) of the power series (1.14). Using series definitions
of the basic integrals given by (1.19)-(1.20) and g-translation operator (1.13), we
define the series representation for the operators (2.1) and (2.2) as:

b, _ -8 —n(a+B o
I&PNf(z) = 2= Fg )(1*Q)

a+ﬁ —n Xkl a+n
i Dn o €@ Ok 5
X q f(zq"), 2.3
Z (¢: Q) kZ:O (43 Ok (wd’) (23)
and
a,B, _ =B ,—n(a+p)—a(at+l)/2-p a
KO0 f(a) = a=Pgmnlethmalet2=0(1_q)
a-‘rﬂ 17 ,ﬁ’k a+n
q n 7" q Ca—
XZ Z G5k gty (2.4)
k=0

where o > 0, ,8 belng real number, and 7 is any non negative integer.

3. FRACTIONAL ¢-INTEGRAL IMAGES OF 22!

This section envisage the evaluation of the g-images of an elimentary function
2271 under the generalized fractional g-integral operators introduced in the previ-
ous section.

Theorem 1. If |[¢| <1, A >0 and (A= B8+ n) > 0, then

«,B, a1y PgWTg(A =B +n) A—B—
KR S At vy e e 31

Proof. To prove the theorem (3.1), we take f(x) = 2! in the series definition
of fractional g-integral operator I qa’fg’"(.), given by (2.3), the left-hand side yields
to

n a+f. -n.
. _ e o= (@)@ )0
R e R B () LN ( Jnld%5@)n

= (¢ Dn
> a+7z
xy Ltk " )’“ (3.2)
k=0

On summing the inner 1P(.) series with the help of the equation (1.22), it reduces
to

a+p. —n.
y4)n\d 5q)n g
Jn ) q", (3.3)

n
TR A1l — xA—ﬁ—lq—n(aH?)(l _ q)a (¢
e n; (4 D)n (0 Datn

on simplification and the usage of the ¢-Chu-Vondermonde summation theorem
given by (1.23), the above equation leads to Theorem 1.
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Theorem 2. If|¢| <1, (B—A+1)>0and (n—A+1) >0, then

KB {311 = Le(B=A+1lg(n—A+1) A Bl ge(i=A)—a(at1)/2-8
a Lo(1=NLy(B+a—A+n+1)

(3.4)
Proof. On employing the definition (2.4) with f(x) = 2*~!, we obtain
K:]x,ﬁm {x/\—l} _ x)\—,@—lqa(l—/\)—n(a+ﬁ)—a(o¢+l)/2—6(1 —q)°
OtJrﬁ 7] (B=X+1) k: a+n.
,q q In - q" q L
PIELT RTINS Sk 9

n=0 k=0

On summing the inner 1 ®q(.) series with the help of the equation (1.22), it leads to

an,ﬂ,n {xz\*l} — :E/\*ﬁflqa(lfk)*n(a+ﬁ)*a(a+1)/2*ﬂ(1 —q)°

n _

(@7 9)nla " 0)n

X _ qna (36)
Z_;) (¢ Dn (@M @)atn

which, on using the ¢g-Vondermonde summation theorem (1.23) and some simplifi-

cations, leads to the proof of the result (3.4).

Further, it is interesting to observe that the newly defined operators (2.1) and
(2.2) can be regarded as extensions of Riemann-Liouville, Weyl and Kober fractional
g-integral operators with the following functional relations:

180N f(z) = 17 f(x), (3.7)
1370 f () = I3 f (=), (38)
Kt‘;‘vo”’f(:v) — q—a(a+1)/2K;77af(m), (3.9)
Ky f(x) = Kg f(2). (3.10)

4. FRACTIONAL INTEGRATION BY PARTS

In this section, we shall prove a theorem involving an important relationship
between the operators I8°%(.) and K2#1(.):

Theorem 3. If @ > 0, B a real number, and n being a non negative integer,
then

/ F@)KoBg(z) dgt = gela+D/2-5 / g(wq VIO (@) dt. (4.1)
0 0

Provided that both of the g-integrals exist.

Proof. On using the series definition of ¢-Saigo operator Kg"ﬂ’"(.)7 given by
(2.4), the left-hand side, say L of Equation (4.1) yields to

oo n ( a+p. —n.
5 _ _ )@ Q)n
L:/ f(z) g+ -alarD/z=5(1 _ ga .
0 (=) ( ) (a5 9)

n=0 n

e Bk ( a+n.
x Yy Lo Dk (g ’Q)’“g(xq—a—k) dyt. (4.2)
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On changing the order of integration and summations in the above expression,
which is valid under conditions mentioned with (2.4) and using the integral (1.21),
the above equation reduces to

oo

—n(a+8)—ala - a T q”q n
L= g nletd)=alarD/2=5 (1 g+t 3 gre(g ﬁ+BZ I,

’I’L

T=—00

o0
y a"F (g ), raty

= (G
0 n a+p. —
_ qfn(a+,3)*a(a+1)/2fﬁ(1_q)a+1 E qtg(qtfa) q7t5+,8 § : (q 7Q).n(q n’q)n qn
t=—00 yd/n
k( at+n.
@Dk vk
X , 4.3
l; T f(d™") (4.3)

on replacing the basic bilateral series in the above relation by the integral (1.21),
we obtain
a+f.

[e] n —n.
—n(o —ala — —Q - « q 7Q’ﬂq 7(]n n
L =g et? (“)/25/ g(zq*) 2 P¢"(1-q) Z( LICh L
0 n—0 (QaQ)n

a+7L

Z al (qu) dgt. (4.4)

On interpreting the above expression in hght of the series definition (2.3) of the g-
Saigo operator Ig‘”@”’(.)7 the above equation (4.4) finally reduces to the right-hand
side of the Theorem 3.

Interestingly, on setting 8 = 0 and employing the relations (3.7) and (3.9), the
Theorem 3 yields to the following Corollary:

Corollary 1. For a > 0 and n being a non negative integer, the following result
holds: -
/ F@R @) dyt = [ gleq )17 (@) dyt. (4.5)
0
Provided both of the q- mtegmls exist.
Further, if we replace 5 by —a and make use of the relations (3.8) and (3.10), in

the Theorem 3, we obtain yet another corollary providing interesting relationship
between the operators KJ(.) and [5(.) namely:

Corollary 2. For a > 0 and n being a non negative integer, the following result
holds: - -
@2 [ @K gw) dit = [ gea VT dt (40)
0 0
Provided that both of the g-integrals exist.
Finally, it is worth mentioning that, if we remove the non negativity restriction

on the parameter 7, the corollaries (4.5) and (4.6) reduces to the known results due
to Agarwal [2].
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5. THE ¢-MELLIN TRANSFORM OF THE ¢-SAIGO OPERATORS
In this section, we shall prove two theorems, which exhibit the connection be-
tween the g-Mellin transform and the operators given by Equations (2.1) and (2.2).
Theorem 4. If « > 0 and s <1+ min{0,n — B}, then

Py(1=s)Iy(n+1—5—p)
Lyl —s=B)y(n+1-s+a)

where the g-Mellin transform of f(x) is defined as:

My (2 I3 f(2)) (s) = My (f(2)) (s),  (5.1)

oo

Mq(f(z))(s)zﬁ /Ooox“fu:) di= S CHE). 62

Proof. On using the definition (5.2) and the series definition of fractional g-
integral operator I(’f’ﬁ’”(.) given by (2.3), the left-hand side (say L) becomes

rT=—00

> n a+3. —n. Xk atn.
- (@5 q)n (a7 q)n " (¢ )k k
= gt (1 — ) "y " f ()
,.zz_:oo ;;; (¢ O)n ,;J (4 9)k
0o n a+p. . k(1— s) a-l—n
. P q)n( In q iq
_ Z q" n(a+/3)<1 _q>af(qr)z ( ( nz )k.
r=—00 n=0 q q
(5.3)

On summing the inner ;®¢(.) series with the help of the equation (1.22), it reduces
to

i n a+p —n.
rs—n(a+B) (1 _ o r (q Q) (q vq)n n
q°" 1-q)*f(q q", 5.4
r;oo (=0 )nz:% (4 0)n (@' @atn (5.4)
which further simplifies to
r,(1—-sl'yin+1—-s—-p > s o
L= tI( ) q(n ) Z q f(q ) (5.5)

Fq(l_s_ﬁ)rq(n‘Fl_S‘FQ)

r=—00

On interpreting the basic bilateral series in light of the definition (5.2), the above
equation yields to the right-hand side of the theorem (5.1).

Theorem 5. If a > 0 and s > —min {B,n}, then following relation holds:

M o B 010) ) = e o LS o (e ) )
(5.6)

where the g-Mellin transform of f(x) is given by the relation (5.2).
The proof of the above theorem follows similarly.
If we set 5 = 0 and make use of relations (3.7) and (3.9), the results of Theorems

4 and 5 respectively give rise to the following corollaries involving relations between
the g-Mellin transform and the Kober fractional g-integral operators:
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Corollary 3. If a > 0 and (1 — s) > 0, then

T _
My (13 @) () = o s M, (7)) (), 5.7
and
Corollary 4. If a > 0 and (n+ s) > 0, then following relation holds:
e — M —«
My (K 1(0)) 5) = s by (e ™) (o) (53)

Finaly, if we replace 5 by —a and make use of the relations (3.8) and (3.10),
Theorems 4 and 5 yield the following corollaries:

Corollary 5. For a >0 and (1 — s) > 0, following result holds:

My (5 13 5(0)) 5) = g s M () (0 (5:9)
and
Corollary 6. If a > 0 and (s — a) > 0, then:
My (o K3 £(@)) 5) = S 0 M (e ) (9 (510)

6. CONCLUDING OBSERVATIONS

We briefly consider now some consequences of the results derived in the preceed-
ing sections.

(i) If we let ¢ — 17, and make use of the limit formulae:

: _ o (@% e
ql_l)r?_ I'y(a) = T'(a) and ql_l)I{l_ a—qr (a)n , (6.1)
where
(a)p =ala+1)---(a+n—1), (6.2)

we observe that the operators (2.1) and (2.2) provides respectively, the g-extensions
of the known hypergeometric operators (1.1) and (1.2) due to Saigo [21].

(i) Further, it is interesting to observe that the results given by (5.1) and (5.6)
are the g-extensions of the known results due to Saigo, Saxena and Ram [25, pp.
295-296, eqn. (4.1) and (4.3)].
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