BULLETIN OF MATHEMATICAL ANALYSIS AND APPLICATIONS
ISSN: 1821-1291, URL: HTTP://WWW.BMATHAA.ORG
VOLUME 3 ISSUE 1(2011), PAGES 77-88.

GROWTH OF A CLASS OF ITERATED ENTIRE FUNCTIONS

(COMMUNICATED BY VICENTIU RADULESCU)

DIBYENDU BANERJEE, RATAN KUMAR DUTTA

ABSTRACT. In this paper we generalise a result of J. Sun to n-th iterations of
f(z) with respect to g(z).

1. INTRODUCTION AND NOTATION

We first consider two entire functions f(z) and g(z) and following Lahiri and
Banerjee [0 form the iterations of f(z) with respect to g(z) as follows:

hiz) = f(2)
fa(z) = fl9(2)) = f(91(2))
fs(z) = fg(f(2) = fl92(2)) = f(9(f1(2)))

fulz) = flg(fen. (f(2) or g(2)).eeeene )
according as n is odd or even
= [(9n-1(2)) = f(9(fn-2(2))),
and so
gi(z) = g(2)
92(2) = g(f(2)) =9(f1(2))

gn(z) = 9(fa-1(2)) = 9(f(gn-2(2)))-

Clearly all f,(z) and g,(z) are entire functions.

Notation 1.1. Let f(2) and g(z) be two entire functions. Throughout the paper
we use the notations My, (1), My, (r), My, (r) etc., to mean M (r, f), M(M(r, f),g),
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M(M(M(r, f),g), f) respectively and F(r) = O*(G(r)) to mean that there exist two

positive constants Kqyand Ko such that K1 < gg;g < Ky for any r big enough.

In [2], C. Chuang and C. C. Yang posed the question:
For four entire functions fi, fo and g1, g2, when is T'(r, fi0g1) ~ T(r, f20g2) as
r — o0, provided T'(r, f1) ~ T(r, f2) and T(r,g1) ~ T(r,g2)?

In 2003, Sun [7] showed that in general there is no positive answer and he gave
a condition under which there is a positive answer by proving the following theorem.
Theorem A. Let f1, fo and g1, g2 be four transcendental entire functions with
T(r, f1) = O*((logr)*e1°8™"Y and T(r, g,) = O*((logr)?).
[f T(Ta fl) ~ T(T7 f2) and T(Tv gl) ~ T(Tv 92) (T - 00)7 then
T(r, fi(g1)) ~ T'(r, f2(g2)) (r—o0, 7¢ E),
where v > 0,0 < a < 1,8 > 1 and aff < 1 and E is a set of finite logarithmic

measure.

We extend Theorem A to iterated entire functions.

Theorem 1.2. Let f, g and u,v be four transcendental entire functions with T(r, f) ~
T(r,u), T(r,g) ~ T(r,v), T(r, f) = O*((logr)*e*E"") (0 < a < 1, v > 0) and
T(r,g) = O*((logr)?) where B > 1 is a constant, then T(r, fn) ~ T(r,u,) for
n > 2, where u,(z) = u(v(u(v........ (u(z) or v(2))........ ))) according as n is odd or
even.

We do not explain the standard notations and definitions of the theory of mero-
morphic functions because they are available in [4].
2. LEMMAS
The following lemmas will be needed in the sequel.

Lemma 2.1. [4] Let f(z) be an entire function. For 0 <r < R < oo, we have

T(r,f) < log" M(r, ) < 1t

T(R, f)-

Lemma 2.2. [3] Let f(z) be an entire function of order p(p < o0). If k > p — 1,
then

log M(r, f) ~log M(r —r=F, f)  (r = c0).
Lemma 2.3. [0] Let g(z) and f(z) be two entire functions. Suppose that |g(z)| >

R > 1g(0)| on the circumference {|z| = r} for some r > 0. Then we have

R —|g(0)|
T(r, f(g)) > R+ [g(0)]

Lemma 2.4. [1] Let f be an entire function of order zero and z = re'®. Then for
any ¢ > 0 and n > 0, there exist Ry = Ro((,n) and k = k((,n) such that for all
R > Ry it holds

log|f(re’’)| = N(2R) —log|e| > ~kQ(2R), (R<r<R,

T(R, [).
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except in a set of circles enclosing the zeros of f, the sum of whose radii is at most
nR. Here
*© n(t,1 "n(t,1
Q(r) = r/ nlt:1/f) ’Q/f)dt and N(r) :/ nt:1/f) /f)dt.

i, t 0 t

Lemma 2.5. [7] Let f be a transcendental entire function with
T(r, f) = O*((logr)?el°eM™) (0 < a < 1,8 > 0).

Then

1.T(r, f) ~ logM(r,f) (r—oo,ré¢FE),
2. T(or,f) ~ T(r,f) (r—oc0,0>2,r¢EFE),

where E is a set of finite logarithmic measure.

Lemma 2.6. Let f be a transcendental entire function with T(r, f) = O*((logr)?)
where 8 > 1. Then

1.T(T,f) ~ logM(r,f) (T%OO7T¢E)7
2. T(or,f) ~ T(r,f) (r—o00,0>2,1r¢FE),

where E is a set of finite logarithmic measure.
Proof. Without loss of generality we may assume that f(0) = 1, otherwise we set

F(z) = f(z) — £(0) + 1.

By Jensen’s theorem,

r 2
Ny = [ L [T og (e a0 < 10g MG )
0 t 27 0
and so,
Ar Ar
ntra/pogas [ g < [T < vogarar, ),
T 0
forr>1and A>1.
Therefore
log M (Ar, f)
< —== .
n(r1/) < AL (2.1)
Since T'(r, f) = O*((log)?), 8 > 1, by Lemmawe have
log M(r, f) = O*((logr)?). (2.2)
Take A = r°(") and o(r) = W. Then by we have
1 14+0(r)
n(r,1/f) < PEMI L) (2.3)

o(r)logr
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Therefore, putting r = e* we have

(log 7"1*"(’”))5  (1+o0(r))P(logr)?
r12q(r)logr ri/2¢(r)logr
)’
T T oul2g-1/2y,

(1 + u11/2)ﬂ
ou/2y1—1/2—R
B
(1 + u11/2)
ew/2e(1/2—pB)logu
B
_ (1 + u11/2) 2.4
T e3—(B-1/2)logu’ ( . )

u

Since 8 > 1, for sufficiently large values of u we have £ — (8 — 1/2)logu > 0 and

2
og 1o (r) B
5 — (B —1/2)log u increases. By 1) for sufficiently large value of r, %

decreases.

From Lemma [2.4] using (2.2) and (2.3), we have
“n(t,1/f)dt
o0 - o [ 10

t2
] 140(t)
< r / log Mt *70, f) 4
, t?0(t) logt
/oo O* ((logtl—i-a'(t))ﬁ)
= r
, t20(t) logt
o [ (ogt! o)
< ~——— 2 dt
= 0 <T/T 20 (1) log t
< rt/20 ((log r'*7™)") /oot—3/2dt
o(r)logr ,
207 ((logrl*“’(r))ﬁ)
N o(r)logr
B 21log M (r1*o() f)
n o(r)logr
Therefore
Q) _ 2log M), )
g M(r,/) = o) logr log M(r, f)
2K, (log 1t (m)s

IN

() logr Ki(logr)?’ for some suitable constants K7 and Ko

2K (14 o(r))?(logr)?
Ky o(r)logr (logr)?
2K (14 o(r))?

'Ky o(r)logr

— 0Oasr— oo.
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So
Q(r) = o(log M(r, f)) (2.5)
Since T(r, f) = O*((log7)?), n(r,1/f) = o(r).

The concluding part of the proof of the lemma is similar to that of Lemma 5 of J.
Sun [7]. But still for the sake of completeness and for convenience of readers, we
outline the proof.

log M (r, f)

IN

log TI° (1 +7/7y)
- /0 log(1 +r/t)dn(t,1/f)

| Fanteays)

0

L[,
0 t+7’

()

n(t,1/f) *n(t,1/f)
T.T/O ; ———=dt+r /T —=dt

12
N(r)+ Q(r) (2.6)
So, from Lemma and , we have

log|f(re)] > N(2R)-kQQR) ((R<r<R, r¢E)
N(2R)+ Q(2R) — (k+ 1)Q(2R)
log M(2R, f) + (k + 1)o(log M (2R, f))
log M (2R, f)(1 — o(1)) (2.7)
log M (r, f)(1 —o(1))

where E is a set of finite logarithmic measure.
On the other hand

AN

IN

Y

v

log |f(2)| <log M (r, f) <logM(or, f) (|z|=r,o>2,) (2.9)
Let 2R = or,0 > 2 then from (2.7)), and we have,
log |f(2)| ~logM(or, f) (r—oc0,0>2, r¢E) (2.10)
and
log|f(2)] ~log M(r, f) (r — oo, r ¢ E). (2.11)
From for sufficiently large value of r, we have,
1 27 . 1 27
mirf) = 5= [ log" e ™lds = o [ log M )1+ o1t
27T 0 27T 0
= logM(r, /) (1 +0(1)) (r— o0, r¢E).
So,
: r(r,f) _
d ey B
i.e.

T(r, f) ~log M(r, f), (r ¢ E). (2.12)
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From (2.10) and (2.11)) we have

log M(r, f) ~logM(or, f) (r — 00,0 >2, r¢ E). (2.13)
From and we have
T(or,f)~T(r,f) (r—00,0>2 r¢kFE). (2.14)
From and we have the required result.
This proves the lemma. O

Lemma 2.7. Let fiand fo be two entire functions with T(r, fi) = O*((logr)?)
where > 1 and T(r, f1) ~ T(r, f2) then M(r, f1) ~ M(r, f2).

Proof. From Lemma [2.6] we have,
IOgM(Ta fl) ~ T(Tv fl) ~ T(’I“, f2) ~ IOgM(T7 f2) (T — 00, T ¢ E)

where F is a set of finite logarithmic measure.
Since log M (r, f1) ~ log M(r, f2), so for given e > 0, there exist r1, r2 > 0 such

that
log M (r, f1) <1 log(1+¢)

——— forr>r 2.15
log M(r, f2) log M(r, f2) ' (219)
and
log M (r, f2) log(1+¢)
— g l+————" forr>r 2.16
log M(r, 1) log M(r, f1) ’ (216)
Now from ([2.15)) we have
log M(r, f1) < log M(r, f) +log(1 +¢).
M(T‘, fl)
So, ———= < 1l+¢€ forr>nrg 2.17
M(T7 f2) ' ( )
Similarly from ([2.16])
M(r, f2)
< 1l4¢€ forr>ry
M(r, f1) ’
. M(T7 fl)
ie. > 1—¢ forr>r 2.18
M(r. 1) : (24%)
From (2.17) and (2.18)) we have
M(Ta fl)
1-— — <1 f = .
e < M ) <1l+4e¢€ forr >rg=max {ry,r}
SO, M(’I’7f1) ~ M(T7f2)'
This proves the lemma. O

Lemma 2.8. Let fiand fy be two entire functions with T(r, f1) = O*((logr)”e(°8))
where v >0 and 0 < a <1 and T(r, f1) ~ T(r, f2) then M(r, f1) ~ M(r, f2).

Proof. From Lemma [2.5] we have,
log M(r, f1) ~T(r, f1) ~ T(r, f2) ~log M(r, f2) (r —oo,r ¢ E)

where F is a set of finite logarithmic measure and concluding part follows from
Lemma 2.7 O
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3. THEOREMS
In [6] K. Niino and N. Suita proved the following theorem.

Theorem 3.1. Let f(z) and g(2) be entire functions. If M(r,g) > 2<[g(0)] for
any € > 0, then we have

T(r, f(g)) < (1 +€)T(M(r,g), f)-
In particular, if g(0) =0, then
T(r, f(9)) <T(M(r,9), f)
for all r > 0.
The following theorem is the generalization of the above.

Theorem 3.2. Let f(z) and g(z) be two entire functions. Then we have

T(RQ’f) < T(’I“, fn) < T(R?nf) (31)

where | f(2)| > Ry > 2E¢|£(0)| and |g(2)| > Ry > 2E¢|g(0)|, Ry =maa{Mj, _,(r), My, _,(r)}
for sufficiently large values of r and any integer n > 2.

Proof. By Theorem [3.1] we have for odd n and any € > 0 arbitrary small
T(’I’, fn) = T(T fne 1(f))

< (A4+OT(M(r, f), fn1)
= (14T (My,(r), fa--2(9))
< (1+€°T(Mp,(r), fn2)
= (14 e’T(My,(r), fu-s(f))
< 1+ €T (My,(r), fr-s)
< (14" ' T(My, , (r), f)
< (1+&" 'T(Rs f)

Similarly when n is even, we have

T(r, fn)

|
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Therefore
T(r, fn) < (1+€)" *T(Rs, f) for any integer n > 2.

Since € > 0 was arbitrary, we have for sufficiently large values of r
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Also using Lemma [2.3] we have for odd n
T(r, fn) T(r, fn-1(f))

R~ 11(0)
> (&) T

> (1-¢T (Rhfn 2(9))
Ig(0)|
> (1—¢? (RQufn 2)
> (1- )3T<R1,fn 3)
> (1— " *T(Ry, f(9))
> (1= 'T(Ra, f).

Similarly when n is even we obtain

T(’r?fn) = ( fn-1(g

(9))
l9(0)|
(Repion ) 710
> (1=eT(Rz, fn-2(f))
> (1— o"T(R,, £(9))
> (1—e)" 'T(Ry, f).

So,
T(T, fn) > (1 - e)nilT(RQa f)
Since € > 0 was arbitrary, we have for sufficiently large values of r

T(r, fn) > T(Rz, f)- (3.3)
Hence from (3.2 and we obtain

This proves the theorem U

4. PROOF OF THE THEOREM
Proof. From Theorem [3.2] we have
T(R},u) < T(r,u,) < T(Ry,u) (4.2)
and choose Ry and R; in such way that |g(z)| > Ry > 2te19(0)], [v(2)] > R, >
%W(O)\ and T(Ry, f) ~ T(Rll,f), where Ry =max{My, ,(r), M,, ,(r)} and
RIZ :maX{M’U«nf1(T)a Mvn—l
e > 0.
Since T'(r, f) ~ T(r,u), so
T(Rif) ~ T(Ry.f)~T(Ry.u)
ie. T(Ry,f) ~ T(R,,u) (r— oo,r¢E). (4.3)

(r)} for sufficiently large value of r and arbitrary small
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Also from Lemma [2.8 we have M(r, f) ~ M(r,u).
So,

M(M(r, f),g) ~ M(M(r,u),v) (r— oc), using Lemma [2.2]
ie. M(M(M(r, f),9),f) ~ MM(M(ru),v),u) (r— o0).
Finally, for odd n,
My, (r)~DM,, ,(r) (r— o0). (4.4)
Similarly, for even n,
Mg, (r)~DM,, (r) (r— o0). (4.5)

From " and ‘) for any integer n > 2, we have Ry ~ R/2 for large r. So from
T(r,f) ~T(r,u) and Ry ~ RIQ we have

T(Ry,u) ~T(Ry, f)  (r = oc) (4.6)
So from (4.1), (4.2)), (4.3) and (4.6) we have T'(r, f,) ~ T(r, uy).
This proves the theorem. [

Theorem 4.1. Let f, g and u,v be four transcendental entire functions with T (r, f) ~
T(r,u), T(r,g) ~ T(r,v), T(r, f) = O*((logr)?) and T(r,g) = O*((logr)?) where
B> 11is a constant, then T(r, fr) ~ T(r, un).

Note 4.2. The conditions of Theorem[I.3 and Theorem[/.1] are not strictly sharp.
Which are illustrated by the following examples.

Example 4.3. Let f(z) = e%,g9(z) = z and u(z) = 2e¢*,v(z) = 2z. Then we have
f2 = flg) = € ,uz = u(v) = 26 and fy = f(9(f(9))) = e, us = u(v(u(v))) =
2ete™”

Also
T r
T(r,f) = — T(r, u)=—+log2,
i ™
T(r,g) = logr, T(r,v)=logr+log2,
2
T(Ty f2) = z7 T(Ta UQ) = l +10g2a
i ™
Thus
T(r,f) ~T(r,u),T(r,g) ~T(r,v) (r— o0).
But
T
(r, f2) =2as r— 00,
T(r,usz)
s0
T(r, f2) = T(r,uz).
Also
T(r, fa) <log M(r, f1) =€"
and
3T(2r,uy) > log M(r,us) = log2 + 4€*"
1 4
ie. T(ryug) > 510g2 + geT
. 1 < 1
i.e. —_—
T(r,us) — $log2+ e
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Therefore
T(’I‘, f4) e
4. r
log2 + ze

T =3/4 as r — oo,
3
50

T(r, fa) = T(r,us).
Thus, T(r, f,) ~ T(r,u,) does not hold for all n > 2. Here T(r, f) # O*((logr)?)
where 8 > 1 is a constant.

Example 4.4. Let f(z) = e?,g(z) = logz and u(z) = 2¢*,v(z) = log2z. Then we

have
o= flg) =2uz=uv) =4z
fs = Flg(f)) =€, us = u(v(u)) = 8¢,
fo = Flg(f(9)) = z,us = u(v(u(v))) = 16z
Here
r
T = — T = —+log2
(n0) = L T w) = =+ log2,
T(r.f) ~ T(ru) (r—o0)
Also
T(r,g) <loglogr,
and
3T (2r,v) > loglog2r
i.e. T(r,v) > log;ogr
. 1 < 3
i.e. .
T(r,v) — loglogr
So
T('f’,g) < 3
T(r,v) ~
Again
T(r,v) < loglog 2r,
and
3T(2r,g) > loglogr
e T(r,g) > 710gl(;g7’/2
) 1 < 3
i.e. .
T(r,g) — loglogr/2
So
T(r,v) < log log 2r
T(r,g) — loglogr/2
< 3 as r— oo.

<3 as r— oo.
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Also
T(r,f2) = logr, T(r,uz)=logr +log4,
T(T‘, f3) = za T(T‘, U3) = 1 + log 8,
s ™
T(r, fa) = logr, T(r,us) =logr + log1l6.

Here T(r,g) » T(r,v). But still T(r, fn) ~T(r,uy) for n=2,3,4.

Example 4.5. Let f(z) = e, g(z) = (log2)? and u(z) = 2¢*,v(z) = (log 22)2.
Then we have

fo = flg) = e85 yy = u(v) = 2e00822)°
fz = flg(f) = €z2,u3 =u(v(u)) = 26(108:4)24226,22’
fa = fle(f(9)) = e(log2)47u4 =u(v(u(v))) = 90 log4)? 42(log 22)* (log 22)4,
s = Falfe)) = e us = ulv(u(v(u)))) = 32658”42008 46" (log 1)
Also
T(rf) = L. T(ru)== +log2,
T(r,f) ~T(r,u).
and
%S ;E::g; <3 as r— o0.

Here T(r, f) # O*((logr)?) where B > 1 is a constant and T(r,g) = T(r,v). But
T(r, fo) = (logr)* and T(r,us) = (logr)? + 2log2logr + (log2)? + log?2

S0
T(r, fa) ~T(r,uz) as r — oo,
and
2 2
T(r,f3) = — and T(r,us) =log2+ (log4)? + 2rlog4 + —,
T T
s0
T(r, f3) ~T(r,us) as r — o0,
and
T(r, f1) = (log r)4and T(r,us) = log2 + (log 4)2 + O(log r)2 + (log 2r)4,
S0
T(r, fa) ~T(r,us) as r — 00,
and
ot ot
T(r,fs) = — and T(r,us) =1log2+ (10g4)2 + 0(7‘2) + —,
T T
50
T(r, f5) ~T(r,us) as r — oo,
and so on.
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