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A new factor theorem for absolute Cesaro
summability

(communicated by Naim Braha)

HUSEYIN BOR

Abstract

In this paper, a known theorem dealing with | C, o; d |, summability fac-
tors has been generalized for | C,«, 8 ;6 |, summability factors.Our the-
orem also includes some known results.

1 Introduction

Let Y a, be a given infinite series with partial sums (s,). We denote by u%?
and t&# the nth Cesaro means of order (a, 3), with a+ 3 > —1, of the sequence
(sn) and (na,,), respectively, i.e., (see [3])

n

1 o
= Qo+B ZAn*iAgSU (1)
n v=0
I & o
tg”g = W Z Anﬂl,Agvam (2)
n v=1
where
A2TB = O(n*th), Agﬂj =1 and A“TP =0 for n>0. (3)

The series ) a,, is said to be summable | C, o, |, k > 1, if (see [5])

oo

anil \ uf{’ﬁ — uzfl |k< 0. (4)
n=1
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Since t%# = n(u®? — u®P)) (see [5]), condition (4) can also be written as

— 1
Yot <o, ()
n
n=1
The series ) a, is summable | C,a, 3 ;0 |, , k> 1and 6 >0, if (see [2])

oo oo
L KT T e S Rl Rl AR H (6)
n=1

n=1

If we take 6 = 0, then | C, o, § ;0 |, summability reduces to | C, o, 8 |, summa-
bility.Also if we take S = 0 , then we get | C, ;0 |, summability (see [7]).
Furthermore, if we take § = 0 and § = 0 , then | C,«, 3 ;d |, summability
reduces to | C,« |, summability (see [6]). It should be noted that obviously
(C, a,0) mean is the same as (C, «) mean. A sequence (),) is said to be convex
if A2\, > 0, where A%\, = A\, —A\,11 and A\, = A\, — A y1. In [8] Lal and
Singh have proved the following theorem dealing with | C, ;0 |, summability
factors of infinite series.

Theorem A. If ()\,) is a convex sequence such that > n~1)\, is convergent and
the sequence (0%) defined by

0, =ty ], a=1 (7)
00 = max |[t5], O0<a<l1 (8)
1<v<n

satisfies the condition

(n67)* = O{(logn)"**1} (C, 1),

then the series Y- (logn)P~**+1 g, \,, is summable | C, ;0 |, for 0 < a < 1,p >
0,k>1,0 >0 and 0k < a.

2 The Main Result

The aim of this paper is to generalize Theorem A for | C, o, 8 ;6 |, summability.
We shall prove the following theorem.

Theorem . If ()\,) is a convex sequence such that > n~!\, is convergent and
the sequence (627) defined by

08 =t |, a=1,8>-1 (9)

0P = max |t2P ], O0<a<1,B>-1 (10)
1<v<n
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satisfies the condition
(n°05P)F = Of(log )P~} (C, 1),

then the series Y (log(n + 1))"PT**1 g, \,, is summable | C,a, 3 ;8 |, for 0 <
a<l,B>-1,k>1,0>0,p>0anda+8—-6>0.

We need the following lemmas for the proof of our theorem.

Lemma 1 ([4]). If (\,) is a convex sequence such that the series > n=!\,
is convergent, then ()\,,) is non-negative and non-increasing, nA\, = O(1) and
Anlogn =o(1) , as n — co.

Lemma 2 ([1]). f0<a <1, 8> —-1and 1 <v <mn, then

|ZAQ 1ABq, |< max \ZA“ L ABa, | (11)
= =0

noPtP 1<m<uv mepTp
Lemma 3 ([10]). If ((log(n + 1))P**=1X,,) satisfies the same conditions as
(An) in Lemma 1, then
n (log (n+ 1))P™*1AX, =0(1) ,asn — oo
and
Z n (log (n+ 1))P™*1A%X,, = O0(1) ,as m — occ.
n=1

Lemma 4 ([8]). If (\,) is a convex sequence such that the series > n=t\, is
convergent, then for p > 0 and k > 1

3 A)* =0(1
Z (log (n + 1))pFD =12 — (1), asm— oco.

3 Proof of the Theorem

We write

An
X, = .
(log (n + 1))ptk-1

Let (T%") be the n-th (C,a, 8) mean of the sequence (na,X,). Then, by (2),
we have

1
TP = A(MZAg LAPva, X

First applying Abel’s transformation and then using Lemma 2, we have that

ToP = Aa+5 ZAX ZA;’; 1AVia; + +ﬂZA°‘ 1 Abva,,

v=1 " v=1
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-1
T | < ALBHZAXU | Zv:A%ZilAfiai | +A)§15 |ZH:A335A5”% |
n v=1 i=1 n v=1
-1
< Aa1+ . nz AYABOSPAX, + X, 000
n v=1
= T,?lﬁ + Tﬁ‘,’zﬁ7 say.
Since

, Bk k Bk ,
| Tl + Ty F< 2R (Tl F | T 1R,

in order to complete the proof of the theorem, by (6), it is sufficient to show
that

oo
Znék*l | Tr‘f‘f F<oo ,for r=1,2.
n=1

Whenever k > 1, we can apply Holder’s inequality with indices k and k', where
%—I— % =1, we get that

m—+1 m+1 1 n—1
Sk—1 a,B |k ok—1 a ABpa,B k
n T < n — AgADOY P AX,
nZ:; | Ty |° < ;2 ‘Az“’; |

m+1 1 n—1 n—1

_ ak, Bk a,B\k k—1

= 0(1)2n1+<a+ﬁ_5>k{2” vPFA X, (6° )}X{Z;AXU}
m ( | m4+1 1

_ a+B8)k a,B\k

- 0<1)ZU AX,(657) Z L+ (atB=d)k
v=1 n=v+1

- 0 1)§: ek x, (goiye [ 4T

- ( v 'U( v ) x1+(a+ﬁ,5)k
v=1 v

= 0(1) Y AX,(v°05%)"
v=1
m—1 v

= 0(1) 3 ABX) D (0
v=1 p=1

+ O()AX, Y (v°05F)*

v=1

m—1

= 0(1) v(log (v + 1))PTF7IA2X, + O(m(log (m + 1))PT*1AX,,)
v=1
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by the application of Lemma 3. Similarly, we have that
m k

o - (o3 Xn [e3
Sonh X000 P = 0(1)27( n’f5 ")

n=1 =1
m— n
_ A 71Xk 5004[3
k
“Am
m

i 60(16

+
v=1
m—1
= 0(1) > n(log(n+1)P™TAMTIXF) + O(XE (log (m + 1))PHF )
n=1
m—1 m—1
= 0(1) > n7'X}(log(n+1))P™*1+0(1) > (log(n + 1)) AX}
n=1 n=1
+ O(1)((log (m +1))"**=1X0)
S (Anlog (n +1))"
= (n+1)(log (n + 1)) +ptk=1)+k(k=1)
—1
ANE
N Z log n+ 1))pk=1+(k-1)2

n=1
m log (m +1))*
+ m +1 p(k 1)+k(k—1)+

= 1 as m — oo,

by the application of Lemma 4 and A, logn = O(1). Therefore, by (6), we get
that

Znék 1|T°"3 <oo ,for r=1,2.

This completes the proof of the theorem. It should be noted that if we take
B = 0, then we obtain Theorem A. This theorem also includes as particular
cases the results of Pati [9] and Prasad and Bhatt [10].
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