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SUBORDINATION RESULTS FOR CERTAIN CLASSES OF
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COMPLEX ORDER
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M. K. AOUF!, A. SHAMANDY?, A. O. MOSTAFA3 AND E. A. ADWAN*

ABSTRACT. In this paper, we drive several interesting subordination results
of certain classes of analytic functions defined by convolution with complex
order.

1. INTRODUCTION

Let A denote the class of functions of the form

fR) =2+ anz", (1.1)

which are analytic in the open unit disc U = {z € C: |z| < 1}. We also denote by
K the class of functions f(z) € A which are convex in U.

For functions f given by (1.1) and g € A given by

92) =24 Ycnd”  (en20), (1.2)

n=2

the Hadamard product (or convolution) of f and g is defined by

(F0)(2) = 2+ 3 aneaz” = (g% F)(2):

n=2
If f and g are analytic functions in U, we say that f is subordinate to g, written
f =< g if there exists a Schwarz function w, which (by definition) is analytic in
U with w(0) = 0 and |w(z)| < 1 for all z € U, such that f(z) = g(w(z)), z €
U. Furthermore, if the function ¢ is univalent in U, then we have the following
equivalence (cf., e.g., [5] and [14]):
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f(2) < g(z) & f(0) = g(0) and f(U) C g(U).
( Subordinating Factor Sequence ) [21]. A sequence {b,}, -, of complex numbers

is said to be a subordinating factor sequence if, whenever f of the form (1.1) is
analytic, univalent and convex in U, we have the subordination given by

ibnanz” < f(z) (z€U; a1=1). (1.3)
n=1

For A > 0,0 <a<1,be C*=C\{0} and for all z € U, let S(f,g; A\, @, b) denote
the subclass of A consisting of functions f(z) of the form (1.1) and g(z) of the form
(1.2) and satisfying the analytic criterion:

Re{l—i—i[(1—)\)”*?(2)+)\(f*g)/(z)—1}}>a, (1.4)

and for A > 0,8 > 1,b € C* and for all z € U, let M (f, g; A, B, b) denote the subclass
of A consisting of functions f(z) of the form (1.1) and g(z) of the form (1.2) and
satisfying the analytic criterion:

Re{ui[ax)mﬂ(]v*g)/(z)1”<5. (1.5)

z

We note that for suitable choices of g, A\, @ and 3, we obtain the following subclasses.

(D) Ifg(z) =2+ i U, (a1) 2" (or ¢, = ¥, (1)), where

n=2

v, (0‘1) =

(1.6)

(a; >0, i=1,.....,q;6; >0, j=1,....,8; ¢ <s+1;¢q,5s € Ng =NU {0},

N ={1,2,...}), then the class S(f, z+ > ¥,, (a1) 2™; A, i, b) reduces to the class S, s ([o1]; A, a, b)
n=2
1 H, .
= {fEA:Re{1-|-b [(1_/\)%(&;)]0(2)

A>0,0<a<1,beCzeU},

A (Hy(00)f(2)) — 1} } >,

and the class M(f,z+ > U, (aq) 2™; A, 8,b) reduces to the class M, s([aa]; A, 8, b)

n=2

1
A>0, f>1,beC* z€U},

Hq,s(al)f(z)

A ()16 1]} <5,

where Hy s(a1) is the Dziok-Srivastava operator ( see [10] and [11] ) which con-
tains well known operators such as Carlson-Shaffer linear operator (see [6]), the
Bernardi-Libera-Livingston operator (see [4], [12] and [13]), Srivastava - Owa frac-
tional derivative operator (see [16]), the Choi-Saigo-Srivastava operator (see [9]),
the Cho-Kwon-Srivastava operator (see [8]), the Ruscheweyh derivative operator
(see [17]) and the Noor integral operator (see [15]);
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(&) m m
(2)Ifg(z) = 2+ > (%ﬁ) z" (or Cn = (%ﬁ) ,7>0,1>0,meNy),
n=2

then the class S(f, z+ Y (%{ll)“) 2™; A\, a, b) reduces to the class S(v,l,m; \, a, b)
n=2

—_

:{feA:Re{1+ [(1—A)1m<7’zl>f(z)+)\(I7”(7,l)f(z))/—1}} > a,

A>0,0<a<1,y>0,l>0,meNybeC*ze€U},

S

the class S(v,1,m; X, 0,b) reduces to the class G™(~,1; A, b)

:{feA:Re{l—kll) {(1—)\)WJr/\(I’"(%l)f(Z)),—l}} >0,

A>0, ,v>0,0>0,meNy,beC*,zeU} (see [2]),

and the class M (f, z+ > (%{llw)m 2™ A, B, b) reduces to the class M (v, 1, m; A, 3,b)
n=2

1 I (~,1 /
= {fEA:Re{l—i-b [(1—A)W+A(1m(7,l)f(z)) —1]} < B,
A>0, 8>1,7v>0,l>0,meNy,beC*,zeU},
where I™(v,1) f(2) is the extended multiplier transformation (see [7]);
(3) If g(z) = 2+ > nkzn (or chn=n" k¢ No), then the class S(f, z+ Y. n*2"; A, B, b) reduces
n=2 n=2
to the class SS(k; A\, «, b)

k ’
z{fGA:Re{l—F;[(1—/\)Dz(z)—|—/\(Dkf(z)) —1}}>a, A >0,
0<a<l,keNybeC*zeU},

the class SS(k; A\, 0) = Gr(\, D)

z{fEA:Re{l—l—llj[(1—/\)1%(2)—1—/\(Dkf(z)),—1}}>0, A >0,
keNg,beC*,ze U} (see [1]),

and the class M (f,z+ >_nFz"; A\ B,b) reduces to the class MS(k; A, 3,b)

n=2

z{feA:Re{l—l-ll){(I—A)ljkic(z)+)\(Dkf(z))/—1]}<ﬁ,
A>0,8>1,keNy,beC*zeU},

where DF is the Salagean differential operator ( see [18] );

2. MAIN RESULTS

Unless otherwise mentioned, we shall assume in the reminder of this paper that,
A>0,0<a<l, >1, n>2 zeU,6be C* and g(z) is defined by (1.2).
To prove our main results we need the following lemmas.



64 M. K. AOUF, A. SHAMANDY, A. O. MOSTAFA AND E. A. ADWAN

Lemma 2.1. [20]. The sequence {b,},-, is a subordinating factor sequence if and
only if

Re{1+22bnz”}>0, (z € U). (2.1)

n=1

Lemma 2.2. Let the function f defined by (1.1) satisfy the following condition:
D L+ An=1)]enlan] < (1—a)b]. (2.2)
n=2

Then f € S(f,g;\, a,b).
Proof. Assume that the inequality (2.2) holds true. Then we find that

-2 gy (-1
|- LS ) @)+ 20— a1

2(1 — )b+ i [1+An—1)]cpanz"?

Z [1+An—1)]cpanz"?

n=2 ‘

n=2
<Y L+ A= D)eq lan] |27 - {2 (L=a)[b] = > [1+An—1)]cp |an] |z”1|}
n=2 n=2
<> L+ An=1)enlan] < (1—a)b]. (2.3)
n=2
This completes the proof of Lemma 2.2. ([l
Let the function f(z) defined by (1.1) be in the class S(f, g; A\, i, b), then
(1—a)lb|
<——— (n>2). 2.4
The result is sharp for the function
(1—a)lb|
= " (n > 2). 2.5

Lemma 2.3. Let the function f defined by (1.1) satisfy the following condition:

o

S+ A = Dlenanl < (8- 1) 8] (2.6)

n=2

Then f € M(f,g; A, B,b).
Proof. Assume that the inequality (2.6) holds true. Then we find that

-0 TDE gy (-1

< ](1—» U9 4y (Fag) (2) - 28— 1)p+1]

z

9
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that is, that

Z [1+An—1)]cpanz" | < [2(8—-1)b+ Z 1+ An—1)]cpanz""t.
n=2 n=2
The last expression is bounded above by 1 if
Do+ Am = Dlealan] <208 =1) bl = Y [1+A(n =1 en lan -
n=2 n=2

Then f € M(f,g; ), 3,b). This completes the proof of Lemma 2.3.
O

Corollary 2.4. Let the function f(z) defined by (1.1) be in the class M(f, g; A, B,b), then
(8—1)b|

lan| < AT Am=1)e, (n>2). (2.7)
The result is sharp for the function
_ B-=Dbl .

Let S*(f,g; A\, a,b) denote the class of functions f(z) € A whose coefficients sat-
isfy the condition (2.2). We note that S*(f,g;\,a,b) C S(f, ;A\, ,b) and let
M*(f,g; )\, B8,b) denote the class of functions f(z) € A whose coefficients satisfy
the condition (2.6). We note that M*(f,g; \, 8,b) C M(f, g; \, 5,b).

Employing the technique used earlier by Attiya [3] and Srivastava and Attiya
[19], we prove:

Theorem 2.5. Let f € S*(f,g; N\, a,b), ¢, > ca >0 (n>2). Then for every
function ¢ € K, we have
(1 + A) Co
2[(1+ A ea + (1 —a)|b|]

(f *9)(z) < 9(2), (2.9)

and

(1+X)ca+(1—a)lbl
Re{f(z)} > = (1 + )\) Co .
(1+XN)c

2[(1+A) ez + (1 — ) [b]]

(2.10)

The constant is the best estimate.

Proof. Let f € S*(f,g; A\, a,b) and let ¢(2) =z + > dpz™ € K. Then we have

n=2
(1 + /\) Co
Mt Nard_ap e
(1 + )\) C2 ( x )
= z+ andn2™ | . 2.11
AT+ N+ 5 211)
Thus, by Definition 1, the subordination result (2.9) will hold true if the sequence
(]. —+ )\) C2 }OO

an ) 2.12
et G 212
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is a subordinating factor sequence, with a; = 1. In view of Lemma 2.1, this is
equivalent to the following inequality:

- (1+XNe n
Re{1+;(1+/\)62+(12_a)|banz }>0. (2.13)

Now, since
{1+ A(n=1)]en},

is an increasing function of n (n > 2), we have

S (I+XNe n
Re{1+7zz—:1(1+)\)02+(1Oé)|b|anz}
— Re (1+)\)CQ . 1 oo - Zn
- {1+(1+>\)62+(1a)|b| +(1+>\)02+(17Q)‘b|n§2(1+)\) 20n, }
(1+A)62 1 0 .
217(1-%)\)024—(1—04) |b|r7((1+)\)62+(1_a)|b‘n§2[1+)‘(”*1)]0n|an|r )

(1+A) e . (1—a)|b| .
(1+X)c2+ (1 —a)lb| (14X e+ (1 —a)bl
=1-r>0(z|=r<1),

>1-—

where we have used assertion (2.2) of Lemma 2.2. Thus (2.13) holds true in U. This
proves the inequality (2.9). The inequality (2.10) follows from (2.9) by taking the
(o)

convex function ¢(z) = %= =2+ > 2" € K.
n=2
(1 + )\) Co

2[4+ AN 2+ (1 —a)|b|]’
function fo(z) € S*(f, g; A, i, b) given by

To prove the sharpness of the constant we consider the

(1—a) ] ,
=z—- —F2" 2.14
ol) = == T (214)
Thus from (2.9), we have
(1 —+ )\) C2 z
< —. 2.15
ST Nera—ap® 12 (2.15)
Moreover, it can be verified for the function fy(z) given by (2.14) that
. (1+XN)c 1
=——. 2.1
min {Re 2T+ N e+ 1 —a )] =73 (2.16)
1+ XN)c

This show that the constant

is the best ible. Thi
AT N et (1=a) [0l is the best possible is

completes the proof of Theorem 2.5.
O
&)
Putting g(z) = z+ >, ¥,2" (or ¢, = ¥,,), where ¥, is defined by (1.6) in Lemma

2.2 and Theorem 2.5,:vve obtain the following corollary:



SUBORDINATION RESULTS FOR CERTAIN CLASSES OF ANALYTIC FUNCTIONS 67

Corollary 2.6. Let f defined by (1.1) be in the class S; (([a1]; A, @, b) and satisfy

the condition
oo

Yo+ A = DY, () |an| < (1-a) [b].

n=2

Then for every function ¢ € K, we have
(L4 A) ¥ (o)
2[(14+X) Uy (o) + (1 — ) 0]

(f x¥)(2) < ¥(2),
and
1+ XUy 4 (1 —a)lb]
Re{f(2)} > — ﬂiMW2 :
(1 + )\) \1’2 (0&1)
2[(1+ M) ¥y (1) + (1 — ) [b]

18 the best estimate.

The constant

Remark. (1) Putting ¢, = n* (k € Ng) and o = 0 in Lemma 2.2 and Theorem
2.5, we obtain the result obtained by Aouf [1, Theorem 1];

1+
2.2 and Theorem 2.5, we obtain the result obtained by Aouf and Hidan [2, Theorem

3].

(2) Putting ¢,, = (w)m (v>0,1>0,meNy) and a = 0 in Lemma

Similarly, we can prove the following theorem.

Theorem 2.7. Let f € M*(f,g;\,8,b), ¢n > ¢ca > 0 (n>2). Then for every
function ¢ € K, we have

(]. +)\) C2

and
(L+X)ca+ (B—1)p]
Re{f(2)} > — Tive . (2.18)
(I1+XNe

is the best estimate.

The constant 2[(14+ N e+ (B —1) 0]

Putting ¢(z) = 24+ > ¥, (a1) 2™ (or ¢, = U, (1)), where U, (a1) is defined
n=2

by(1.6) in Lemma 2.3 and Theorem 2.7, we obtain the following corollary:

Corollary 2.8. Let f defined by (1.1) be in the class My (([c1]; A, B,b) and satisfy

the condition
oo

D4+ AR = DI, (1) fan] < (B 1)[8]-

Then for every function ¢ € K, we have
(14 A) ¥ (o)
2[(1 4 ) W2 (1) + (B — 1) [b]]

(f x9)(2) < 9(2),

and
(I4+XN) Ty (a1)+(B-1) |b|

(1 + )\) Uy (041)

Re{f(2)} > -

(1 + )\) \I/Q (al)

s the best estimate.
3T ) s (an) + (B =D | 1s the best estimate

The constant
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Remark. Specializing g, \ and B, in Lemma 2.3 and Theorem 2.7, we obtain the
corresponding results for the corresponding operators (1-3) defined in the introduc-
tion.
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