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DETERMINATION OF THE η−DUAL OF SOME CLASSICAL

SETS OF n-SEQUENCES OF FUZZY NUMBERS

(COMMUNICATED BY NAIM BRAHA)

HEMEN DUTTA, IQBAL H. JEBRIL, B. SURENDER REDDY AND MANMOHAN DAS

Abstract. The main aim of the present paper is to introduce the notion of

η−dual for sets of n-sequences of fuzzy numbers and compute the η−dual of

some classical sets of n-sequences of fuzzy numbers.

1. Introduction

The concepts of fuzzy sets and fuzzy set operations were first introduced by
Zadeh [23] and subsequently several authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy topological spaces, similarity
relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathematical
programming. Matloka [15] introduced bounded and convergent sequences of fuzzy
numbers and studied their some properties. Later on sequences of fuzzy numbers
have been discussed by Diamond and Kloeden [11], Nanda [16], Esi [9], Dutta [4,5,6]
and many others.

A fuzzy number is a fuzzy set on the real axis, i.e., a mapping u : R −→ [0, 1]
which satisfies the following four conditions:
(i) u is normal, i.e., there exists an x0 ∈ R such that u(x0) = 1.
(ii) u is fuzzy convex, i.e., u[λx+ (1− λ)y] ≥ min{u(x), u(y)} for all x, y ∈ R and
for all λ ∈ [0, 1].
(iii) u is upper semi-continuous.

(iv) The set [u]0 = {x ∈ R : u(x) > 0} is compact, where {x ∈ R : u(x) > 0} denotes
the closure of the set {x ∈ R : u(x) > 0} in the usual topology of R.
We denote the set of all fuzzy numbers on R by E1 and called it as the space of
fuzzy numbers. λ−level set [u]λ of u ∈ E1 is defined by

[u]λ = {t ∈ R : u(t) ≥ λ}, (0 < λ ≤ 1),

= {t ∈ R : u(t) > λ}, (λ = 0).

The set [u]λ is a closed, bounded and non-empty interval for each λ ∈ [0, 1] which
is defined by [u]λ = [u−(λ), u+(λ)]. R can be embedded in E1, since each r ∈ R
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can be regarded as a fuzzy number

r(t) = 1, t = r,

= 0, t 6= r.

Let W be the set of all closed bounded intervals A of real numbers such that
A = [A1, A2]. Define the relation d on W as follows:

d(A,B) = max{|A1 −B1|, |A2 −B2|}.

Then (W,d) is a complete metric space (see Diamond and Kloeden [10], Nanda
[16]). Then Talo and Başar [18] defined the metric D on E1 by means of Hausdorff
metric d as

d(u, v) = sup
λ∈[0,1]

d([u]λ, [v]λ) = sup
λ∈[0,1]

max d(|u−(λ)− v−(λ)|, |u+(λ)− v+(λ)|).

Lemma 1.1. (Talo and Başar[18]) Let u, v, w, z ∈ E1 and k ∈ R. Then
(i) )(E1, D) is a complete metric space.
(ii) D(ku, kv) = |k| D(u, v).
(iii) D(u+ v, w + v) = D(u,w).
(iv) D(u+ v, w + z) ≤ D(u,w) +D(v, z).
(v) |D(u, 0)−D(v, 0)| ≤ D(u, v) ≤ D(u, 0) +D(v, 0).

Lemma 1.2. (Talo and Başar[18]) The following statements hold:
(i) D(uv, 0) ≤ D(u, 0)D(v, 0) for all u, v ∈ E1.
(ii) If uk −→ u, as k −→∞ then D(uk, 0) −→ D(u, 0) as k −→∞.

Let n ≥ 2 be an integer. Then we define a fuzzy n-sequence is an n-infinite
array of fuzzy real numbers. We denote a fuzzy n-sequence by (am1m2...mn), where
am1m2...mn are fuzzy real numbers for each m1,m2, . . . ,mn ∈ N . For n = 2, we
known it as double sequence of fuzzy real numbers. The initial works on double
sequences of real or complex terms is found in Bromwich [1]. Hardy [12] introduced
the notion of regular convergence for double sequences of real or complex terms.
The works on double sequence was further investigated by Basarir and Solancan [2],
Moricz [17], Tripathy and Dutta [21], Tripathy and Sarma [22] and many others.
Talo and Başar [18] introduced the notion of α−, β− and γ−dual of single sequences
of fuzzy numbers and computed α−, β− and γ−duals of some classical sets of
sequences of fuzzy numbers. Recently Dutta and Surender Reddy [8] has computed
α−dual for some sets of sequences of fuzzy numbers defined using on Orlicz function.
Let us denote the set of all n-sequences of fuzzy numbers as nw

F .

Definition 1.1. Let (am1m2...mn) ∈ nw
F . Then the expression

∑
m1

∑
m2

. . .
∑
mn

am1m2...mn

is called a series corresponding to the n-sequence (am1m2...mn) of fuzzy number. De-
note

Sk1k2...kn =

k1∑
m1=1

k2∑
m2=1

. . .

kn∑
mn=1

am1m2...mn

for all k1, k2, . . . , kn ∈ N . If the sequence (Sk1k2...kn) converges to a fuzzy number
u, then we say that the series

∑
m1

∑
m2

. . .
∑
mn

am1m2...mn
converges to u and write∑

m1

∑
m2

. . .
∑
mn

am1m2...mn
= u.
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We denote by ncs
F and nbs

F , the set of all convergent and bounded series of
fuzzy numbers respectively.

We define the classical sets nc
F , nc

F
0 , n`

F
1 , n`

F
p , n`

F
∞, nσ

F and nw
F
p consist-

ing of the convergent in Pringsheim’s sense, null in Pringsheim’s sense, absolutely
summable, p-absolutely summable, bounded, eventually alternating and strongly
p-Cesàro summable n-sequences of fuzzy numbers, as follows:

n`
F
∞ = {(am1m2...mn) ∈ nw

F : sup
m1,m2,...,mn

D(am1m2...mn , 0) <∞},

n`
F
p = {(am1m2...mn

) ∈ nw
F :
∑
m1

∑
m2

. . .
∑
mn

D(am1m2...mn
, 0)p <∞},

nc
F = {(am1m2...mn

) ∈ nw
F : D(am1m2...mn

, L) = 0, as min(m1,m2, . . . ,mn) −→∞,
for some fuzzy number L},

nc
F
0 = {(am1m2...mn

) ∈ nw
F : D(am1m2...mn

, 0) = 0, as min(m1,m2, . . . ,mn) −→∞},

nw
F
p = {(am1m2...mn

) ∈ nw
F : lim

i1,i2,...,in−→∞

1

i1i2 . . . in

i1∑
m1=1

i2∑
m2=1

. . .

in∑
mn=1

D(am1m2...mn
, L)

p
= 0},

nσ
F = {(am1m2...mn) ∈ nw

F : am1m2...mn = −am1+1,m2,...,mn for all m1 ≥ l1, . . . ,
am1m2...mn

= −am1,m2,...,mn+1, for all mn ≥ ln}.
An Orlicz function is a function M : [0,∞) −→ [0,∞) which is continuous, non-

decreasing and convex with M(0) = 0, M(x) > 0 , for x > 0 and M(x) −→ ∞, as
x −→∞.
Lindenstrauss and Tzafriri [14] used the Orlicz function and introduced the sequence
space `M as follows:

`M =

{
(xk) ∈ w :

∞∑
k=1

M

(
|xk|
ρ

)
<∞, for some ρ > 0

}
.

They proved that `M is a Banach space normed by

‖(xk)‖ = inf

{
ρ > 0 :

∞∑
k=1

M

(
|xk|
ρ

)
≤ 1

}
.

Now we further generalize the above spaces using an Orlicz function as follows:

n`
F
∞(M) =

{
(am1m2...mn

) ∈ nw
F : sup

m1,m2,...,mn

M

(
D
(
am1m2...mn , 0

)
ρ

)
<∞, for some ρ > 0

}
,

n`
F
p (M) =

{
(am1m2...mn

) ∈ nw
F :
∑
m1

∑
m2

. . .
∑
mn

(
M

(
D
(
am1m2...mn

, 0
)

ρ

))p
<∞, for some ρ > 0

}
,

nc
F (M) = {(am1m2...mn) ∈ nw

F : M

(
D (am1m2...mn , L)

ρ

)
= 0, as min(m1,m2, . . . ,mn) −→∞,

for some fuzzy number L and ρ > 0},

nc
F
0 (M) = {(am1m2...mn

) ∈ nw
F : M

(
D
(
am1m2...mn , 0

)
ρ

)
= 0, as min(m1,m2, . . . ,mn) −→∞

and for some ρ > 0},
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nw
F
p (M) = {(am1m2...mn) ∈ nw

F : lim
i1,i2,...,in−→∞

1

i1, i2, . . . , in

i1∑
m1=1

i2∑
m2=1

. . .

in∑
mn=1(

M

(
D (am1m2...mn

, L)

ρ

))p
= 0, for some ρ > 0},

Let r ≥ 1. Then we define η−dual, β−dual and γ−duals of a set nE
F ⊂ nw

F

which are respectively denoted by {nEF }η, {nEF }β and {nEF }γ , as follows:

{nEF }α = {(am1m2...mn
) ∈ nw

F : (am1m2...mn
bm1m2...mn

) ∈ n`
F
r , for all

(bm1m2...mn) ∈ nE
F },

{nEF }β = {(am1m2...mn
) ∈ nw

F : (am1m2...mn
bm1m2...mn

) ∈ ncs
F , for all

(bm1m2...mn
) ∈ nE

F },

{nEF }γ = {(am1m2...mn) ∈ nw
F : (am1m2...mnbm1m2...mn) ∈ nbs

F , for all
(bm1m2...mn) ∈ nE

F }.

For r = 1, we write {nEF }η = {nEF }α, α−dual of the set nE
F . The notion of

η−dual for classical sets of single sequence of scalars was introduced by Chandra
and Tripathy [3] and extended to classical sets of double sequences of scalars by
Sarma [19].

The proof of the following results is obvious in view of the definition of η−dual
of n-sequences.

Lemma 1.3. Let nE
F and nZ

F be any two non-empty subsets of nw
F . Then

(i) {nEF }η is a linear subspace of nw
F .

(ii) nE
F ⊂ nZ

F implies {nZF }η ⊂ {nEF }η.
(iii) nE

F ⊆ {nEF }ηη.

2. Main Results

In this section we give η−, β− and γ−duals of the sets nc
F (M), nc

F
0 (M),

n`
F
∞(M), nσ

F and nw
F
p (M) ∩ n`F∞(M).

Lemma 2.1. Let (am1m2...mn
) be any element belong to any one of the sets nc

F (M),

nc
F
0 (M), n`

F
∞(M) and nw

F
p (M) ∩ n`F∞(M). Then (am1m2...mn

) ∈ n`
F
∞.

Proof. Let (am1m2...mn
) belongs to any one of the sets of the statement of the

Lemma. Then there exists some ρ > 0 such that

sup
m1,m2,...,mn

M

(
D
(
am1m2...mn

, 0
)

ρ

)
<∞

It follows that

M

(
D
(
am1m2...mn , 0

)
ρ

)
<∞, for all m1,m2, . . . ,mn ∈ N

Since M is an Orlicz function (M(x) −→∞, as x −→∞), we have
D
(
am1m2...mn

, 0
)
<∞ for all m1,m2, . . . ,mn ∈ N . Thus (am1m2...mn

) ∈ n`
F
∞. �
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Theorem 2.2. Let M be any Orlicz function. Then the η−dual of the sets nc
F
0 (M),

nc
F (M) and n`

F
∞(M) of n-sequences of fuzzy numbers is the set n`

F
r .

Proof. Since the proof is similar for the sets nc
F
0 (M) and nc

F (M), we give the proof
only for the set n`

F
∞(M). Let (am1m2...mn) ∈ n`

F
∞(M). By Lemma 2.1, there exists

a K > 0 such that D
(
am1m2...mn , 0

)
≤ K for all m1,m2, . . . ,mn ∈ N . Now we

have ∑
m1

∑
m2

. . .
∑
mn

[
D
(
am1m2...mn

bm1m2...mn
, 0
)]r ≤

∑
m1

∑
m2

. . .
∑
mn

[
D
(
am1m2...mn

, 0
)]r [

D
(
bm1m2...mn

, 0
)]r ≤ Kr

∑
m1

∑
m2

. . .
∑
mn

[
D
(
bm1m2...mn

, 0
)]r

If (bm1m2...mn) ∈ n`
F
r , then from the above inequality we have (bm1m2...mn) ∈{

n`
F
∞(M)

}η
. Hence n`

F
r ⊆

{
n`
F
∞(M)

}η
. Conversely let (bm1m2...mn) ∈

{
n`
F
∞(M)

}η
.

If we consider the n-sequence (am1m2...mn), where am1m2...mn = 1, for allm1,m2, . . . ,mn ∈
N . Then∑
m1

∑
m2

. . .
∑
mn

[
D
(
bm1m2...mn

, 0
)]r

=
∑
m1

∑
m2

. . .
∑
mn

[
D
(
am1m2...mn

bm1m2...mn
, 0
)]r

<∞

Thus (bm1m2...mn
) ∈ n`

F
r .. Hence

{
n`
F
∞(M)

}η ⊆ n`
F
r . This completes the proof of

the Theorem. �

Taking M(x) = x for all x ∈ [0, 1] in Theorem 2.2, we get the results for the sets

nc
F
0 , nc

F and n`
F
∞.

Corollary 2.3. The η−dual of the sets nc
F
0 , nc

F and n`
F
∞ of n-sequences of fuzzy

numbers is the set n`
F
r .

Theorem 2.4. The η−dual of the sets nσ
F of n-sequences of fuzzy numbers is the

set n`
F
r .

Proof. We have nσ
F ⊆ n`

F
∞. Hence n`

F
r =

{
n`
F
∞
}η ⊆ {nσF}η. For converse part,

let (bm1m2...mn
) ∈

{
nσ

F
}η

. Then∑
m1

∑
m2

. . .
∑
mn

[
D
(
am1m2...mn

bm1m2...mn
, 0
)]r

<∞ for all (am1m2...mn
) ∈ nσ

F .

Consider am1m2...mn
= 1 = −am1+1,m2,...,mn

= · · · = −am1,m2,...,mn+1, for all
m1,m2, . . . ,mn ∈ N . Then (am1m2...mn

) ∈ nσ
F and∑

m1

∑
m2

. . .
∑
mn

[
D
(
bm1m2...mn

, 0
)]r

<∞

This implies that (bm1m2...mn
) ∈ n`

F
r . Hence

{
nσ

F
}η ⊆ n`

F
r . Thus

{
nσ

F
}η

=

n`
F
r �

Theorem 2.5. Let M be any Orlicz function. Then the η−dual of the set nw
F
p (M)∩

n`
F
∞(M) of n-sequences of fuzzy numbers is the set n`

F
r .

Proof. Since nw
F
p (M)∩n`F∞(M) ⊂ n`

F
∞(M), we have n`

F
r ⊆

{
nw

F
p (M) ∩ n`F∞(M)

}η
.

Conversely, let (am1m2...mn
) 6∈ n`

F
r , then we can write∑

m1

∑
m2

. . .
∑
mn

[
D
(
am1m2...mn

, 0
)]r

=∞.
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Consider the n-sequence (bm1m2...mn
), defined by bm1m2...mn

= 1 for allm1,m2, . . . ,mn ∈
N . Then (bm1m2...mn) ∈ nw

F
p (M) ∩ n`F∞(M), but∑

m1

∑
m2

. . .
∑
mn

[
D
(
am1m2...mn

bm1m2...mn
, 0
)]r

=∞.

Hence (am1m2...mn
) 6∈

{
nw

F
p (M) ∩ n`F∞(M)

}η
. It follows that

{
nw

F
p (M) ∩ n`F∞(M)

}η ⊆
n`
F
r . Thus

{
nw

F
p (M) ∩ n`F∞(M)

}η
= n`

F
r . �

Corollary 2.6. The η−dual of the set nw
F
p ∩ n`F∞ of n-sequences of fuzzy numbers

is the set n`
F
r .

Taking r = 1 we get the following Corollary.

Corollary 2.7. Let M be any Orlicz function. Then the α−dual of the sets

nc
F
0 (M), nc

F (M), n`
F
∞(M), nσ

F and nw
F
p (M) ∩ n`F∞(M) of n-sequences of fuzzy

numbers is the set n`
F
1 .

Again taking M(x) = x for all x ∈ [0, 1] in Corollary 2.7, we get the next result.

Corollary 2.8. The α−dual of the sets nc
F
0 , nc

F , n`
F
∞ and nw

F
p ∩ n`

F
∞ of n-

sequences of fuzzy numbers is the set n`
F
1 .

Definition 2.1. A set nE
F ⊂ nw

F is said to be solid if (bm1m2...mn
) ∈ nE

F

whenever D
(
bm1m2...mn

, 0
)
≤ D

(
am1m2...mn

, 0
)

for all m1,m2, . . . ,mn ∈ N and

(am1m2...mn
) ∈ nE

F . Therefore we can conclude that the α−, β− and γ−duals of
a set of n-sequences of fuzzy numbers are identical if it is solid.

Proposition 2.9. The sets nc
F
0 (M), n`

F
∞(M) and nw

F
p (M) ∩ n`F∞(M) are solid.

Proof. We given the proof only for the set nc
F
0 (M) and for other sets it will follow

on applying similar arguments. Let (am1m2...mn
) ∈ nc

F
0 (M). Then

lim
m1,m2,...,mn

M

(
D
(
am1m2...mn

, 0
)

ρ

)
= 0, for some ρ > 0.

Now suppose that for some (bm1m2...mn
) ∈ nw

F , we have
D
(
bm1m2...mn

, 0
)
≤ D

(
am1m2...mn

, 0
)

for all m1,m2, . . . ,mn ∈ N . Since M is
non-decreasing, we have

lim
m1,m2,...,mn

M

(
D
(
bm1m2...mn , 0

)
ρ

)
≤ lim
m1,m2,...,mn

M

(
D
(
am1m2...mn , 0

)
ρ

)
= 0.

It follows that (bm1m2...mn
) ∈ nc

F
0 (M). Thus nc

F
0 (M) is solid. �

Hence we have the next Proposition.

Proposition 2.10. Let M be any Orlicz function. Then the β− and γ−duals of
the sets nc

F
0 (M), n`

F
∞(M) and nw

F
p (M)∩n`F∞(M) of n-sequences of fuzzy numbers

is the set n`
F
1 .

Corollary 2.11. The β− and γ−duals of the sets nc
F
0 , n`

F
∞ and nw

F
p ∩ n`

F
∞ of

n-sequences of fuzzy numbers is the set n`
F
1 .
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(Ph.D Thesis).

[20] B. C. Tripathy, Statistically convergent double sequences, Tamkang J. Math., 34(3) (2003),
231–237.

[21] B. C. Tripathy and A.J. Dutta, On fuzzy real-valued double sequence space 2`
p
F , Math. Com-

put. Modelling, 46(9-10) (2007), 1294–1299.
[22] B. C. Tripathy and B. Sarma, Statistically convergent difference double sequence spaces, Acta

Math. Sinica, 24(5) (2008), 737–742.

[23] L.A.Zadeh, Fuzzy sets, Information and Control, 8 (1965), 338–353.

Hemen Dutta
Department of Mathematics, Gauhati University, Kokrajhar Campus, Assam, INDIA.

E-mail address: hemen−dutta08@rediffmail.com

Iqbal H. Jebril

Department of Mathematics, King Faisal University, Saudi Arabia.

E-mail address: iqbal501@yahoo.com

B.Surender Reddy
Department of Mathematics, PGCS, Saifabad, Osmania University, Hyderabad-500004,

A.P., INDIA.
E-mail address: bsrmathou@yahoo.com



76 HEMEN DUTTA, IQBAL H. JEBRIL, B. SURENDER REDDY AND MANMOHAN DAS

Manmohan Das

Department of Mathematics, Bajali College, Assam, INDIA.

E-mail address: manmohan−das10@rediffmail.com


	1. Introduction
	2. Main Results
	Acknowledgments

	References

