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A COMMON FIXED POINT OF ISHIKAWA ITERATION WITH
ERRORS FOR TWO QUASI-NONEXPANSIVE MULTI-VALUED
MAPS IN BANACH SPACES

(COMMUNICATED BY TAKEAKI YAMAZAKI)

WATCHARAPORN CHOLAMJIAK, SUTHEP SUANTAI

ABSTRACT. In this paper, we introduce a new two-step iterative scheme with
errors for finding a common fixed points of two quasi-nonexpansive multi-
valued maps in Banach spaces. We prove a strong convergence theorem of the
purposed algorithm under some control conditions. The results obtained in
this paper improve and extend the corresponding one announced by Shahzad
and Zegeye [N. Shahzad, H. Zegeye, On Mann and Ishikawa iteration schemes
for multi-valued maps in Banach spaces, Nonlinear Analysis 71 (2009) 838-
844.].

1. INTRODUCTION

Let D be a nonempty convex subset of a Banach space F. The set D is called
proxziminal if for each x € E, there exists an element y € D such that ||z — y| =
d(z, D), where d(z, D) = inf{||lx—z|| : z € D}. Let CB(D), K(D) and P(D) denote
the families of nonempty closed bounded subsets, nonempty compact subsets, and
nonempty proximinal bounded subsets of D, respectively. The Hausdorff metric on
CB(D) is defined by

H(A, B) = max { sup d(z, B), sup d(y, A)}
TEA yeEB

for A,B € CB(D). A single-valued map T : D — D is called nonexpansive if
|ITx — Ty|| < ||z —yl| for all z,y € D. A multi-valued map 7' : D — CB(D)
is said to be nonexpansive if H(Tx,Ty) < ||z — y|| for all z,y € D. An element
p € D is called a fixed point of T : D — D (respectively, T : D — CB(D)) if
p = Tp (respectively, p € Tp). The set of fixed points of T is denoted by F(T).
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The mapping T : D — CB(D) is called

(i) quasi-nonezpansive[13] if F(T) # 0 and H(Txz,Tp) < ||z — p|| for all x € D and
all p e F(T);

(ii) L-Lipschitzian if there exists a constant L > 0 such that H(Tx, Ty) < L||z—y||
for all x,y € D;

(iii) hemicompact if, for any sequence {z,} in D such that d(z,,Tz,) — 0 as
n — oo, there exists a subsequence {z,,} of {x,} such that z,, — p € D. We
note that if D is compact, then every multi-valued mapping 7' : D — CB(D) is
hemicompact.

It is clear that every nonexpansive multi-valued map T with F(T') # 0 is quasi-
nonexpansive. But there exist quasi-nonexpansive mappings that are not nonex-
pansive, see [12]. It is known that if T is a quasi-nonexpansive multi-valued map,
then F(T) is closed.

A multi-valued map T': D — CB(D) is said to satisfy Condition (1) if there is a
nondecreasing function f : [0,00) — [0,00) with f(0) =0, f(r) > 0 for r € (0,00)
such that d(x,Tz) > f(d(x, F(T))) for all x € D.

Two multi-valued maps S,T : D — CB(D) are said to satisfy Condition (II)
if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0, f(r) > 0
for r € (0,00) such that either d(z,Sx) > f(d(z, F(S)n F(T))) or d(z,Tz) >
fd(z, F(S)NF(T))) for all z € D.

In 1953, Mann [6] introduced the following iterative procedure to approximate
a fixed point of a nonexpansive mapping 7" in a Hilbert space H:

Tpt1 = nZp + (1 — apn)Tz,, Yn €N, (1.1)

where the initial point x¢ is taken in C arbitrarily and {«,} is a sequence in [0,1].

However, we note that Mann’s iteration process (1.1) has only weak convergence,
in general; for instance, see [1, 3, 9].

In 2005, Sastry and Babu [10] proved that the Mann and Ishikawa iteration
schemes for multi-valued map T with a fixed point p converge to a fixed point ¢
of T under certain conditions. They also claimed that the fixed point ¢ may be
different from p. More precisely, they proved the following result for nonexpansive
multi-valued map with compact domain.

In 2007, Panyanak [8] extended the above result of Sastry and Babu [10] to
uniformly convex Banach spaces but the domain of 7" remains compact.

Later, Song and Wang [14] noted that there was a gap in the proofs of Theorem
3.1(see [8]) and Theorem 5 (see [12]). They further solved/revised the gap and also
gave the affirmative answer to Panyanak [8] question using the following Ishikawa
iteration scheme. In the main results, domain of 7" is still compact, which is a strong
condition (see [14], Theorem 1) and T satisfies condition(I) (see [14], Theorem 1).

In 2009, Shahzad and Zegeye [10] extended and improved the results of Panyanak
[8], Sastry and Babu [12] and Song and Wang [14] to quasi-nonexpansive multi-
valued maps. They also relaxed compactness of the domain of T" and constructed
an iteration scheme which removes the restriction of T' namely Tp = {p} for any
p € F(T). The results provided an affirmative answer to Panyanak [8] question in
a more general setting. They introduced a new iteration as follows:

Let D be a nonempty convex subset of a Banach space E and a,, o), € [0,1]. The
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sequence of Ishikawa iterates is defined by zo € D,

Yn =l zn + (1 —a))z,, n>0,
Tpt1 = Qnzn + (1 — ap)z,, n >0,

where T is a quasi-nonexpansive multi-valued map, z), € Tz, and z, € Tys,.

Since 2003, the iterative schemes with errors for a single-valued map in Banach
spaces have been studied by many authors, see [2, 4, 5, 7].

Question: How can we modify Mann and Ishikawa iterative schemes with errors
to obtain convergence theorems for finding a common fixed point of two multi-
valued nonexpansive maps ?

Motivated by Shahzad and Zegeye [12], we purpose a new two-step iterative
scheme for two multi-valued quasi-nonexpansive maps in Banach spaces and prove
strong convergence theorems of the purposed iteration.

2. MAIN RESULTS

We use the following iteration scheme:
Let D be a nonempty convex subset of a Banach space F, a,, 8n,al, 8, € [0,1]
and {uy,}, {v,} are bounded sequences in D.
Let Ty, T be two quasi-nonexpansive multi-valued maps from D into CB(D). Let
{zn} be the sequence defined by zg € D,

Yn = 2l + Bhan + (1=, — B)un, n >0,
Tpt1 = Qnzn + Bnn + (1 — ap — Br)vn, n >0, (2.1)

where 2], € Thx, and z, € Toyn;

We shall make use of the following results.
Lemma 2.1. [15] Let {sy}, {tn} be two nonnegative sequences satisfying
Snt+1 < S+ tn, Vn > 1.
If 3207t < 00 then limy,_ o 8, exists.

Lemma 2.2. [11] Suppose that E is a uniformly convex Banach space and 0 <
p < t, < q <1 for all positive integers n. Also suppose that {x,} and {y,} are
two sequences of E such that limsup,,_, . [|z,| < 7, limsup, . ||lyn]] < r and
limy, s o0 |[tn@n + (1 —t5)yn|| = r hold for some r > 0. Then lim,_, ||n — yn|| = 0.

Theorem 2.3. Let E be a uniformly convex Banach space, D a nonempty, closed
and convex subset of E. Let Ty be a quasi-nonexpansive multi-valued map and T a
quasi-nonexpansive and L-Lipschitzian multi-valued map from D into CB(D) with
F(T)NF(Ty) # 0 and Typ = {p} = Tap for all p € F(Ty) N F(Tz). Assume that
(i) {11, T2} satisfies condition (II);

(i) Soney (1 — o — ) <00 and 307, (1 — a5, — B) < 00;

(iii) 0 < £ < a0, <k < 1.

Then the sequence {x,} generated by (2.1) converges strongly to an element of
F(Ty) N F(Tv).

Proof. We split the proof into three steps.
Step 1. Show that lim,,, ||z, — pl|| exists for all p € F(T1) N F(T3).
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Let p € F(Ty) N F(T3). Since uy, v, are bounded, therefore exists M > 0 such
that max{sup,,cy ||un — pl,sup, ey l|vn — pl|} < M. Then

’

apllzy = pll + Bullen = pll + (1 = oy, = B,) [[un — pl|

ap,d(zy, Tip) + Bpllen — pll + (1 = oy = B,)M

o, H(Tvan, Tap) + By llon — pll + (1 — oy — B,)M

(o, + Bo)llzn —pll + (1= af, = B,)M

[z = pll + (1 — o, = B,) M. (2.2)

lyn = pll

IAN A IN IA A

It follows that

[Znt1 =2l < anllzn = pll + Bullzn — pll + (1 — an — Ba)|lvn — Dl
Oénd(Zn,Tﬂ?) + /Bonn - p” + (1 — OQp — Bn)M

< anH(TQﬁUn»TQI)) + ﬂonn - p” + (1 —ap — Bn)M
< anllyn = pll + Bullzn —pll + (1 — an — )M
< an(llan —pll + (1 = af, = B,)M) + Bullzn — p
+ (1 —ay—Bn)M
= (an+ Bn)llzn —pll + (O‘n(l_a;_ﬂé)"’(l_an _ﬂn))M
< flrn =l + (an1 = 0y — B) + (1 — o — Ba)) M

where €, = (an,(1—a), —B},)+ (1 —an—B,)) M. By (ii), we have &, — 0 as n — oc.
Thus by Lemma 2.1, we have lim,,_, o ||z, — p|| exists for all p € F(T1) N F(13).

Step 2. Show that lim, o |2 — Zn || = 0 = lim, 00 ||2), — Zx |-

Let p € F(T1) N F(T3). By Step 1, there is a real number ¢ > 0 such that
lim,, o0 ||zn, — p|| = ¢. Let S = max{sup, ey ||vn — Ynll,Sup ey [|tn — zn|/}. From
2.2, we get

limsup [ly, — p|| < c. (2.4)
n—oo

Next, we consider

lzn = pll + (1 = an = Bn)llvn — 2|
d(2n, Top) + (1 — oy — B,)S
H(Toyn, Top) + (1 — an — B1)S
lyn = pll + (1 — an = Bn)S

HZn —p+ (1 — Qp — Bn)(vn - zn)”

IAIN N IN

It follows that

limsup ||z, —p+ (1 — an — Bn) (v — )| < c.

n—oo

Also

l2n —pll + (1 — an — Bn)[[vn — T4
Hxn - p” + (1 — Qp — Bn)S

”xn —-p+ (1 - Qp — ﬁn)(vn - xn)”

INIA

which implies that

limsup ||z, —p+ (1 — an — Bn)(vn — x,)|| < c.

n—oQ
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Since

lim || an(zn —p+ (1= an — By)(vn — 1))

n— oo

+(1 - an)(xn —p+(1—a,— Bn)(vn - xn)) || = nh_{%o Hanrl - p|| =cC.

By Lemma 2.2, we obtain that

lim |z, —z,] =0.
n— oo

By the nonexpansiveness of To, we have
[n —pll < llon = 2nll + [l2n — pll
= ||33n - zn” + d(znaTZP)
||mn - Zn” + H(szn, T2p)
|z = 2znll + llyn — pll

IN A

which implies

¢ < liminf |y, — p|| < limsup ||y, —p|| < ec.
n—oo n—oo

Hence lim,_, ||yn — p|| = ¢. Since

Yn —Pp = 04%(2;—p+(1—a§l—@§)(un—xn))
+ (11— O‘;L)(xn —-p+ (1 - a{n - ﬁ;)(un - mn))7
we have
. A ! _ _ A _ ! _

+ (=) (@ —p+ (1= ) = B)(un —2) | =

Moreover, we get

2, =+ (1= oy = B7) (un — )|

VAN VAN VAN VA

lzn =Pl + (1 —af, = B7)S.
This yields that

limsup ||z, —p+ (1 — o, — B,,) (un — ) || <

n—oo

Also

lzn =P+ (1 = oy = B,) (un — zn)|

IAIA

lzn —pll + (1 = 0, = B,)S.

This implies that

limsup [z, —p+ (1 - O/n - ﬁv/z)(un —zn)| <e.

n— 00

Again by Lemma 2.2, we have

. / _
nl;rr;o||zn Znl = 0.

(2.5)

llzn, = pll 4+ (1 =, = Bl [|[un — |
d(zy,, Tip) + (1 — o, — 3,,)S
H(Tyx,, Tip) + (1 —al, — B)S

l[n = pll + (1= a5, = B) lun — 2
!
n

(2.6)

Step 3. Show that {x,} converges strongly to ¢ for some g € F(T1) N F (1)
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From Step 2, we know that lim, o ||2n — Zn|| = 0 = limy, 00 ||2], — Zn]|. Also
d(xp, T1xn) < |2, — znl| = 0 as n — oo. Since {z,}, {u,} are bounded, so is
{u, — 2},}. Now, let K = sup,,cy ||un — 2,||. By assumption and (2.6), we get
oz, + Bpn + (1 — oy = By )un — 2|
Bullzn = znll + (1 = af, = B7)Jun — 2|
Bullzn = zpll + (1 = ap, = ) K
0 (2.7)
as n — oo. It follows from (2.6) and (2.7) that

”yn - Z’:l”

$OIAIN A

- 0 (2.8)
as n — oo. It follows from (2.5) and (2.8) that
d(@n, Toxy) < d(zn, Toyn) + H(Toyn, Town)
< llon = zoll + Lllyn — znl

— 0.

Since that T}, Ty satisfy the condition (II), we have d(z,, F(T1)NF(T2)) — 0. Thus
there is a subsequence {z,,} of {z,} and a sequence {pr} C F(T1) N F(T») such
that

1
= prll < 5 (2.9)

for all k. From (2.3), we obtain

Hxnk+1 7p|| < ||‘Tnk+1—1 7p|| + Enppr—1

< ||xnk+1—2 _p” +Enpri—2F Enpypi—1

Ng+1—Nkp—1

< e, —pll + Z Eny+i
i=0
for all p € F(Ty) N F(Tz). This implies that
N1 —Nk—1 1 Ng+1—Nkp—1
||x”k+1 _pkH < Hxnk _pk” + Z Enp4i < 27 + Z Eng+i-
i=0 =0

Next, we shall show that {py} is Cauchy sequence in D. Notice that

Hpk-i-l - pkH S Hpk+1 - xnk+1 ” + ||xnk+1 - pkH

11
< gEmtagt D Gme
i=0

nk+1—nk—1

Ngy1—np—1

1

oh—1 T D Emkis
=0

<

This implies that {py} is Cauchy sequence in D and thus converges to ¢ € D. Since
d(pk, Tiq) < H(Tiq, Tipk) < [lq — pxl|
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for all i = 1,2 and py — ¢ as n — oo, it follows that d(q,T;q) = 0 for all ¢ = 1,2
and thus ¢ € F(T1) N F(Tz). It implies by (2.9) that {z,,} converges strongly to
q. Since lim,,_, ||z, — q|| exists, it follows that {z,} converges strongly to ¢. This
completes the proof. O

For Ty =T, =T and o, + 8, = 1 = o, + B}, in Theorem 2.3, we obtain the
following result.

Theorem 2.4. (See [12], Theorem 2.3) Let E be a uniformly convex Banach space,
D a nonempty, closed and convexr subset of E, and T : D — CB(D) a quasi-
nonezpansive multi-valued map with F(T) # 0 and Tp = {p} for each p € F(T).
Let {x,,} be the Ishikawa iterates defined by (A). Assume that T satisfies condition
(I) and an,al, € [a,b] C (0,1). Then {z,} converges strongly to a fized point of T

The main result of this paper holds true under the assumption that Tp = {p}
for all p € F(T). This condition was introduced by Shahzad and Zegeye [12]. The
following examples give an example of a nonexpansive multi-valued map T which
satisfies the property that Tp = {p} for all p € F(T') and Tz is not a singleton for
all x ¢ F(T).

Example 1. Consider D = [0, 1] x [0,1] with the usual norm. Define T': D —
CB(D) by

{($,0)}, :C#an:(]
{(Ovy)}v r=0,y#0
T(z,y) =

D=1 1.0, 0.9), 2.y #0

{(0,0)}, x,y=0.
Example 2. Consider D = [0, 1] with the usual norm. Define T': D — CB(D)
by

T = [xTH, 1.

Example 3. Consider D = [0, 1] x [0,1] with the usual norm. Define T': D —
CB(D) by
y+1

T(z,y) = {z} x|
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