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A STUDY ON |N,p,q|, SUMMABILITY FACTORS OF INFINITE
SERIES

(COMMUNICATED BY HUSEYIN BOR)
W.T.SULAIMAN

ABSTRACT. New result concerning |N, D, q|k summability of the infinite series
>~ anAn is presented.

1. INTRODUCTION

Let > ay, be a given infinite series with sequence of partial sums (s,). Let (T,)
denote the sequence of (N, p, q) means of (s, ). The (N,p,q) transforms of (s,,) is
defined by

1 n
T, = — anquq)sv , (11)
Rn v=0
where
n
R, = an—UQv 7é 0, for any n(p—l =q1=R_1 = O) (12)

v=0
Necessary and sufficient conditions for the (N, p,¢) method to be regular are
(7) lim py,—vqu/Ryn = 0 for each v, and
n— o0
n
(44) > P
v=0

n. The series ) a,, is said to be summable |R,p,|, , k > 1, if

< K|R,|, where K is a positive constant independent of

S b en —gnalf <00, (1.3)
n=1
where
1 n
Op = Fn UZ_OpUsU . (1.4)

and P, =po+p1+...+pn —> 00,880 — 00,
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The series Y a, is said to be summable |N, p,|, if

Z|an—an_1| < 0, (1.5)
n=1
where
1 n
On = F anfvsv ; (16)
™ »=0

and it is said to be summable |N,p,q|, , k > 1, if
> T, - T < oo (1.7)
n=1

where T,, as defined by (1.1).
For k =1, |N,p, q|, summability reduces to |N, p, ¢| summability.
The series Y a,, is said to be (N, p, q) bounded or > a, = O(1)(N,p, q) if

n
tn = an_qusv =0O(R,) as n — 0. (1.8)
v=1

By M, we denote the set of sequences p = (p,,) satisfying
Pn+1 S Pn+2 S 1’

Pn Pn41
It is known (Das [1]) that for p € M, (1.5) holds iff

0o 1 n
Z m Z Pn—o¥0ay

n=1 v=1

For p € M, the series ) a,, is said to be |N, p, |, —summable k& > 1 (Sulaiman [3]),

P >0, n=0,1,... .

<00 . (1.9)

if
Pn—o¥0y| < OO . (110)

It is quite reasonable to give the following definition:
For p € M, the series Y a,, is said to be |N,p, q‘k —summable k£ > 1 if

Z Rk van,quav <00 . (1.11)
n=1 n y=1

where R, = pnqo + Prn—1q1 + - .. + PoGn — 00, a8 1 — 00 .
We also assume that (p,,), (¢,) are positive sequences of numbers such that

P,=po+p1+...+p, =00, asn — o0,

Qn=q+q+...+qg, =00, asn — .
A positive sequence a@ = (a,) is said to be a quasi-f-power increasing sequence,
f = (fn), if there exists a constant K = K («, f) such that
K fpon > fmam
holds for n > m > 1(see [4]).
Das [1], in 1996, proved the following result

Theorem 1.1. Let (p,) € M, g, > 0. Then if > a, is |N,p, q| —summable it is
|N, qn| —summable.
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Recently Singh and Sharma [2] proved the following theorem

Theorem 1.2. Let (p,) € M, g, > 0 and let (gn) be a monotonic non-decreasing
sequence forn > 0. The necessary and sufficient condition that y_ ap A, is |N, qn} —summable

whenever
Zan = O(1)(N, p,q),

Z \)\ | < o0,
Z|AA,L|<OO,

Z @1 |A%N,| < oo,

n=0 qn+1
is that

oo

Z \snm | < 0.

2. LEMMAS

Lemma 2.1. Let (p,) be non-increasing, n = O(P,,), P, = O(Ry,). Then forr > 0,
k>1,

e pk 1
n—uv
Z nr Rk = O(Ur+k71)' (21)
n=v+1 n
In particular,
oo
Pn— 1
nr}%v - O(;)
n=v+1 n

Proof. Since p,, is non-increasing, then np,, = O(P,). Therefore

00 pk 00 pk 2v pk 00 pk
n—uv = 01 n—v _ 0o(1 n—uv o(1 n—uv
n:;+1 nrercL ( )n:zv;rl nrprllc ( )n:;Jrl nTij * ( )n:§+1 ’I’LTPT]f
2v k 2v
Dy 1
L = 001 N =
2 D W)~z o PF %lpnﬂ) o )v’”Pk mZ P
1 1
— O o =00y = 0 (s )
X Ph. _ o 5 P, _ .5 P
n=2v+1 nTPT]LC m=v+1 (m + U) Pm+v m=v+1 mrpqlfm
o0 1 oo r—k 1

Therefore

o k
1
> 2 =0 ()
nrpllc Ur+k71

m=v+1
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O
Lemma 2.2. Forp e M,
Z |Avpn—v| < 0.
v=0
Proof. Since p € M, then (p,,) is non-increasing and hence
Z |Avpn7'u| = Z(pnf'ufl _pnfv) =Pn — Pm—v-1= O(l)
v=0 v=0
|
Lemma 2.3. [4]. If (X,) is a quasi-f-increasing sequence , where f = (fy,) =
(nﬁ (log n)ﬁy) ,v>0,0< B <1 then under the conditions
Xm | Am] =0(1), m— oo, (2.2)
> X, |A%N,|=0(1), m— o, (2.3)
n=1
we have

an AN, | < oo.

n=1

3. REsuLT

Our aim is to present the following new general result

Theorem 3.1. Let p € M, and let (X,,) be a quasi-f-increasing sequence , where
f=(fa)=(n?(ogn)"),v>0,0<B<1 and (2.2) and (2.3) and

n k
Lo = 00X (3.1
Ag, = O(vtq,), (3.2)
Qu+1 = O(Qv)a (33)
v=0(P,), (3.4)

are all satisfied then the series Y anA, is summable |N,p,ql, , k > 1.
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Proof. Let (T},) be the sequence of (N, p.q) transform of the series 3 a,A,. Then,
we have

n
Tn = Z vpnva‘Iva'u)\v

v=1
- Z (Z ar) Upn vqv v) + (Z av) npOQn)\n
v=| v=0
n—1
= Z Sy (_pnf'uQUAv + (U + 1)AQUpn7v>\v + (U + 1)Qv+1Avpn7'u)\'u
v=0

(U + 1)Qv+1pn v— 1A>\ ) + nqunsnAn
=dp1 + Tn2 + Tn3 + Tn4 + Tn5
In order to prove the result, it is sufficient, by Minkowski’s inequality, to show that

oo

1
> o Twgl" <00, §=1,2,3.4,5.
n

n=1

Applying Hoélder’s inequality, we have

m 1 A m ] k
nzl m |Tn1| = n21 nPk Z Pn— ’Uq’US’U)\’U
= n

IA

m 1 n—1 k-1
Z Pk Z Pn— qu |Sv| | | (vz_:opnv>

nlnnv—

mPklnl

= 01 n—vly [Pv
1) 5 T S peuad lsol* A

= i pn—v
= o) X abls[" A" 2

v=0 n=v+1 nPn

N v=1 ’UXZ;C_I v

k
qr s, dy |Sv
= oS a3 Bl 3

= ()ZIAAIXHMX =0().

v=
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m 1 k m 1 n—1 A k
— |T}, = L 1) pr—v v v)\v
ngl TLPT]f | 2‘ nzz:l nPch 'UZ::O (v N )p o3

m 1 n=1 5 b k k n—1 k-1
3 e & o ldal sl W (X )
n=1 MLy »=0 v=0

<
= 0(1)n§::1 nP,’f Z v pn v|Aqv‘ |50]" [ Ao
m o0
Pn—v
= 0(1) 3 v |Ag|*[so]* [X]® 32
v=0 n=v+1 nPn
= 0(1) 3 v* 1 Agy|" [sul® [Ao]*
v=0
k k
" gy |50
= 0O(1 y Av
( )UZ::1 vaf*l [l
= O(1), as in the case of Tp,;.
1 k m 1 n—1 k
n:1n7R4€|Tn3| = nzzzlrprlf UX::O (v+1)Avpn—UQU+lsv/\v
m n—1 k-1
< VR Ay pr—o iy |50 ( Apn—v)
£ T At sl (S 180
mo ]
= 0 E LS bl Il
A'Upn—'l]

= 0() Eovqu'fﬂlsvl REDY

n=v+1 nprllc

k-1 p—k oy ok
= O(1 )ZOU Prrgh[so]” (Al
v

= 0() X v gk sl Aol

= O(1),as in the case of T,;.
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m 1 k m 1 n—1 A k
7Tn - 7 1 n—v—1qv v )\v
n; Pﬁ\ n n; o PT UZ::O(H ) Pr—v—1qu+18
m n—1 & n—1 k—1
< BT ol A (S x o)
ZOPE-p) 5o AN
= v pn v— qu Sou
n=1 nprlf v=0 ot
movkgh ) s,)" X Pnov-1
= 01 2 Hvtl 1Pvl AN, fn-v-1
()vgo lefil | |n=zv:+1 nPT]LC
= o & B jaN,
oS Awlany & EL | an P sl
P ’U —_— e —
=0 i xET T "= v Xk
= 0W)'S 1A X, + 00) S o[ A% X, + O1)m AN X,y
=0 =0
S e Tl = 35— InpogasaAal’
= nP nb - = nPylf npoqnSnAn
N k=1 p—k k k k
= 0(1) zln P qy [snl” [Anl
= 0(1) 3 n* gk fsl" [Anl®
n=1
= O(1),as in the case of T;.
This completes the proof of the theorem. ([
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