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ON SOME PROPERTIES OF ANALYTIC AND MEROMORPHIC
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ABSTRACT. In the present paper, we obtain some new properties of analytic
and meromorphic functions

1. INTRODUCTION

Let p(z) be analytic in the open unit discd = {z: z € C; |z| < 1} with p(0) =1
and suppose that there exixts a point zg (|zo| < 1) such that
(i) [p(2)] >a (|2] < [20];0 <a <1) and [p(z0)| = a
or
(ii) Re{p(2)} <M (2] < |z0| ;M > 1) and Re{p(z0)} = M.
Also let

fe) =2+ an2", (1.1)
n=2
be analytic in ¢/ and
F(z) ! + ib " (1.2)
z)=— n 2 .
z n=0 1

be meromorphic in U.

In this paper, we shall obtain some basic results for zop'(z0)/p(z20) under the
condition (i) or (ii). Our main results will be applied to get some properties of
20 f/(Zo)/f(Zo) or 7ZOF/(Z())/F(Z()).
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2. MAIN RESULTS

Lemma 2.1. (see [[1]]). Let w(z) be regular in U with w(0) = 0. If w(z) attains
its mazimum value on the circle |z| = r at a given point zo € U, then zow'(z) =
kw(zo), where k is a a real number and k > 1.

Theorem 2.2. Let p(z) be analytic in U with p(0) = 1 and suppose that there
exists a point zg, |z0] < 1 such that [p(z)] > a (|z] < |z0|) and |p(z0)| = a, where
O0<a<l.

Then we have

! / —
200’ (20) _ Re <Zop (Zo)) <_ l1-a
p(z0) p(zo0) l+a
Proof. Let us put

a(1+¢(2))
p(2) = ——— =
© =50
or @
_pz)—a
v = BEZL (1l <),
Then (z) is analytic in |z] < |zo| and
1—a
= 1.
0 < 9(0) 1+a<
By the hypothesis of the theorem, we have
1 +9(R)
) =a [T >0 (e < .
Thus

'”W) ST (] < Jzol).-

1—14(2)

It shows that
Re{¢(2)} >0 (|z| < |20l)-
On the other hand, we have

o)l a1 =
this shows that
Re{1(20)} =0
Putting
_ 9(0) —9(z) _
BRTOETTE N

then we have ®(z) is analytic in U, |P(z)] < 1 for |z| < |z0| and |P(29)] = 1.
Therefore, applying Lemma, we have that

20 (I)/(Zo) _ 2¢(0 20 1/),(20>
D(20) (¥(0))? + [¥(20) |2
=k>1.

This means that zg ©'(20) is real negative because 0 < ¥(0) < 1. Then we say that

20p'(20) _ 20¢(20) 209’ (20)
p(20) L+9(z0)  1—1(20)
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_220¢'(%0)
1*(¢(Zo))2
- 2ZO’¢/(20)
ERENTEYE
ok <<w<o>>2+|¢<z(>>|2>
P(0) \ " T+ 002

<_¢()< (1(0))* + [i(z0) )
N ((0))* + ((0)) [ (20)

This completes the proof.

Theorem 2.3. Let p(z) be analytic in U with p(0) = 1, suppose that there ex-
ists a point zy (|z0] < 1) such that Re{p(z)} < M, p(z) # 0 for|z| < |z, and
Re{p(z0)} = M, where M > 1.

Then we have

M—-1

Re {20 9/ (20} >

Proof. Let us put

1 2M —p(z)
= =1.
19 = 57=1 (o) 60
Since Re {p(z)} < M for |z| < |zo|, we see that
2M -p(2)| _ 4
p(2)
for |z| < |z0|. This gives us that
l9(2) > M —1 (Iz] <lzol)
and
90)] = 37
RN = o =1
Now
Zog'(zo)) ( zo0p' (20) 0P’ (20) >
Re =Re| — — 21
(5 pGo) 2V () 2

Applying Theorem (2.2), we have

' - 55 M-1

9(20) 1+ 57— M

Putting p(z9) = M + ia, where a is a real number, we have
0P (20) 200/ (20) > ( oM >

—Re + - Re( M. .
( p(z0) 2M — p(20) M2 + a2 op'(20)
2M
Re {20p'(20)} - (2.3)

T MZ+a?
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Now (2.1) in conjunction with (2.2) and (2.3) gives

2M M—-1

Ty ) S -

Re {zop'(20)} > (MZAZ(Z?) (MZ\; 1)

M—-1
> (2.4)

This shows that

It completes the proof.

Corollary 2.4. Let p(z) be analytic in U with p(0) = 1 and suppose that

Re (p(z)+ Zﬁg?) > 2 Zial_ L sl <1:0<a<). (2.5)

Then we have |p(z)] > a in U.

Proof. Suppose that there exists a point zp (|zo| < 1) such that a < |p(2)| in
|z| < |20] and |p(20)| = a, then Theorem (2.2) gives

Zop’w:Re<zOp’<zw><_1_a

p(20) p(20) 1+a

Thus it follows that
20p'(20) > 1—a a?+2a—1
Re + plz < - +a4=—
< p(20) plz0) ) < 1+a a+1
It contradicts the hypothesis (2.5) and it completes the proof.

Corollary 2.5. Let f(z) defined by (1.1) be analytic and f'(z) # 0 in U, suppose

that 02 )
z z a“+2a—1
1 ; 1).
Re(+f,(z))> ol (zeU; 0<a<l)
Then we have 702
zf'(z
>ainl.
ey
Proof. Let us put
zf'(2)

Then we have

zf"(2)
f'(2)
Applying Corollary 2.4, we have Corollary 2.5.

1+

=p(2) +

Corollary 2.6. Let p(z) be analytic in U with p(0) = 1 and suppose that there exists
a point zo (|zo] < 1) such that Re{p(z)} < M, p(z) # 0 for|z| < |z0|, Re{p(z0)} =

M where where M > 1.
Then we have ,
Re (zop (ZO)) > M — 1.
p(20) 2M
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Proof. Applying (2.4) of Theorem (2.3), we have

Re{zop'(20)} > (M;]\JZIGZ> <MM 1)

where p(z9) = M + ia, a is a real number.
Then it follows that

~ Re { (M) zop’(zo)}
_ <M2M+a2> 20/ (20)

(i) (S

M1
oM

It completes the proof.
Applying the same method as the proof of Corollary (2.5) and (2.6), we have the
following result.

Corollary 2.7. Let f(z) defined by (1.1) be analytic and in f'(z) # 0 in U. Also
suppose that

(Jz2| <1;M >1).

" IM2+ M -1
1+Re(zf (Z))< +

7(2) oM

Then we have

Re (ZJ{(/S)) <M inl.

Corollary 77 is equivalent to Corollary 2.7.

Corollary 2.8. Let f(z) defined by (1.1) be analytic and f'(z) # 0 in U. Also
suppose that

2f"(2)
f'(z)

1+Re( ><B (Jz] <1;8>1).

Then we have

/ _ \/f

Re(zf(z)><25 1++/482-48+9 inld.
f(2) 4

Corollary 2.9. Let F(z) defined by (1.2) be meromorphic and F'(z) # 0 in U.

Also suppose that

{1+Re<Z§I(IS)>}>W (lz] <1;M >1). (2.6)

Then we have
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Proof. Let us put
2 F'(z)

pe) == S w0 =1

then p(z) is analytic in ¢/ and it follows that
2F"(2) zp/(2)
— (1 = - . 2.

(1+ 25 = (2.7
If there exists a point zg (|zo] < 1) such that Re{p(z)} < M for |z| < |z| and
Re {p(z0)} = M, then from Corollary 2.5, we have

() =

It follows that

zoF”(z0)>} ( zop'(zo))
—<14+Re| ————= =Re [ p(z0) — ———
(ere (Mg SUTEN
_ 2 _
<M M -1 _ 2M M + 1.
- 2M 2M
This contradicts (2.6) and it completes the proof of Corollary 2.9.
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