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GLOBAL SOLVABILITY AND MANN ITERATION METHOD
WITH ERROR FOR A THIRD ORDER NONLINEAR NEUTRAL
DELAY DIFFERENTIAL EQUATION

(COMMUNICATED BY AGACIK ZAFER)

MIN LIU, ZHENYU GUO

ABSTRACT. This paper intends to investigate the existence of uncountably
many bounded positive solutions of a third order nonlinear neutral delay dif-
ferential equation
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in the following bounded closed and convex set
Q(a,b) = {z(t) € C([to, +00),R) : a(t) < z(t) < b(t), Vt > to},

where o > 0,71,72,a,b € C([to, +00),RT), f, g, h,l € C([to, +0)xR,R),p,q,n €
C([to, +0), [to, +00)). By using the Krasnoselskii fixed point theorem, the
Schauder fixed point theorem, the Sadovskii fixed point theorem and the Ba-
nach contraction principle, four existence results of uncountably many bounded
positive solutions of the differential equation are established. Moreover, a per-
turbed Mann iteration method with error is constructed for approximating
the solution of the third order differential equation, and the convergence and
stability of the iterative sequence generated by the algorithm are discussed.

1. INTRODUCTION AND PRELIMINARIES

In recent years, it undergoes a rapid development for the theory of neutral delay
differential equations and systems, especially for the existence of nonoscillatory
solutions of second-order and higher order neutral delay differential equations, refer
to [1, 3-5, 9-11, 13-16] and the references therein.

In 2005, Zhang, Feng, Yan and Song [15] studied the existence of nonoscilla-
tory solutions of the first-order neutral delay differential equations with variable
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coefficients and delays
d
= [x(t) +p(t)z(t — T)} F Q1D —01) — Qo(D)a(t —o2) =0, >ty (L.1)
where p € C([tg, +<),R),7 > 0,01,02 > 0 and Q1,Q2 € C([ty, +o0), RT) with
f+oo Qi(s)ds < +oo for i € {1,2}, and

d n
; —0;) = > .
dt[ (t)+p(t)a(t— T]+ZA w(t—oy) i:;rlAz(t)z(t o) =0, t>ty (1.2)
d[()-i—p t—T]+ZB z(t—o0;)=0, t>ty (1.3)
dt ’ -
where p, B; € C([to,+oo) R),7 > 0,0; > 0, A4; € C([to, +00),RT) w1thft i(s)ds <
+00 and f i(s)|ds < +oo fori € {1,2,...,n}.

In 2005, Lm [10] got some sufficient condltlons for oscillation and nonoscillation
for the second-order nonlinear neutral differential equation
d2
— [x(t) — p(t)x(t — 7)} Y ) f(x(t—0) =0, t>0, (1.4)
where 7,0 > 0,p,q € C([0,400),R), f € C(R,R) with ¢(t) > 0 and xf(z) > 0 for
t e R,z € R/{0}.
In 2007, Islam and Raffoul [5] employed Krasnoselskii fixed point theorem and

the Banach contraction principle to discuss the existence of periodic solutions of
the nonlinear neutral system of differential equations of the form

d d
St = A)a() + S Qe — g(0) + Glt,a(t),a(t — (1), (1)
where A(t) is a nonsingular n x n matrix, @ € C(R x R* R"),G € C(R x R"™ x
R™ R™).

In 2007, Zhou [14] used Krasnoselskii fixed point theorem to study the existence
of nonoscillatory soluions of the following second-order nonlinear neutral differential
equation

d d

= |02 @) +pt) t_r}+ZQ w(t—0))=0, t>ty, (L6)

where m > 1 is an integer, 7 > 0,0; > 0,7, p, Q; € C([tg, +0),R) and f; € C(R,R)
fori e {1,2,...,m}.

However, the works on Eqs.(1.1)-(1.6) listed above and others are all concerning
the existence of single nonoscillatory solution or at most infinitely many nonoscil-
latory solutions. As far as we are concerned, the existence of uncountably many
nonoscillatory solutions of Egs.(1.1)-(1.6) and other differential equations or sys-
tems has received much less attention until now.

In this paper, we are concerned with the following third order nonlinear neutral
delay differential equation:
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where o > 0,7’1,7’2 € O([t07+00),R+),f,g,h,l € O([t07+oo) X RvR)7p7Qan S
C([to, +00), [to, +00)) with
lim p(t) = lim q¢(¢t) = lim n(t) = +oo.

t——+oo t—+oo t——+oo

By applying the Krasnoselskii fixed point theorem, the Schauder fixed point
theorem, the Sadovskii fixed point theorem and the Banach contraction principle,
we obtain four existence results of uncountably many bounded positive solutions
of Eq.(1.7). Furthermore, we construct a perturbed Mann iteration algorithm for
approximating the solution of Eq.(1.7) and discuss the convergence and stability of
the iterative sequence.

Throughout this paper, put I = [tg, +00) and C(I,R) denote the Banach space
of all continuous and bounded functions z(¢) on I with norm ||z| = sup,c; |z(¢)].
For any a,b € C(I,R"), set @ = sup,c;a(t), a = infiera(t), b= sup,c7 b(t), b =
inf;er b(t) and

={z(t) € C(I,R) : a(t) < z(t) < b(t), Vt € I}.
Obviously, (a,b) is a bounded closed and convex subset of C'(I,R). For any
D C Q(a,b) and t € I, let
D(t) = sup {|z(t) — y(t)| : x(t), y(t) € D};
diamD = sup{||z — y|| : =,y € D}.
It’s assumed in the sequel that there exist functions a,b,c,d,a, 8,7, A, 7,{ €
C(I,R") with a(t) < b(t) for t € I and <p : RT — RT satisfying
. +oo a(s)  B(s) 1
) fy, max{rz(s), Tl(s),'y( ), oL Tz(s) }ds < 4005
(ii) |f(t,u)| < c(t), Vtel, u € [a,bl; ~
(iii) | f(t,u) — f(t,0)] < d(t)|lu—v|, Vtel, u,v € a,bl; ~
(iv) |g(t U)l < at), |h(t,w)| < B(0), [I(t,u)| <~(t), Viel, uelab];
(
(

=R

V) for > max {22, B 5 (s), s, i bs < oo
V1)
f(t,2(t — ) = f(t,y(t — o))
2 Jg(s,2(p(s))) — g(s, y(p(s)))]
*/t r2(3) s
. /+°° /+°° hw, 2(q())) = h(u yla@))

ra(s)ri(u

oo e R i(v, x(n(v)) — (v, y(n(v))]
+/ / / ()T (w) dududs
< @(D(t)), VD CQa,b), z,ye D, tel;

(vii) |g(t,u) — (t, ) < A@)|w o], [h(t,u) = h(t,0)] < 7(t)u = o],
[1(t,u) — l(tv)\ﬁ((ﬂu—v\ YVt eI, u,v € [a,b];

(viii) ftjoo max{:;(gs TT 1 C(8)s 5 s)’ o S)}ds < +o0.

By a solution of Eq.(1.7), we mean a function x such that for some t; > to,
x € C([t1 —o,+0),R), 2(t) — f(t,x(t—0)) is 3 times continuously differentiable on
[t1,+00), g(t,2(p(t))) is 2 times continuously differentiable on [t1, +00), h(t, z(q(t)))
is continuously differentiable on [t1, +00) and Eq.(1.7) holds for ¢ > ¢;.

The following four lemmas play significant roles in this paper.
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Lemma 1.1. (Krasnoselskii Fized Point Theorem [2]) Let D be a nonempty bounded
closed convex subset of a Banach space X and S,Q : D — X satisfy Sx + Qy € D
for each x,y € D. If Q is a contraction mapping and S is a completely continuous
mapping, then the equation St + Qx = x has at least one solution in D.

Lemma 1.2. (Schauder Fized Point Theorem [2]) Let D be a nonempty closed
convex subset of a Banach space X. Let S : D — D be a continuous mapping such
that SD is a relatively compact subset of X. Then S has at least one fixed point in
D.

Lemma 1.3. (Sadovskii Fized Point Theorem [12]) Let D be a nonempty bounded
closed convex subset of a Banach space X and S : D — D be a continuous con-
densing mapping. Then S has at least one fixed point in D.

Lemma 1.4. (Banach contraction principle) Let D be a closed subset of a com-
pletely metric space X and S : D — D be a contraction on D. Then S has at least
one fixzed point in D.

2. EXISTENCE OF UNCOUNTABLY MANY BOUNDED POSITIVE SOLUTIONS
In this section, we demonstrate the existence of uncountably many bounded

positive solutions of Eq.(1.7). Let

c=supc(t) and d=supd(t).
tel tel

Theorem 2.1. Let a,b € C(I,R") witha < b and (i)-(iv) hold. If d € (0,1) and
¢ < 52, then Eq.(1.7) possesses uncountably many bounded positive solutions in
Q(a, b)

Proof. Set L € (@+c¢,b—c). According to (i), we deduce that there exists T > to+o
large enough satisfying

<min{b—c—L,L—c—6}.

(2.1)
Define two mappings Qr, St : Q(a,b) — C(I,R) by
L+ f(t,x(t —0)), t>T
(@ua)(ty = § & Pt = o)
(Qua)(T), w<i<r
+oo g(s,z(p(s +00 h(u,z
. g( 7q2( g( D) g5 — f 52( ;(gl((g)))duds (2.2)
(Spz)(t) = f+oo f+oo f+oo %dvduds t>T
(Spz)(T), to<t<T

for x € Q(a,b) and t € I.
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Firstly, we prove Qrx + Spy € Q(a,b) for all z,y € Q(a,b). Due to (ii), (iv),
(2.1) and (2.2), we get that for each x,y € Q(a,b) and t > T,

(Qrx+ Spy)(t)
< L+c(t)+ /+oo f;(ss) ds + /+Oo /+oo Q(f)(rul)(u)duds

“+o0 +oo +oo 2
/ / / Fy v) dvduds (2:3)

<L+c+(b—-—c—-L
< b(t)

and

(Qrz + Sry)(t)

> L—oft) - UW ds+/+oo/+m s duds

A - AR -

>L—c—(L—c—n7)
> af(t).

It follows from (2.3) and (2.4) that Q. (a,b) + SLQ(a,b) C Q(a,d).
Secondly, we demonstrate that @, is a contraction mapping. According to (2.2)
and (iii), we derive that

(Qrz)(t) = (Qry) ()] = [f(t,z(t — o)) — f(t,y(t — 7))
<d@)|z(t — o) —y(t —o)|
<d|z—vyl|, Vz,ye€Qa,b), t>T,

which infers that

1Qrz — Quyll < dllz —yl, Vz,y e Qa,b).

That is, @, is a contraction mapping by d € (0,1).
Thirdly, we show that Sy, is completely continuous. Now we demonstrate Sy, is
continuous in Q(a,b). Let o € Q(a,b) and {zx}r>0 C Q(a,b) with z — z¢ as
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k — +oo. (2.2) yields that
|Srar — Spxoll
= sup |(Spak)(t) — (Spxo)(t)]

tel
{/“‘9@xﬁﬂﬁb—g@wdﬂ@ﬂbs
)

o010 [h(u, w (g (1)) — h(u, zo(g(w)))]
/ / AT duds

/*“’/“’O/“"’ (v, & 77(2
|

< sup
t>T

) @b, (25)
()71 (a) ddd}

T g(s, 2k (p(s))) — g(s, 20(p(s)))
</ ds
r2(s)

oo 170 |, x(g(w)) — h(u, zo(g(w)))]
/ / ra ()1 duds

oo [ (T i(w, (0 (v))) = L(v, o (n(v)))]
/ / / ()71 (W) dvduds.

Note that
|9(s, 2 (p(s))) — g(s, zo(p(s)))| < 2a(s),
)) — h(u, zo(q(w)))| < 28(u), (2.6)

|h(u, (g (u)
(v, 2 (n(v))) = L(v, 2o(n(v)))] < 27(v),
19(s, zr(p(s))) — 9(s, zo(p(5)))] = 0,
[h(u, 1 (q(w))) — Ay, zo(q(u)))] = 0, (2.7)
v, 21 (1(0))) — (o, 30(n(®)))] = 0
as k — +oo and s,u,v € [T, +00). It follows from (2.5), (2.6), (2.7) and Lebesgue
dominated convergence theorem that ||Spzr — Spxol| — 0 as k — 4o00. Hence Sg, is

continuous in Q(a,b). Now we prove that Sr.Q(a,b) is relatively compact. In view
of (i), (iv) and (2.2), we deduce that

|Spx|| = Sup |(Spz)(t)]
als) YO )
SL w@d+ﬁ A o) () ™

+ /T+OO /:_OO /u+oo Tz(z)(:l)(wdvduds, vz € Q(a,b).

That is, S;.Q(a,b) is uniformly bounded. For the equicontinuity of S;Q(a,b) on I,
according to Levitans result [6], it suffices to prove that for any given ¢ > 0, I can
be decomposed into finite subintervals in such a way that on each subinterval all
functions of the family have change of amplitude less than e. Let € > 0. By (i),
there exists T, > T such that

+oo —+oo
/ a( / / Alu) duds
S T1

+oo “+o0 “+o0
+/ / / Ldvduds < E.
T s u TQ(S)Tl(u) 2
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It follows from (iv), (2.2) and (2.8) that for all z € Q(a,b) and t2 > t1 > Ty,
[(Spx)(t1) = (Spz)(t2)] < |(5L$)(751)\ + [(Spx)(t2)|

+oo —+o0
< / / / duds
t1 t1 S

+oo +oo oo
/ / / dvduds

th 7"2 Tl

—+oo +oo

+ / / / duds
to to s

+o00
/.
[

+
+o<> “+o0o
/ / 7dvduds

T2 7‘1

—+o00 +oo
/ / duds
+oo +oo +oo
/ / / dvduds]
For each z € Q(a,b) and T < t; <ty < Ty, by (iv) and (2.2), we infer that
|(5L$)(t1) (SLJU ta)|

+oo
< / / / duds
tl tl S
+oo —+oo
/ / / 7 v) dvduds

< Mty —tof,

(2.9)

where

v (56 [ mme [ L s

(2.9) implies that there exists § = =57 > 0 such that [(Spz)(t1) — (Spa)(t2)] <€
for any t1,ty € [T, T, with |t; — t2] < § and = € Q(a, b);
For z € Q(a,b),tp <t; <ty <T, due to (2.2), we achieve that

|(SLa)(tr) — (Spx)(t2)] = 0.

Hence Lemma 1.1 ensures that there exists x € Q(a,b) with Qrz + Spz = 2. It is
easy to see that z is a bounded positive solution of Eq.(1.7).

Finally, we investigate that Eq.(1.7) possesses uncountably many bounded pos-
itive solutions. Let Ly,Ls € (@ + ¢,b — ¢) and Ly # Lo. For each j € {1,2}, we
choose a constant T > to + o and two mappings Qr; and Sp, satisfying (2.1) and
(2.2), where L and T are replaced by L; and T, respectively, and

/T3 / /+OO 7,2(5(U)duds
+/ /+°° /+<><> Z)(: dvduds < %

(2.10)
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for some T3 > max{T;,T>}. Obviously, the mappings Qr, + Sr, and Qr, + Sr,
have the fixed points z,y € Q(a,b), respectively. That is, z and y are bounded
positive solutions of Eq.(1.7) in (a,b). In order to show that Eq.(1.7) possesses

uncountably many bounded positive solutions in Q(a, b), we need only to prove that
x # y. Indeed, by (2.2) we gain that for ¢ > T3,

x(t) = Lo + £, x(t—a))+/+°°909’93(1?@9))>d

/+OO/+OOh rl(uu) duds—/Jroo/Jroo/JFOOlv z:z;)dvduds

and

u(t) = Lz+f<ty<to>>+/*°°g<s»y<p<>>>ds

/+°O/+00h rl(uu) duds—/+oo/+oo/+oolv y:]zz;)dvduds,

which together with (iv) and (2.10) yield that

() —y(t) = (f(t,x(t — o)) = f(ty(t — o)

2|L1L2|2UT3 rz?)der/ /:OO duds
+oo  ptoo v
LT ]

>0 ) t>T37

that is, x # y. This completes the proof. ([

Theorem 2.2. Leta,b € C(I,R") witha < b and (iv) and (v) hold. Then Eq.(1.7)
with f(t,u) = u possesses uncountably many bounded positive solutions in Q(a,b).
Proof. Due to (v), there exists My > 0 such that

max{ /t o fl ((1;)) du, /t:m /t:oo 771((1;)) dvdu} < M.

0

By the known result([2]), we gain that

“+o00 +oo
/ Sa(s)ds < +o0, / Lds < +0o0
to 7"2(8) to 7'2(5)

are equivalent to

+o0o +oo +oo +o0
1
E / als) ds < 400, E / ——ds < 400
j=0Jtotijo ra(s) =0 Jto+io ra(s)
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respectively. Hence

+oo +o00
{/ / / Blw) duds
=0 to+jo TQ to+jo Js S)T
+oo +oo
/ / / (v dvduds]
to+jo Js T2 1
“+oo
< z {/ d +/ / duds
— to+jo 7"2 to+jo
+oo +oo
/ / / dvduds]
totjo to T2

Joo o [ <>]

otjo

—+oo
<> [
j=0
< +00.

Let L € (@,b). According to the above inequalities, we deduce that there exists
T > to + o sufficiently large satisfying

+OOUTOO (S)ds+/+m W) s

+]o’ S)

+oo +oo +oo (v
+ / / / —————dvduds
T+jo Js u TQ(S)Tl (U)
<min{b— L,L —a}.

j:1 (2.11)

Define a mapping Qp, : Q(a,b) — C(I,R) by

+oo | (+oo g(s,a(p(s)) +00 h(ua(q(w))
L= | fie 2ot s — [0, ST ey duds
z)(t) = +oo ptoo l(v,z(n(v)))
(Qr)(?) o e e el gududs |, t>T
(Qrz)(T), to <t <T.

(2.12)
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First of all, we prove Qrz € Q(a,b) for all x € Q(a,b). Due to (iv) and (2.12),
we derive that for each z € Q(a,b),

@wﬂ)
<L+z_: x/T-&-]a

—+oo
/ / duds
T+jo Js
+oo +oo
/ / / dvduds
T+jo Js

<L+(-1L)
< b(t), t>T,
(Qrz)(t)
+oo +o00
L— d d
2 ]; [/T-&-]a /T-&-Ja /5 e
+oo +o0o
/ / / dvduds]
T+jo Js
>L—(L—a)
> a(t), t>T.

Therefore, Q1Q(a,b) C Q(a,d).

Next, we demonstrate that @y, is completely continuous. It’s claimed that @,
is continuous. Indeed, let zo € Q(a,b) and {zx}r>0 C Q(a,d) with zx — z¢ as
k — +oo. (2.12) yields that

|Qrxr — Qraol|
= btlel? (Qrzr)(t) — (Qrzo)(t)]

+oo “+o00
l9(s, zk(p(s))) — (s, 20(p(s)))|
<sup{2{/ ) ds

tel t+jo Tr2(S
2 |h(u, zx(g(w)) — h(u, zo(q(u)))
. ] ()7 dus
2 i, 2k (n() ~ 1 o)L T (23)
+ +JU/ / ra(s)ra(u) doducs| |
+oo +o00
l9(s, 2k (p(5))) — 9(s 20(p(s)))]
E[/Iq»jo’ T2 (S) I
P [T M) - )
T+jo Js (5)r1(u

/ /+00 /+°° [{(v, zx(n(v))) — (v @o(n(v )))|dvdud8
T+jo Js r2< ) ) |

In light of (2.6), (2.7), (2.13) and Lebesgue dominated convergence theorem, we
infer that ||Qrxy — QLI()H — 0 as k — 400, which means that (), is continuous.
Now we show Q1(a,b) is relatively compact. On account of Q1(a,b) C Q(a,b),
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Q1 is uniformly bounded. Because of (v) and for any € > 0, choose T, > T large
enough such that

(2.14)

By (2.12) and (2.14), for z € Q(a,b),ta > t1 > T\, we have

|(QLCU)(t1) —(Qrz)(t2)|
s oo u
z:: |:n/t1+]l7 7"2((3)) ds /t1+]0/ 6 >( )dUdS

“+oo “+oo
/ / / dvduds}
t1+ja s
+oo
+ Z {/ ds +/ / duds
totjo TQ to+jo Js
“+o00 400
/ / / dvduds}
ta+jo Js

o
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For T <t <ty < T, choose a sufficiently large integer w > 1 satisfying T+j0 > T
with j > w. For z € Q(a,b), we get that

|(QL$)(t1) — (Qrz)(t2)]
totjo taotjo +o00
Z {/ o(s) ds—l—/ Lu)duds
ttjo T2(8) titjo Js o T2(8)ri(u)
tot+jo +oo +oo
/ / / dvduds}
ti+jo Js 7’2 7‘1
to+jo totjo “+o00
{/ o(s) ds + / Lduds
ti+jo 72(s) ti+jo Js r2(s)r1(u)
to+jo “+o0 “+ o0 )
/ / dvduds}
t1+]a

tatjo ., ta+jo oo
+ Z { / / duds
t

j=wt1 1tjo titjo

tot+jo +oo +oo
/ / dvduds}
ti+jo T2 7'1

w to+jo Oé S totjo —+o0 ﬁ u
ds + / ————dud
<2 [/ ’ RN P O

= 1+jo 72(s) ti+jo

totjo “+oo +oo
/ / dvduds}
t1+jo
—+oo
+ / / / duds
Z|:T+jor2 Ti+jo Js
—+oo —+oo
/ / / wdvduds]
wtjoJs U T2(S)T1 (U’)

€
< Wity —tao] + >

Il
M=

where

B “la(s oo B(u)
W= T+USI£12¥*+1UU { Z |:’I’2 S / 2(8)7"1 (’LL) du

A dvdu}}

which implies that there exists § = 571777 > 0 such that [(Qrz)(t1) — (Qrz)(t2)] <
€ for any t1,ts € [T,Ty] with [t; — t2| < 6 and = € Q(a,b);
For z € Q(a,b),to <t; <ty <T, it follows from (2.12) that

(Qrz)(t1) — (Qrz)(t2)| = 0.
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Thus Lemma 1.2 ensures that there exists « € Q(a, b) with Qpz = x. That is,

%) “+o00 s,x(p(s +o0 h(u,z(q(u
Loyt [ B g [0+ Bssall) g, g

t+jo Tg(s) rz(s)rl (u)
ro(s)ri(u)

x(t) = t+j0 f+00 eroo l(v,z(n(v) ))dvduds], t>T

2(T), to<t<T.
It follows that for t > T,

x(t)—x(t—a):/+oo 9(s, d —/+OO/+OOh ))))duds

/+00/+00/+00l s)d duds.

It’s easy to verify that x is a bounded positive solut1on of Eq.(l.?).

Finally, we investigate that Eq.(1.7) possesses uncountably many bounded posi-
tive solutions. Let Ly, Ly € (@+¢,b— ¢) with Ly # L. For each j € {1,2}, choose
a constant T > to + ¢ and a mapping Qr, to satisfy (2.11) and (2.12), where L
and T are replaced by L; and T}, respectively, and

+oo +00 +oo
Z [/ / / &duds
— Ts4jo T2(8 Tytjo Js ro(s)ry(u)

j=1
+o00o +o00 i
/ / / dvduds] < | 2|
T3+jo T2 Tl

for some T5 > max{T1,T»}. Obviously, the mappings @1, and Qr, have the fixed
points x,y € Q(a, b), respectively. That is, z and y are bounded positive solutions
of Eq.(1.7). Next we need only to prove that x # y. As a matter of fact, by (2.12)

we get that for ¢t > T3,
+o0 +oo h(u
[ st )
t+jo T2 8 t+jo )

+o0
x(t) =Ly — Z; {
/ﬂ,, /:"" /*‘X’ li(i s ;)dvduds}

+jo Js r (u)

/ﬂg /*“’ /*“’ I Uai‘;)(?l(zg)dvdudS}

which together with (iv) and (2.15) yield that

|2(t) = y(t)] > |L1 — Lg—zz[/n ((?)der/m /:Oom(f)(:fl)(wduds

+jo T T3+jo

—+oo —+oo
/ / dvduds}
Ts+jo Js

that is, « # y. This completes the proof. O

(2.15)

,j_

>0, Vt>1T;,
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Theorem 2.3. Let a,b € C(I,R") with @ < b and (i), (i), (iv) and (vi) hold.

If ¢ < 9776 and ¢ is nondecreasing with o(t+) < t for each t > 0, then Eq.(1.7)

possesses uncountably many bounded positive solutions in Q(a,b).

Proof. Put L € (@ + ¢,b— ¢). In view of (i), there exists T > ¢y + o sufficiently
large satisfying (2.1). Define a mapping Qr, : Q(a,b) — C(I,R) by

L+ f(t,x(t — o)) + [T ozl g fhee oo hlwrlalu)) g, g

ra(s) s ro(s)ri(u)

(Qra)(t) = f+oo f+oo f+°o Mdvduds t>T

ro(s)ri(u)

(Qrz)(T), to<t<T.
(2.16)
Firstly, we assure that Qrz € Q(a,b) for all z € Q(a,b). In terms of (ii), (iv),
(2.1) and (2.16), we infer that for each x € Q(a,b),

(Qra)(t)
§L—|—c(t)—|—</ /+OO/+OO duds
/+°° /+°° /+OO 1) dvduds) @.17)

+c+(b—c—L
b(t), t>T,

>L—c(t)—</ Z))ds—&-/;oo o duds
/+<>o /+oo /+oo dvduds) (2.18)

>L—c—(L—c—a)
>a(t), t>T.

Thus Q1Q(a,b) C Q(a,b).
Secondly, we claim that

~

lim o(t) =0 = ¢(0). (2.19)

t—0+

Because ¢ : R™ — R* is nondecreasing and nonnegative, we deduce that
0<9(0) <) <p(s), Ys>t>0,
which together with ¢(t+) < t for each ¢ > 0 ensures that

0 < p(0) <) < lim p(s) =p(t+) <t, Vt>0.
s—tt
Letting t — 0T in the above inequalities, we get that (2.19) holds.
Thirdly, we prove that @, is continuous. Let 2o € Q(a,b) and {zx}r>0 C Q(a, b)
with o — z9 as k — +o00. Let Dy, = {x,x0} for £ > 1. It follows from (vi), (2.16)
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and (2.19) that
|Qrar — Qrxoll = sup (Qrzr)(t) — (Qrwo)(t)]
S

<$mhﬂtm@—oﬂ—ﬂt%@—am

t>T

T g (s, 2x(p(s))) — g(s, o (p(s)))]
+/ ra(s) ds
/*W/*”Muwk w))) = b zola@))] , -

ro(s)ri(u
+o00 ptoo  ptoo |l v, T 7](“ )) (U xo(ﬁ( )))‘
/ / / TN dvduds
< sup p(Dy(t))

t>T

= sup ¢ (|zk(t) — z0(t)|)
t>T

< o(|lzx — xo))
— 0 as k — +oo.

Thereupon, @y, is continuous in Q(a, b).

Lastly, we demonstrate that @1, is a condensing mapping. Let ¢ > 0. For any
nonempty subset D of Q(a,b) with (D) > 0, where a denotes the Kuratowski
measure of noncompactness, there exist finitely many subsets D;, Do, ..., D, of
Q(a,b) such that

n

C |J Dm, diamD,, < a(D) +¢, Vm € {1,2,...,n}. (2.20)

It follows from (vi) and (2.16) that for any z,y € D,,, m € {1,2,...,n},

1Qrr — Qryll = btlell? (Qrz)(t) — (Qry)(t)]

gmm[wwxu—a»—fwyu—om

t>T
T g(s, z(p(s))) — g(s,y(p(s)))

*/ ra(s)
P bl = e

/+00/+°°/+°° |I(v TI(U))() l(”’y(n(v)mdvduds

< sup ‘P(Dm( )
t>T

< p(diamD,,),

&‘_
V2]

which means that

diam(Qr,D,,) < p(diamD,,), Vm € {1,2,...,n}. (2.21)
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According to (2.20) and (2.21), we derive that

a(QrD) < o U QrLDn) = 1gl7g§n{a(QLDm)}

< i < i
< max diam(QrD,,) <  max p(diamD,,)

< ¢(a(D) +e).
Setting € — 0 in the above inequality, we gain that
a(QLD) < @(a(D) +0) < a(D),

which implies that @7 is condensing. Lemma 1.3 ensures that there exists = €
Q(a,b) with Qpx = x, which is also a solution of Eq.(1.7). The rest of the proof is
similar to that of Theorem 2.1. This completes the proof. ([

Theorem 2.4. Let a,b € C(I,RY) witha < b and (i)-(iv), (vii) and (viii) hold. If
c< % and d € (0,1), then Eq.(1.7) possesses uncountably many bounded positive
solutions in Q(a,b).

Proof. Put L € (@+ ¢,b—¢). Due to (i) and (viii), we derive that there exists
T >ty + o large enough satisfying (2.1) and

1—-d

2
(2.22)

Define a mapping Qp, : Q(a,b) — C(I,R) by (2.16). Just as (2.17) and (2.18), we
can demonstrate that @, is a self-mapping on Q(a,b) by (ii), (iv) and (2.1).



GLOBAL SOLVABILITY AND MANN ITERATION METHOD 269
We now investigate that @y, is a contraction mapping. According to (iii), (vii)
and (2.22), we get that
[(Qrz)(t) = (Qry) ()]

T g(s, z(p(s))) — g(s s
< |f(t’x(t_0))_f(t’y(t_g))H/ l9(s, 2(p(s))) — (s, y(())I

t 216)

oo 70 |h(u, 2 (g(w)) — h(u, y(g(w)))|
—|—/ / ()71 (1 duds

e /+°° [ e =(0e) 0D 1,

+oo s\ B <
()|$(t—0)—yt—a|+/ ot —utpol,

/+oo /+°<> l2(a(w)) —ylaC)l ,

ro(s)ry(u)

/+oo/+00/+°° v)|$77 ))1(9)(77( )>|dvdud8

)r
—+oo )\ —+oo +oo
< (d + / / / duds
“+o0 +oo —+o0
/ / / dvduds) |z — vl

1+d

2
which infers that Q.2 — Qryl| < 22|z — y| for any z,y € Q(a,b). Clearly, Qp,
is a contraction mapping by d € (0, 1). Consequently, 1, has a unique fixed point

x € Q(a,b), which is a bounded positive solution of Eq.(1.7). The rest of the proof
is similar to that of Theorem 2.1 and is omitted. This completes the proof. (I

<

3. ALGORITHM AND CONVERGENCE

In this section, a perturbed Mann iteration method with error is constructed for
approximating the solution of the third order nonlinear neutral delay differential
equation (1.7), and the convergence and stability of the iterative sequence generated
by the algorithm are discussed.

Lemma 3.1. ([7]) Let {an}n>0,{bn}n>0,{cn}n>0 be nonnegative sequences satis-
fying
Gp41 S (]- - )\n)an + )\nbn + Cn, n 2 Oa

where

[ee] (oo}
{)‘n}zo:O C [07 1]a z_: An = +00, Z;)Cn < +Oo7nh_>ngo b, = 0.
Then lim,_,o an = 0.

Definition 3.2. (/8])??Let n > 0, T be a self-mapping of H,xg € H, xpy1 =
f(T, xy,) be an iteration procedure which yields a sequence of points {x,}n>0 C H,
where f is a continuous mapping. Suppose that{x € H : Tx =z} # & and {xy, }rn>0
converges to a fized point x* of T. Let {un}tn>0 C H, By = ||unt1 — F(Tyun)|. L
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lim, o E, = 0 implies that lim,,_, o, u, = x*, then the iteration procedure defined
by tpy1 = f(T,xy,) is said to be T—stable or stable with respect to T .

Algorithm 3.3. Let o,r1,72, f,g,h,l,p,q,n be same as those in Theorem 2.4. For
any zo(t) € C(I,R), define an iterative sequence {x,(t)}n>0 on I by

Tnp1(t) =(1 = an)Tn(t) + an(Qran)(t) + anen(t), ¥n >0, (3.1)

where Qy, is the same as in (2.16), {e,(t)}n>0 C C(I,R) is a sequence introduced
to take into account possible inexact computation which satisfies

lim |le,|| =0,
n—oo
and the sequence {a,}n>0 satisfies the following condition
O<a<a, <1, Vn>0,

where a is a constant. Let {z,(t)}n>0 C C(I,R) be any sequence and define €, for
n >0 by

en = ||zns1 = [(1 = an)zn + an(Qr2n) + anen]||- (3.2)

Theorem 3.4. Let all conditions of Theorem 2.4 hold. Then

(1) the iterative sequence {x,(t)}n>0 generated by Algorithm 8.8 converges to a
solution x(t) relative to L of Eq.(1.7),

(2) for any sequence {z,(t)}n>0 C C(I,R), lim,_ o0 2, (t) = z(t) if and only if
lim,, o0 €, = 0, where €, is defined by Algorithm 3.3.

Proof. First to prove (1). It follows from Theorem 2.4 that Eq.(1.7) has a solution
z(t) € C(I,R) relative to L. Consequently,

l‘(t) :(1 - an)x(t) + an(QLx)(t)- (33)
By (2.22) and for ¢ € I,
[€nt1 — ]

sucmnunxn+an{aw|%lxn

+oo _ —+o0 “+oo
./ Mnm d+/ / rwunxuws

7’2 )

/+oo /+oo /+oo e \lfﬂn ;5||dvdud$} + aylen] (3.4)
+oo +oo +o0
S{l_a"{l_(d_F/T :\( / / duds
/+oo /+oo /+oo )(:1) o dvdudsﬂ }||$n — || + an|len]|

1—-d en
<(1- 120w — o |\+—n”1_d”, >0,
2 2 2

which means that z,(t) — z(¢) as n — oo by Algorithm 3.3 and Lemma 3.1.
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Now to prove (2). Using (3.2) and (3.3), similar to the proof of (3.4), we deduce
that

[zn+1 — | <llzng1 — [(1 = an)zn + an(Qrzn) + anen]||
+[(1 = an)zn + an(Qrzn) + anen, — ||
1-d 1—d leal +

S(l_Tan)”Zn_x”“‘ 5 n 1%,1 )

(3.5)
Vn > 0.

Suppose that lim,, - £, = 0. By (3.5), Algorithm 3.3 and Lemma 3.1, we get that
zn(t) = x(t) as n — oco. Conversely, suppose that z,(t) — z(t) as n — oco. In view
of (3.2), we infer that

en < lzng1 — 2| + (1 — an)zn + an(Qr2n) + anen — 7|

1-d
< llznts =zl + A = ——an)llzn — 2l + anllen|

<znsr — 2l + 20 — 2| + lleall,  ¥n > 0.

Hence, lim,, ;o £, = 0. This completes the proof. [l

4. EXAMPLES

In this section, two examples are given to illustrate how to apply the above
results.

Example 4.1. Consider the following third order nonlinear neutral delay differen-
tial equation:

sin?
el g (o- el
t

. (4.1)
—i—i{t?’ix(e)}—ki[tm(tg)]— ! >t =
ael at ¢ dt T2tV T
where
o >0, 11(8) = 5, ra(t) = 2, f(t,u) = —— g(t,u) = =,
1
ht,u) = tu, I(t,u) = ——. p(t) =¢et, q(t) =2, n(t) = Vt.
(t,u) = tu, I(t,u) t2+u,p() e', q(t) ,n(t) =Vt
Choose a(t) = 2 + sint,b(t) = 6 + cost. Then, a = 1,a =3,b=5,b=7. We can
take
=" gy = =T B0 = A = (4.3)
& - 2 ) - 4 ) (63 - ta - 9 7 - t2+1 M

It is easy to wverify that the conditions of Theorem 2.1 are satisfied. Therefore
Theorem 2.1 ensures that (4.1) has uncountably many bounded positive solutions in
Q(2 + sint, 6 + cost).

Example 4.2. Consider the following third order nonlinear neutral delay differen-
tial equation:

d {t4i [t?’ d (x(t) —x(t— a))” + 4 {t“i v m(Qt)}

dt U dtl” dt atl dt t (4.4)
d inz(1 tan ¢
+ %[tQ cosz(2 +Int)] = sinz( tsam an >, t>t) =2,
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where

o >0, ri(t) =t ra(t) =13, g(t,u) = , h(t,u) = t*cos u,

v
t

. (4.5)
I(t,u) = sz#’ p(t) =2', q(t) =2 +Int, n(t) =1+ arctant.
Choose a(t) = 1,b(t) = 4. We can take
2 1
alt) = 7, BE) =17, 1(t) = 5. (4.6)

It can be verified that the assumptions of Theorem 2.2 are fulfilled. It follows from
Theorem 2.2 that (4.83) has uncountably many bounded positive solutions in (1,4).
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