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APPLICATION OF AN INTEGRAL OPERATOR FOR P-VALENT
FUNCTIONS

(COMMUNICATED BY SHIGEYOSHI OWA)

MASLINA DARUS, IMRAN FAISAL AND ZAHID SHAREEF

ABSTRACT. By making use of an integral operator defined in an open unit disk,
we introduce and study certain new subclasses of p-valent functions. Inclusion
relationships are established and integral preserving properties of functions in
these subclasses are discussed.

1. INTRODUCTION AND PRELIMINARIES

Let A, denote the class of functions of the form

fle)=2"+ > ¥, peN={1,2,---}. (1.1)
k=p+1

which are analytic in an open unit disk U = {z: |z| < 1}.
Next we define some well known subclasses of p-valent functions as follows:

S,(€) = f€A,,:3‘E<fo;S)>>§,0§§<p,p€N,ZEU ;
K,(p,6) = feApzéR<1+ZJ]://;(Z§)>>§,O§£<p,p€N,zeU ;
Ky(p,§) = qf€A,:39(z) €S AR Z;C(IS))>p,0§p,£<p,p€N,zeU ;
Ky (p,&) = fGApiﬂg(Z)ECp(é)/\%(W>>p,0§p,£<p,p€N,z€U
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The ClaSSGS S;(E)a S;a Cp(g)a Cpa Kp(p7€)7 Kl(pag)? K;(,O,f) and Kf(f%é) were
introduced by Patil and Thakare [13], Goodman [14], Owa [15], Aouf [16], Libera
[17] and Noor [18, 19] respectively.
Also note that

f(2) € Cp(€) if and only if 212 € §5(£), 0 < <ppeN,z €U
Similarly

f(2) € K,p(€) if and only if 23 e K3(¢), 0< ¢ <ppeNzel

For a function f € A,, we define a differential operator as follow:

Tf(z) = f(2);
1 _a—pu+fB—pA pr+pA zf'(2)
T ff(c) = (“TREEETEN ) 4 (B ),
Ti(p, o, 8, 1) f(2) = Dpala,B,p1)f(2);
Ti(p, o, B, 1) f(2) = D(Yi(p,a,B,1)f(2));
T(p, o, B, ) f(2) = DYy p o, B, 1) f(2)): (1.2)

If f is given by (1.1) then from (1.2) we have

+ (p+ ) (k —p) + B\"

Yh(p,a. B, ) f(z) = 2P+ Y .y ) arz®,  (1.3)

k=p+1

where f € Ap, o, B, 0, A > 0,0+ 5 #0,ne N, ={0,1,--- }.
This generalizes some well known differential operators available in literature (see
for examples [1]-[11]).

Now we define the integral operator for f(z) € A, as follows:

Coler, 8.1, 0) f(2) = f(2);

Ch(a e NS (2) = SR D) [0 oy

C3 (a8 () = S ) |G s s 0

m +B a+ otBy _p1pm—
By (0 Bt AL (2) = S () / {GER=P-1Gm1 (0, 6, 1, A) F(8)dt

This implies

_ atp " k
Cr(a, B, 11, N) Zp+z<a+ PESN = p)Jrﬂ) apz”, (1.4)
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where @ > 0,8 > 0,0 > 0,A > 0,p € Nym € Ny = NU {0}, f(2) € 4,,z € U).

From (1.4) we have
(u + A) 2 <Eg”1(oz7 B, . A)f(Z)) =

(a + 6) (C?(a, B, m, /\)f(Z)) - (a +B—plp+ A)) (C;"“(f% B, u, /\)f(2)> (1.5)

Using the operator 0" (a, 3, 1, A) f(2) defined in (1.4), we introduce the following
subclasses of p-valent functions:

S &N, o) = SfedA 0 (a,B,mNfe S;(f)};
€Ay : 0, B, M) f € Cp(f)};

(0,0, &N o, B, ) =

¢7n(pa§7>\aa557,u) = {f

fed, B a,B,u,\)f € Kp(p,é)};

8, (o &N, B, ) {f €Ay 0 (e, B, M) f € K;‘(pf)}-

2. INCLUSION RELATIONSHIPS

In this section, we establish various inclusion relationships for the functions belong-
ing to the new subclasses of p-valent functions.

Lemma 2.1.[20, 21] Let ¢(u,v) be a complex function, ¢ : D — C, D C C x C,
and let u = py + ipuy, v = v1 + ivq. Suppose that ¢(u,v) satisfies the following
conditions:

(1) ¢(p,v) is continuous in D;
(2) (1,0) € D and R{x(1,0)} > 0;
(3) R{p(ip2,v1)} <0 for all (ips,v1) € D such that vy < —2(1 + p3)-

Let h(z) = 1+ ¢12 + co2® + -+ be analytic in U, such that (h(z),zh/(z)) € D for
all z e U. If R{p(h(z),zh/(2))} > 0(z € U) , then R{h(z)} > 0 for z € U-

Theorem 2.2. Let f(z) € A, and o, 8,4, A > 0,p € Nym € Ny =NU{0},z € U-
Then

G:(n(pa§7)‘aa7/87.u) g 6rn+1(p7£a)\7a7ﬂvu) g Grn-}-Q(pvg?)\aaaﬂa,u‘)'

Proof. To prove &}, (p,&, A, v, B, 1) € &}, 11 (P& A v, B, ), let f(2) € &7, (p, &, A, o, B, 1)
and assume that

2G5 (o, B, 11, ) f(2))
Co (e B, N F(2)
Where h(z) =1+ c12 + 22 + .

=+ (p—9h(z), 0<E<1,2zeU- (2.1)
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Using (1.5) and (2.1), we have

2Ly o w NI (p—&)2h(2)
Gt Bl P e ey

(2.2)

Taking h(z) = p = p1 + ipr and zh/(2) = v = v1 + ivq, we define the function
p(p,v) by:

(p—&v
e(p,v) =(p—En+ (a3 T et _Op
This implies
(i) ¢(p,v) is continuous in D = (C — (Z%g%ﬁ)%)
(i) (1,0) € D and R{p(1,0)} > 1 — ¢,

(iii) For all (ip2,11) € D such that v; < —1(1 4 p3). Therefore

x C,

. (p—9&v [(% —p) +&(p—-EHv
R 2, V1 =R = )
fetinz ) {(ﬁ%f*p)+€+(pff)iuz} (& —p) + 62+ (p— 6243
=
atB _ ya atB — (1 2
(i)} = a&(;H p) +¢&lp—§) S_[(,@ﬁ _p)+£}(p &1+ p3)

(X - +82+ (-85 — 2G5 —p») +O*+ (-3

Hence, the function ¢(u, v) satisfies the conditions of Lemma 2.1. This shows that
R{h(2)} > 0(z € U), that is, f(z) € &, 1 (P&, A, B, p)-

Theorem 2.3. If f(z) € Ay and o, 5,4, A > 0,p € Nym € Ny = NU{0},z € U-
Then

cm(p7£a)‘7a7ﬂap‘) g ¢7n+1(pa§7>\7aaﬂ7,u) g Q:m+2(p7€?)\7a7ﬂ7,u’)'

Proof. Let f € €,,(p, &, \, a0, B, 1) = C;’”b(a,ﬁ,u,)\)f € Cy(8), & %(C;’L(a,ﬁ,u, Nf) €
S3(€) & B, B, M F(EL) € S3(6), & 25 € €lp, 6,0, B, 1) € Conya (0,6, N 0, B, 1),
= 2 e Cuia(p.& ) 0, 8, 1) & B (o B, N F(EL) € 85(6), & 20 (o B, 1, M) ) €
Sp(€) = Crtt(a, B, 4, A f € Cp(€), = [ € €y (p, €, N, 0, B, 1)-

Theorem 2.4. If f(z) € A, and o, 8,4, A > 0,p € Nym € Ny = NU{0},z € U-
Then

ﬁm(pv paga)‘7a7ﬁau) g Rm-‘rl(pﬂ p757)\5a767/’(‘) g ﬁ/rn-‘rQ(pa p7§a )\,047,6,/11)'

Proof. Let f(z) € Kn(p, p, &, \, o, B, 1) implies

R 2(C (e, B, 1, \) f(2))
G (e, B, 11, M) g(2)

Since g(z) € G:n(p’§7A7aa67:u’) g 6:n+1(p5€a)\>a7ﬁ7u)7 let

20 (o, B, 1, Ng(2))
Crt (o, B, 1 A)g(2)

) >p, 9(z) €65, (p, &\, B,1),0<p<1,2e€U-

=¢+(p—§H(2) (2.3)
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Suppose that

205 (o, B, 11, M) f(2))
G0 (@, B, 1. N)g(2)
Where h(z) =14 c12 + c22% + -+ -+ Using (1.5), (2.3) and (2.4) we get

>_p+(pp)h(z),0§p<1,zeU (2.4)

2(C™ Y (o, 8,1, \) 2 (2))’ a
G B VI _ o s s PO oG
G (o, B, 1. \)g () E+ (= OHE) + (G55 - 7) |

Using (2.3) and (2.4) we have

2((C e, B, 1, N2 f'(2))) Al B ; VB (),
T (o 5. N(2) =[p+ @ —ph()E+ (p—EH(2)] + (p— p)zh'(2)(2.6)

Simplifying simultaneously (2.5) and (2.6), we get
Z(Cm(avﬂmua )\)f(Z))/ - Zh/ z
p —p= (p—p)h(z)—|— e (p p) ( )

G (e . Mg (2) (2 —p+ &)+ (- OH(2)

(2.7)

Taking h(z) = p = p1 + 4uq and zh/'(z) = v = vy + ivq, we define the function
¢(p,v) by
(p—p)v
e, v)={@=pp+ — :
(2 —p+ &)+ (p—H(2)
Clearly conditions (i) and (ii) of Lemma 2.1 in D = C x C are satisfied. For (iii),
we proceed as follows.

. V1(p—p)[(z%ﬁf—p+£)+(p—§)h1(x1,y1)]
R T2, V1 = .
bk = (o O e+ [0~ (s, o)

Where H(z) = hi(x1,y1) + tha(xa,y2), h1(x1,y1) and ho(z2, y2) being functions of
z and y and R(hi(z1,y1)) > 0. Since v; < —%(1 + p3), implies

Rio(i )} = - (L+13)(p = PI(GT8 — P+ + (0~ Ohilr,m)]
AT T T e ) + (0 - Ol )P + [ — Eha(wa, y2)P

Applying Lemma 2.1. on ¢(u,v), gives R{h(z)} > 0(z € U). This shows that

f(Z) € ﬁm+1(p70a57)\704767ﬂ)'
The following theorem can be proved in a similar manner.

Theorem 2.5. If f(z) € A, and o, 3,1, A > 0,p € Nym € Ny = NU{0},z € U-
Then

ﬁ:n,(pv pafa)‘va7ﬁau) g R:n+1(p7 pagvAaOQBv/f(‘) g ﬁrn-l,-Q(pv p7£a A,Oé,ﬁ,/.lz)'

<0

3. INTEGRAL OPERATOR

For ¢ > —p and f(z) € A,, the integral operator L., : A, — A, is defined by

Lep(f) = <52 / NS (3.1)

ZC

The operator L. ,(f) was introduced by Bernardi [12].
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Theorem 3.1. Let ¢ > —p, 0 < & < p- If f(2) € &, (p, &, A, o, B, ), then L.(f) €
Gjrl(pa§7)‘aa7ﬂ7u))'

Proof. Using (3.1) we get
2G5 (e, B, 1, N Lep f(2)) = (e + p) (€ (e, B, 1, A [ (2)) — ¢(CF (e, By 1, ) L p f(2))(3.2)
Let
2(C)' (@, B, 1, N Lef(2))
Gy, B,y A Lef (2)
Where h(z) =1+ c12 + c22% + -+ -+ By using (3.1) and (3.2) we get
Z(C;n(a’ ﬁv My )‘)f(z))l (p B f)Zh/(Z) .
E;"(a,ﬁ,u,)\)f(z) E4+(p—&h(z)+c

Taking h(z) = p = p1 + ipr and zh/(2) = v = v1 + ivq, we define the function
p(p,v) by

=&+ (p—h(2) (3-3)

—&=(p—-EHh(2) +

(p—&v

o(p,v) = (p—Ep+ m

Clearly conditions (i) and (ii) of Lemma 2.1 in D = ((C - {gf; ) x C are satisfied.

We proceed for (iii) as follows;

.  E+olp-oHn —(E+)p—6A+u3)
el )} = T (= e = e 7 P + 20— Ol

Applying Lemma 2.1. we have R{h(z)} > 0(z € U), that is, L.(f) € &%, (p,&, \, o, 5, i)

Theorem 3.2. Let ¢ > —p, 0 <& < p- If f(2) € €n(p, &, N, «, B, 1), then L.(f) €
Q:m(paf7)\,04,5vﬂ)‘

Proof. For the proof, use Theorem 3.1 and the fact that f(z) € C,(&) & Zf;(z) €
Sp(&).

Theorem 3.3. Let ¢ > —p, 0 < & < p- If f(2) € Rn(p,p, & A o, B, 1), then
L.(f) € &m(p, p, &N o, B, )

Proof. As f(2) € fu(p, p, &\ a, B, 1) gives
z(C (o, B, 1, A)J“(Z))’)
§R p
< Co (v, B, 11, N)g(2) -0
Since g(z) € &;,(p, &, A\, o, B, 1)) implies Lc(g(2)) € &, (p, &, A, o, B, 1)) Let

2(C5 (e, B, 1, M) Le(g(2))
B;:zn(av ﬁa s )‘)ch(z)
Also let

< 0-

=&+ (- §H(2), R(H(2)) >0, z€ U

(Z(UZ”L(O&, B, A)Lef(2))
G (e, B, 1, ) Leg(2)

Where h(z) =1+ c1z+cp2? +--- .

) — o+ (p— Ph(2), z € - (3.4)
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After doing calculations, we get

207 (,B,u N Le (2 (2))’ (€3 (@B, N) Le(2f(2))
(Z(E;"(a,ﬂ,u&)f(z))’ G BaNLeG)  C e Bun L)
Cr(a, B, 1, N)g (2 B 2(Cp (8,1, Le(9(2))’
p( )g(2) Cr (a,8,1,M) Leg(z) te

Also
2(Cp (e, B, 1, ) Le(2f'(2))
G (e, B, 1, M) Leg(2)
Hence
(Z(C;”(a, B, 1, M) f(2)) (p—p)zh(2)
Con (e, B, 11, M) g(2) E+(p—&H(2)+¢

Taking h(z) = p = p1 +iuy and zh/'(z) = v = vy + ivq, we define the function
¢(p,v) by

=[p+@—phR)]E+ (p—H)] + [(p— p)zh/(2)]-

) o= (= ph(z) + (3.5)

(p—p)v ,
§+(p—9H(2) +c
It is easy to see that the function ¢(u,v) satisfies the conditions (i) and (ii) of
Lemma 2.1 in D = C x C. To verify the condition (iii), we proceed as follows.

o(p,v)=(p—p)p+ (3.6)

‘ B np —p)(E+c) + (p— (1, 41)] _
el )} = e T o O er )P 1 [0 — Oha(an, )P

Where H(z) = hi(x1,y1) + iha(x2,y2), hi(z1,y1) and ha(x2,y2) being functions of
z and y and R(h1(x1,y1)) > 0. By putting 11 < —1(1 + p3), we obtain

» 1 A+ m)p =+ + (0= hilz,3)]
el )} = =3 e+ (p— Ohaan, g + [ — Ohalez, y2)

By applying Lemma 2.1 we get *{h(z)} > 0(z € U), that is, L.(f) € € (p, &, \, , B, p)-

<0-
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