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INEQUALITIES CONCERNING POLYNOMIALS HAVING ZEROS
IN CLOSED INTERIOR OF A CIRCLE

(COMMUNICATED BY R.K. RAINA)

GULSHAN SINGH

ABSTRACT. In this paper, we have obtained certain inequalities for polynomi-
als having zeros in closed interior of a circle. Our result gives the generalization
of the known result.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let P(z) be a polynomial of degree n and let M (P, R) = Max|,—p|P(2)|, m(P, k)
Min,—|P(2)|, then by maximum modulus principle [4, p. 158 problem III 267
and 269], we have

M(P,r) >r"M(P,1), forr <1, (1.1)
with equality only for P(z) = az™, |a| = 1.

Rivlin [5] obtained stronger inequality and proved that if P(z) is a polynomial
of degree n having all its zeros in the disk |z| > 1, then

1+7r

M(P,r) > (—y" M(P,1) for r < 1. (1.2)

Here equality holds for P(z) = (a + 82)", |a| = |B].

For the polynomials of degree n not vanishing in |z| < k, & > 0, Aziz [1] ob-
tained the following generalization of (1.2).

Theorem 1.1 Let P(z) be a polynomial of degree n, having no zeros in the disk
|z| < k, k>0, then

r+k
M(P,r)2(1+k

Here equality holds for P(z) = (z 4+ k)™.

Y'M(P,1), fork>1andr <1lork<1andr<k* (1.3)

By using Theorem 1.1 to the polynomial z"P(1), Aziz [1] obtained the follow-
ing :
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Theorem 1.2 Let P(z) be a polynomial of degree n, having all its zeros in the
disk |z| <k, k>0, then

R+k
1+k
Here equality holds for the polynomial P(z) = (z + k)™.

M(P,R) > ( )"M(P,1), fork<1land R>1ork>1and R>k* (1.4)

For the polynomials having all their zeros in |z| < k, k > 1, Jain [3] proved the
following:

Theorem 1.3 Let P(2) be a polynomial of degree n, having all its zeros in the
disk |z| <k, k > 1, then for k < R < k?,
R+k
1+k
where s is the order of a possible zero of P(z) at z=0.

M(P,R) > R%( YM(P,1), for s <n. (1.5)

In this paper, we have obtained the following generalization of Theorem 1.3 by
involving the coefficients of the polynomial P(z) := Z?:o a;7? of degree n having
all its zeros in the disk |z| < k, k > 1 with s-fold zeros at the origin. In fact we prove:

Theorem 1.4 Let P(z) := Z?:o a;jz? be a polynomial of degree n having all its
zeros in |z| <k, k > 1, then for k < R < k?,

R™[(n—s)(k*+R?)|ay |+2R|an_1]]
M(P,R) > (nfs)(R"*sk:QjLR?)\an|+R(R"*s+13|an,1|Max\2|:1|P(z)|

R*M(R"°~1)[(n—s)Rlan|+|an_1]]
- ks[(”_5)(Rn_sk2+R2)|an|+R(Rn_s+13‘an71 Il m(P’ k)’

where s is the order of a possible zeros of P(z) at z=0.

2. LEMMAS

The following lemma is due to Dewan, Singh and Yadav [2].

Lemma 2.1 If P(z) := Z?:o ajzj 18 a polynomial of degree n having no zeros
in the disk |z| < k, k > 1, then

/ nlao|+k>|a,| _{1___ nlag|+k?|ai] m(P.k)n
Mazx, 1 |P (Z)|Snn(1+k2)|ao|+2k2\a1\Ma$|z‘:1‘P(Z)| {1 n(1+k2)\ao|+2k2|a1|} B

where m(P, k) = Min,—|P(z)|.

Lemma 2.2 If P(z) := Z;‘L:o ajz’ is a polynomial of degree n having all its zeros
in the disk |z| > k, k > 0, then forr <k <R,
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M(P,r) >

nrt—1 (7‘2+k2)|a0 |+2k27'" |aq|
n(rR*"+r*=1k2)]ag[+kZ(R"+r")|a1| M(P’ R)

(R —r") (n]ao|+rlas])
+ k”*z[n('r‘R"+r”*1k2)\a0\+k2(3”+7‘")|a1|] m(P) k>7

where m = Min),—;|P(2)].

Proof of lemma 2.2 Let r < k < R, then the polynomial G(z) = P(rz) has
no zeros in [z| < £. As £ > 1, we have by lemma 2.1,

MG nlaol+ £ rlas]
(G'.1)<n M(G, 1)

by 2 2
n(1+%)|a0\+2%7'|a1|

1 n\ao\-l-’:—ir\al\ . n
- D g M= GG
or
. +k)2
M(P',7) < norrtse bl M (P, r)
nr2|ag| + k*r|a;] m(P, k)nrn—1

(2.1)

—f1— 7
{ n(r? + k?)|ao| + 2k?r|aq | kn
Since P’(z) is a polynomial of degree (n-1), we have by maximum modulus principle
[4],

M(P' t M(P'
( 7)§ ( ’r)’tz,r (2.2)
tn—1 rn—1
Combining (2.1) and (2.2), we get
n—1 nrlag|+k?|a
M(P't) < L= [nn(r2+k‘2)0\!z+o\+‘2k12‘r|a1|M(P’ T)
nr?|ag| + k?r|ay| m(P, k)nr"=t
—{1- : t>r. 2.3
{ n(r? + k2)|ag| + 2k2r|aq] kn htzr (23)

Now we have, for 0 < 0 < 27

|P(Re'?) — P(rei®)| < [T P!(te'?)|dt

nrlao|+k*|ai| Rn—1
S nnr"*l(r2+k2)|a0|+2k2r"|a1|M(P’ T) fr t dt

nr?|ag|+k3r|a | R 1
_k%{l - ’ﬂ(T2+k72)0\ao\+2k21T\a1\ }m<P, k) f?" tTL dt

= (R" — ™) nrlaltk fay] M(P,r)

nrn—1(r24k2)|ag|+2k2r"|aq|

_R=r") nr?lag|+k>r|ai]
km {1 n("'2+k2)|a0‘+2k27‘|a1|}m(P7 k)a

which is equivalent to

n n nrlag|+k3|a
M(P’ R) < (R -r ) nr”*l(er‘rkoz‘)Tao\L;LZT"\al\ M(P7 T)
(R"—r"™) nr?|ag|+k*r|a|
T kn {1 - n(7'2+k2)0|a0\+2k217-|a1| }m(P, k‘) + ]\4(P7 T‘).
After by simple calculation, we get
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nr™ " (r? +k%)|ao | +2k3 1" ay |
M(P7 ’l") > n(TRn+7.n71k2)|a0|+k2(Rn+Tn)‘al‘M(P7 R)

" (R —r") (n]ao|+rlas|)
+k"*2[n(rR"—&-'r'"*1k2)|a0|—(i)-k2(R71L+7'")\alH m(P’ k)

This completes the proof of Lemma 2.2.

3. PROOF OF THE THEOREM 1.4

The polynomial Q(z) = 2"P(1) has all its zeros in [z] > £, 1 < 1 and is of

degree n — s. By applying Lemma 2.2 to the polynomial Q(z) with R=1, we have

(n=s)r" =114 L) an |+ Z " a1 |

m—s—1 s
(n—8)(r+ =) |an |+ 27 (14+r7=*)|an_1]

M(Q,r) >

M(@Q,1)

n—s—2__ """ (1=r" ") ((n=s)|an|+rlan—1]) ; 1 1
R e o anit - fan 1 Pei= Q) 7 <7 <
which is equivalent to
_ n—s—1¢.2, 1 2 .n—s
’I"nMCLJ?‘Z‘:;‘P(Zﬂ Z (’ﬂ S)T n7£i1+k2)‘an1|+k2r ‘anfl‘ MCI,J,"Z‘:1|P(Z)|
T (n=s)(r+ =7 )lan|+ 7z A+r"=*)|an_1]
n—s—2_ " T A—r"" %) ((n=s)|an|+rlan_1]) 1 A 1 1
R T oD anit a0 et P g <7 <
which on simplification and by replacing r by %7 we get
R™[(n—s)(k*+R?)|an|+2R|an_1]]
M(Pa R) > (nfs)(R"*Sk2+R2)\an|+R(R"*5+1l)|an_1|Max\z|=1|P(Z)|
RPTH(R"°—1)[(n=s)Rlan|+|an—1]] : 2
+lcs[(n—s)(R”*sk2+R2)|a”|+R(Rws+1§\an,1\]Mle\:k|P(Z)|v k>1and k< R < k“.

This completes the proof of the Theorem 1.4.
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