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TRIPLE FIXED POINTS IN ORDERED METRIC SPACES

(COMMUNICATED BY SIMEON REICH)

HASSEN AYDI, ERDAL KARAPINAR

ABSTRACT. In this paper, we prove triple fixed point theorems in partially
ordered metric spaces depended on another function. The presented results
generalize the theorem of Berinde and Borcut [ Tripled fized point theorems for
contractive type mappings in partially ordered metric spaces, Nonlinear Anal.
74(15) (2011) 4889-4897. Also, we state some examples showing that our
results are effective.

1. Introduction

Banach fixed point theorem and its applications are well known. Many authors
have extended this theorem, introducing more general contractive conditions, which
imply the existence of a fixed point. Existence of fixed points in ordered metric
spaces was investigated in 2004 by Ran and Reurings [29], and then by Nieto and
Lépez [28]. For some other results in ordered metric spaces, see e.g. [3 [ [5l, 23]
9241, 25, [26], 27).

Bhashkar and Lakshmikantham in [T1] introduced the concept of a coupled fixed
point of a mapping F' : X x X — X and investigated some coupled fixed point
theorems in partially ordered complete metric spaces. Later, various results on
coupled fixed point have been obtained, see e.g. [ 6, [7 8], 12} 17, 18, 19 20} B30].

On the other hand, Berinde and Borcut [10] introduced the concept of triple
fixed point (see also the papers [2], [0, BI]). The following two definitions are from
[10).

Definition 1.1. Let (X, <) be a partially ordered set and F: X x X x X — X.
The mapping F is said to has the mixed monotone property if for any z,y,z € X

T1, T2 € Xa 1 < T2 :>F(x17yvz) < F(IZayVZ)a
Y1, 92€X> yl§y2:>F(33,yl»Z)ZF($7?JQaZ)a

21, Z2€X7 21§22:>F($,y721)§F($7y,Z2),
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Definition 1.2. Let F: X x X x X — X. An element (x,y, z) is called a triple
fized point of F if

Flr,y,z) ==, F(y,z,y)=y and F(zyz) =2z
Also, Berinde and Borcut [I0] proved the following result.

Theorem 1.1. Let (X, <,d) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. Suppose F : X x X x X —
X such that F has the mixed monotone property and there exist j,r,1 > 0 with
Jj+r+1<1 such that

d(F(z,y,2), F(u,v,w)) < jd(z,u) + rd(y,v) + ld(z, w), (1)
for any z,y,z € X for which x < u, v < y and z < w. Suppose either F is
continuous or X has the following property:

(1) 4f a non-decreasing sequence x,, — x, then x,, < x for all n,
(2) if a non-increasing sequence y, — y, then y <y, for all n.

If there exist xo,yo,20 € X such that xo < F(xo,Y0,20), Yo > F(yo,x0,20) and
20 < F(20, Y0, 20), then there exist x,y,z € X such that
F(z,y,z) =z, Fy,z,y)=y and F(z,yz)=2
that is, F' has a triple fized point.
In this paper we give some triple fixed point theorems for mappings having the

mixed monotone property in partially ordered metric spaces depended on another
function which are generalization of the main results of Berinde and Borcut [10].

2. MAIN RESULTS
We start with the following definition (see e.g. [13] 14} 22} 21]).

Definition 2.1. Let (X,d) be a metric space. A mapping T : X — X is said to be
ICS if T is injective, continuous and has the property: for every sequence {x,} in
X, if {Txy} is convergent then {x,} is also convergent.

Let ® be the set of all functions ¢ : [0,00) — [0, 00) such that

(1) ¢ is non-decreasing,

(2) ¢(t) <t forallt >0,

(3) lim ¢(r) <t forallt>0.
r—tt

From now on, we denote X2 = X x X x X. Our first result is given by the following:

Theorem 2.1. Let (X, <) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. Suppose T : X — X is an
ICS mapping and F : X3 — X is such that F has the mized monotone property.
Assume that there exists ¢ € ® such that

d(TF(z,y,2), TF(u,v,w)) < (b(lnax{d(Tx, Tu),d(Ty, Tv),d(Tz, Tw)}) (2)
for any x,y,z € X for which x < u, v <y and z < w. Suppose either

(a) F is continuous, or
(b) X has the following property:
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(#) if non-decreasing sequence x,, — x (respectively, z, — z), then z, <z
(respectively, z, < z) for all n,
(it) if non-increasing sequence y, — y, then y, >y for all n.

If there exist xg,y0,20 € X such that xg < F(x0,%0,20), Yo > F(yo,20,y0) and
20 < F(z0,Y0,x0), then there exist x,y,z € X such that

F(:L‘7 y’ Z) = x’ F(y’z7y) = y and F(Z7y7 x) = Z?
that is, F' has a triple fixed point.

Proof. Let xo,y0,20 € X such that zo < F(x0,¥0,20), Yo > F(yo,xo,yo) and
20 < F'(20,%0, o). Set

1 = F(x0,%0,20), y1 = F(yo,T0,%0) and 2z = F(20,%0,%0)- (3)

Continuing this process, we can construct sequences {x, }, {y»} and {z,} in X such
that

Tni1 = F(Tn,Yn,2n)s  Ynt1 = FYn, Tn,yn) and  znp1 = F(2n,Yn, Tn).  (4)

Since F' has the mixed monotone property, then using a mathematical induction it
is easy that

Tn < Tpity, Yntl < YUns  2n < Znt1, forn=20,1,2, ... (5)
Assume for some n € N,
Tn = Tptl, Yn =Yny1 and 2z, = zp41,

then, by , (Zn, Yn, 2n) is a triple fixed point of F'. From now on, assume for any
n € N that at least

Tp # Tntl OF Yn # Yntl OF  2n 7 Znil. (6)
Since T is injective, then by (6]), for any n € N
0 < max{d(Txn, Txn+1), d(TYn, TYn+1,d(Tzn, Tzpi1)}
Due to and , we have
d(Txp, Txnt1) =dTF(@n-1,Yn-1,2n-1)s TF(Xn,Yn,2n))

S ¢ < max{d(Tx’nflv Tl'n), d(Tynfla Tyn)7 d(Tanlv TZn)})

(7)

d(Tyn+17 Tyn) TF(yru Tn, yn)v TF(ynfla Tn-1, ynfl))

S ¢({d(Tyn717 Ty’rl)7 d(T$n717 Tx’n,)) d(Tyn717 Tyn)}) (8)
= ¢(m3‘X{d(Tyn—17 Tyn)7 d(Tmn—la Txn)})
< (;S(max{d(Tzn_l, TZ'!I)7 d(TyTL—la Tyn)v d(Txn—lv Txn)})7
and
d(TZnaTZn—i-l) - d(TF(Zn—hyn—lvxn—l)aTF(Znayn7mn)) (9)
< p(max{d(Tzn-1,Tzn),d(TYn-1,TYn), d(Txpn_1,Tx,)}).
Having in mind that ¢(t) < ¢ for all ¢ > 0, so from ([7])-(9) we obtain that

0 <max{d(Txn, Txn+1), d(TYn, TYn+1), d(Tzn, Tzpt1)}
<p(max{d(Tzp—1,Tzn), d(Tyn—1,Tyn), d(TTp_1,Txs)}) (10)
<max{d(Tzn—1,Tzn), d(Tyn—-1,Tyn), d(Txp_1,Txy)}.
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It follows that
max{d(Tx,, Txns1), A(TYn, Tyn+1,d(T2n, Tzpns1)}
<max{d(Tzn—1,Tzn), d(Tyn—1,Tyn), d(Txp_1,Txy)}.
Thus, {max{d(Txn, Txn+1), d(TYn, TYn+1),d(T2n, Tzn11)}} is & positive decreas-

ing sequence. Hence, there exists » > 0 such that

lim max{d(Txn, Ten+1), d(TYn, Tyn+1), d(T2n, T2ny1)} = 1.

n—-+oo
Suppose that r > 0. Letting n — 400 in , we obtain that
0<r< EIE o(max{d(Tzn—1,T2n), d(TYn—1,Tyn), d(Txp_1,Tx,)}) = lim ¢(t) <,
n [ee} t
(11)

it is a contradiction. We deduce that

Er_irrl max{d(Txn, TZn+1), d(TYn, TYn+1), d(T2n, T2n+1)} = 0. (12)
We shall show that {T'z,}, {Ty,} and {Tz,} are Cauchy sequences. Assume the
contrary, that is, {Tz,}, {Tyn} or {Tz,} is not a Cauchy sequence, that is,

lim d(Txpm, Tx,) #0, or lim  d(Tym,Tyn) # 0,

n,m—+o0 n,m—+
or lim d(T#zy,Tz,) # 0. This means that there exists € > 0 for which we can
n,m—4o0o
find subsequences of integers (my) and (ny) with ng > my > k such that
max{d(Txm,, TTn,), AT Ymy TYny), AT 2y, T2n, )} > €. (13)

Further, corresponding to my we can choose ny in such a way that it is the smallest
integer with ny > my and satisfying . Then

max{d(T@m, , TCn,-1), AT Ymp TYn-1), AT 2m,, T2n,—1)} < €. (14)
By triangular inequality and , we have
A(Ttm,, Trn,) < dTxm,,Ton,—1)+ d(Tan,—1,TTy,)
< €+dTzp,—1,Txn,).
Thus, by we obtain
lm d(Tam,, T2y,) < lm d(Tapm,,Ten,—1) <e. (15)

k—+oco k— oo

Similarly, we have

Im d(TYm, Tyn,) < lim d(TYm,, TYn,—1) < €. (16)
k—+oco k—+oo
kEI-‘,l:loo d(Tzm,, Tzn,,) < kgr—ir-loo A(Tzm,,, Tzn,—1) < €. (17)

Again by (14)), we have
ATtm,, Trn,) < dTTm,, TCm,—1)+ d(TCm,—1,TTn, 1)+ dTTn,—1,Txs,)
< dTzmy, Txmy—1) +d(TTm, -1, TTm, )
+d(Txpm,, Tan,—1) + d(Txn,—1,TTn,)
< d(Tzm,, Trm,—1) + dTTmy—1,TTm, ) + €+ d(Txpn,—1, Ty, ).
Letting k — +o0 and using , we get
lim d(T@m,, Txn,) < UIm d(Tam,—1,TTn,—1) <€ (18)

k— 00 k——+oco -
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lim d(Tym,, Tyn,) < lm d(TYm,—1,TYn,—1) < €. (19)
k——+oo k—4o00
kgrfoo d(Tzm,,, Tzn,) < kEToo A(Tzmy—1,T2n,—1) < €. (20)

Using and —, we have
lim max{d(TTm,, Txn,)s d(TYm,, TYn, ), d(Tzm,, Tzn, )}

k——4oc0

= kginoo max{d(TTm, -1, TTn,—-1)s AT Ymy—1:TYnp—1)s AT 2my—1,T2n,—1)} (21)
=e.
Now, using inequality we obtain
ATy, Txn,) = d(TF(Tmy—1,Ymp—152mp—1)s TEF(@ny —1, Yny—1, Zng—1))
< qﬁ(max{d(TxmkhTmnkl), A(TYmp—1,TYnp—1), d(TkahTanﬂ})
(22)
ATYmy; Tyn,,) = ATF (Ymy—15 Trmg—15 Y1), TF (Y15 Tnj—1, Yy 1))
< q&(max{d(Tymk1,Tynk1),d(T$mk1,Txnk1)}

(23)
and

d(TZWLk7Tan) = d(TF(ka—hym;«-hxmk—l)’TF(znk—lyynk—hxnk—l))

S ¢ ( maX{d(Txmk717 Txnkfl)» d(Tymkflﬂ Tynk71)7 d(szk,717 Tznkfl)}

(24)
We deduce from — that
max{d(Txm,, TTn, ), AT Ymy TYny ), AT 2my, T2, ) } (25)

S ¢(ma’X{d(Txmk717 T"'L‘nkfl)7 d(Tymk717 Ty’rlkfl)a d(Tka717 TZW**I)})
Letting k — +o00 in and having in mind (21)), we get that
0<e< lim ¢(t) <e,
t—et

it is a contradiction. Thus, {Tz,}, {Ty,} and {Tz,} are Cauchy sequences in
(X,d). Since X is a complete metric space, {T'zy}, {Ty,} and {T'z, } are convergent
sequences.

Since T is an ICS mapping, there exist x,y, z € X such that

lim =z, =z, lim y,=y, and lim z,=z. (26)
n—+oo n—-+o0o n—-+400

Since T is continuous, we have

lim Tz, =Tz, lirf Ty, =Ty, and lim Tz, =Tz (27)
n—-+0oo

n—-+o0o n—-+oo
Suppose now the assumption (a) holds, that is, F' is continuous. By ,
and we obtain

z= lim =z = lim F(x zn) = F( lim =z lim lim z,)=F(x,y,z
ns-too n+1 oo ( ny Yn, n) (nHJroo n’n%+ooyn7na+oo n) ( Y, )a

Y= nglfoo Yn+1 = nEI}»loo F(yruzna yn) = F(nglfoo ynangl}rloo T,y

ggloo yn) = F(y,2,y),

n
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and

= ngrﬂr—loo il = ngr-ir-loo F(Zn, Yn LL‘n) - F(ngr—fr—loo #n nll)r-&r-loo Yn ngr—ir-loo {En) - F(Z, Y iE)
We have proved that F' has a triple fixed point.
Suppose now the assumption (b) holds. Since {z,,}, {z,} are non-decreasing with
Xy — T, 2, — 2z and also {y,} is non-increasing with y,, — y, then by assumption
(b) we have

T, <, Y,>y and z, <z,
for all n. Consider now

d(Tz, TF(z,y,2)) < d(Tz,Txps1) +d(Txpt1, TF(z,y,2)

ATz, Tpi1) + d(TF (2, yn, 20), TF (2, y, 2))

<d(Tz,Tzpi1) + ¢(max{d(Tzy, Tx),d(Tyn, Ty),d(Tz,,T2)}).
(28)

Taking n — oo and using , the right-hand side of tends to 0, so we get

that d(Tz, TF(z,y,z)) = 0. Thus, Tx = TF(x,y,z) and since T is injective, we

get that x = F(x,y, z). Analogously, we find that

F(y,z,y) =y and F(z,y,z)= 2.

Thus, we proved that F' has a triple fixed point. This completes the proof of
Theorem 211

Corollary 2.1. Let (X, <) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. Suppose T : X — X is an
ICS mapping and F : X3 — X is such that F' has the mized monotone property.
Assume that there exists ¢ € ® such that

AT F (o, g, 2), TF (0, 0)) < ¢<d<T 2, Tu) + d(Ty, Tv) + d(Tz,Tw)>

3

for any x,y,z € X for which v <wu, v <y and z < w. Suppose either

(a) F is continuous, or
(b) X has the following property:
(1) if non-decreasing sequence x,, — x (respectively, z, — z), then x, < x
(respectively, z, < z) for all n,
(#1) if non-increasing sequence y, — y, then y, >y for all n.

If there exist xo,y0,20 € X such that zo < F(zg,%0,20), Yo > F(yo,x0,y0) and
20 < F(20,Y0,%0), then there exist x,y,z € X such that

F(:Z:7 y’ Z) = x’ F(y’z7y) = y and F(Z7y7 x) = Z?
that is, F' has a triple fized point.

Proof. It suffices to remark that
d(Tx,Tu) + d(Ty,Tv) + d(Tz, Tw)
3
Then, we apply Theorem [2.1] because that ¢ is non-decreasing.

< max{d(Tx,Tu),d(Ty,Tv),d(Tz,Tw)}.

Corollary 2.2. Let (X, <) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. Suppose T : X — X is an
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ICS mapping and F : X3 — X is such that F has the mized monotone property.
Assume that there exists k € [0,1) such that

d(TF(z,y,2), TF(u,v,w)) < kmax{d(Tx,Tu),d(Ty, Tv),d(Tz,Tw)}
for any x,y,z € X for which x < wu, v <y and z < w. Suppose either

(a) F is continuous, or
(b) X has the following property:
(1) if non-decreasing sequence x,, — x (respectively, z, — z), then x, < x
(respectively, z, < z) for all n,
(i) if non-increasing sequence y, — y, then y, >y for all n.

If there exist xg,y0,20 € X such that xg < F(x0,Y0,%0), Yo > F(yo,20,y0) and
20 < F(20, Y0, %0), then there exist x,y,z € X such that

Fz,y,z) ==, Fy,zy)=y and F(z,y2) =2
that is, F' has a triple fized point.
Proof. It follows by taking ¢(t) = kt in Theorem

Corollary 2.3. Let (X, <) be a partially ordered set and suppose there is a metric
d on X such that (X,d) is a complete metric space. Suppose T : X — X is an
ICS mapping and F : X3 — X is such that F has the mized monotone property.
Assume that there exists k € [0,1) such that

d(TF(z,y,2), TF(u,v,w)) < g(d(T:E, Tu) + d(Ty, Tv) + d(Tz, Tw)) (29)

for any x,y, z,u,v,w € X for which x < u, v <y and z < w. Suppose either

(a) F is continuous, or
(b) X has the following property:
(1) if non-decreasing sequence x,, — x (respectively, z, — z), then x, < x
(respectively, z, < z) for all n,

1) if non-increasing sequence y, — vy, then y, >y for all n.
g seq Y Y Y Y

If there exist xo,yo,20 € X such that zo < F(zg,%0,20), Yo > F(yo,x0,y0) and
20 < F(20,Y0,%0), then there exist x,y,z € X such that

F(z,y,2) ==, F(y,z,y)=y and F(zy )=z,
that is, F' has a triple fized point.
Proof. It suffices to take ¢(t) = kt in Corollary

Remark 1. Taking T = Idx, the identity on X, in Corollary[2.3, we get Theorem
of Berinde and Borcut (with j =1 =1 = %)

Now, we shall prove the existence and uniqueness of a triple fixed point. For a
product X3 of a partially ordered set (X, <), we define a partial ordering in the
following way: For all (z,y,2), (u,v,r) € X3

(x,y,2) < (u,v,r) & x<wu, y>v and z<r (30)
We say that (z,y, 2z) and (u,v,w) are comparable if
(x,y,z) S (U,U,T‘) or (U,’U,’I") S (.’If,y,Z).

Also, we say that (z,y, z) is equal to (u,v,r) if and only if x = u, y =v and z = r.
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Theorem 2.2. In addition to hypothesis of Theorem[2.1], suppose that that for all

(7,9, 2), (u,v,7) € X3, there exists (a,b,c) € X x X xX such that (F(a,b,c), F(b,a,b), F(c,b,a))
is comparable to (F(z,y, 2), F(y,x,y), F(z,y,z)) and (F(u,v,7), F(v,u,v), F(r,v,u)).

Then, F has a unique triple fized point (x,y, z).

Proof. The set of triple fixed points of F' is not empty due to Theorem
Assume, now, (x,y,2) and (u,v,r) are two triple fixed points of F, that is,

F(z,y,z) =z, F(u,v,7)=u,
F(y,z,y) =y, F(v,u,v)=mu,
F(Z3 y? :17) = Z’ F(r3 v?“) = r'

We shall show that (z,y,z) and (u,v,r) are equal. By assumption, there exists
(a,b,c) € X3 such that (F(a,b,c), F(b,a,b), F(c,b,a)) is comparable to (F(z,vy, 2), F(y, z,y), F(z,y, 7))
and (F(u,v,r), F(v,u,v), F(r,v,u)).

Define sequences {a,}, {b,} and {c,} such that

ag=a, by=b, cog=c, andforany n>1

Ap = F(an—h bn—la cn—1)7
by, = F(bn—han—h bn—1)7 (31)
Cn = F(Cn—la bn—la an—l)a
for all n. Further, set zog =z, yo =y, 20 = z and ug = u, vg = v, 79 = r, and on
the same way define the sequences {x,},{yn}, {#n} and {u,},{v,}, {rn}. Then,
it is easy that
xn = F(z,y,2), up = F(u,v,r),
Yn = F(yvxaya )7 Un = F(Uvuvv)v (32)
zn = F(z,y,x), rn = F(r,v,u),

for all n > 1. Since (F(SL’,y7Z),F(y,a'},y),F(Z,y,$)> = (‘Thylwzl) = (x,y,z) is
comparable to (F'(a,b,c), F(b,a,b), F(c,b,a)) = (a1,b1,c1), then it is easy to show
(z,y,2) > (a1,b1,c1). Recursively, we get that

(z,y,2) > (an, bp,c,)  for all n. (33)

By and , we have

d(Tvaan+1) TF(z,y,z),TF(an,bn,cn))

=d(
< p(max{d(Tz, Tay), d(Ty, Thy), d(T=. Ten))) OV
d(Tbn+17Ty) = (TF(bn,anabn)aTF(yamay))

< ¢(max{d(Tan, Tz),d(Tb,, Ty)}) (35)

< ¢(max{d(Th,,Ty),d(Tan,Tx),d(Tc,,Tz)}),

© X

and
d(Tz,Tcpy1) =d(TF(z,y,2), TF(cn,bpn,an)
< ¢p(max{d(Tz, Tey),d(Ty, Tby),d(Tx, Tan)});
It follows from — that
max{d(Tz,Tcp+1),d(Ty, Tbyp11),d(Tz, Tan11)} < ¢p(max{d(Tz,Tc,),d(Ty,Th,),d(Tx,Tay)}).

(36)

Therefore, for each n > 1,

max{d(Tz,Tc,),d(Ty,Th,),d(Tx,Ta,)} < ¢"(max{d(Tz,Tcy),d(Ty,Thy), d((Tx,)Tao)}).
37
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It is known that ¢(t) < ¢t and lim+ o(r) < t imply ILm @™ (t) = 0 for each t > 0.
r—t n—00

Thus, from 7
lim max{d(Tz,Tc,),d(Ty,Tby,),d(Tx,Tay)} = 0.

n—oo

This yields that
lim d(Tz,Ta,) =0, lim d(Ty,Th,) =0,

lim d(Tz,Tey,) = 0.

n—oo

Analogously, we show that
lim d(Tu,Tay,) =0, ILm d(Tv,Th,) =0,

n—roo

lim d(Tr,Tc,) = 0.

n—oo
Combining and yields that (Tz, Ty, Tz) and (Tw,Tv,Tr) are equal. The
fact that T is injective gives us x = u, y = v and z = w.
Now we state some examples showing that our results are effective.

(39)

Example 2.1. Let X = [%,64] with the metric d(z,y) = |z —y|, for all z,y € X
and the usual ordering <. Clearly, (X,d) is a complete metric space.
LetT: X — X and F : X — X be defined by

—\ §
Tr=1In(x)+1 and F(x,y,z):8< ;Z> , VuzyzeX.

It is clear that T is an ICS mapping, F has the mized monotone property and
continuous.
Set k = % Taking x,y, z,u,v,w € X for which x < u, v <y and z < w, we

have

1
d(TF(z,y,z), TF (u,v,w)) :E|(lnx+lnz—21ny)—(lnu+lnw—21nv)|
<1|1 1 \+1\1 1 |+1|1 In w|
—|lnz —1In ~|lny —In —|lnz—In
1
S6<|lnx—lnu|+|lny—lnv+|lnz—lnw|>
k
=5 (d(Tw,Tu) + d(Ty, Tv) + d(Tz,Tw)),

which is the contractive condition @ Moreover, taking o = 1 = 29 and yo = 64,
we have

zo < F(%0,Y0,20), Yo > F(Yo,%0,90) and 20 < F(z0,Y0,T0).
Therefore, all the conditions of C’orollary hold and (8,8,8) is the unique triple
fized point of F, since also the hypotheses of Theorem [2.3 hold.

On the other hand, we can not apply Theorem to this example because the
condition does nmot hold (for j =1 =1 = % where k is arbitrary in [0,1)).
Indeed, for x =z = %, y=v=64 andu=w=1, becomes

1

3!
k
(A, u) +d(y, ) + d(zw)) =

d(F(x,y, 2), F(u,v,w)) :8‘(%)% _
k

<=
-3



206 HASSEN AYDI, ERDAL KARAPINAR

that is, k > 12(1 — (%)é) ~ 1,309 > 1, which is a contradiction because of k < 1.
We conclude that our results generalize the result of Berinde and Borcut given by
Theorem [Tl

Example 2.2. Let X = R with d(z,y) = |x — y| and natural ordering. Let T :

X > X and F: X3 = X be defined by Tx = 15 and F(x,y,z) = %(:cfy+z).

It is obvious that T is an ICS mapping, F' has the mized monotone property and
continuous. Set ¢(t) = % € ®. Clearly, all conditions of Theorem are satisfied
and (0,0,0) is the desired triple fixed point.

Finally, following Example 2.9 in [21], we give a simple example which shows
that if 7" is not an ICS mapping then the conclusion of Theorem fails.

Example 2.3. Let X = R with the usual metric and the usual ordering. Let
F: X3 = X be defined by

F(z,y,z) =2x—y+1, foral, z,y,z€ X.

then F has the mized monotone property and F is continuous. Also, there exist
o =1, yo =0 and zg = 1 such that

xo < F(20,%0,20), Yo = F(yo,70,%0) and zo < F(20,y0,%0).

Let T : X — X be defined by T(x) = 1 for all x € X, then T is not an ICS
mapping. It is obvious that the condition (@ holds for any ¢ € ®. However, F has
no triple fixed point.
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