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ON SUMMABILITY FACTORS FOR |R, pn|k

(COMMUNICATED BY HÜSEYIN BOR)

W. T. SULAIMAN

Abstract. Necessary and sufficient conditions are obtained for
∑

anλn to be
|T |k −summable, k ≥ 1, whenever

∑
an is (N, p, q)-bounded.

1. Introduction

Let T be a lower triangular matrix, (sn) a sequence, then

Tn :=

n∑
v=0

tnvsv. (1.1)

A series
∑

an is said to be |T |k −summable, k ≥ 1, if

∞∑
n=1

nk−1 |∆Tn−1|k < ∞, (∆Tn−1 = Tn−1 − Tn) . (1.2)

Given any lower triangular matrix T one can associate the matrices T and T̂ , with
entries defined by

tnv =

n∑
i=v

tni, n, i = 0, 1, 2, . . . , t̂nv = tnv − tn−1,v

respectively. With sn =
n∑

i=0

aiλi,

tn =
n∑

v=0

tnvsv =
n∑

v=0

tnv

v∑
i=0

aiλi =
n∑

i=0

aiλi

n∑
v=i

tnv =
n∑

i=0

t̂niaiλi (1.3)

Yn := tn − tn−1 =
n∑

i=0

tniaiλi −
n−1∑
i=0

tn−1,iaiλi =
n∑

i=0

t̂niaiλi as tn−1,n = 0. (1.4)
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We call T a triangle if T is lower triangular and tnn ̸= 0 for all n. A triangle A
is called factorable if its nonzero entries amn can be written in the form bmcn for
each m and n. We assume that (pn) is a positive sequences of numbers such that

Pn = p0 + p1 + . . .+ pn → ∞, as n → ∞,

The series
∑

an is said to be summable |R, pn|k ,
(
or
∣∣N, pn

∣∣
k

)
k ≥ 1, if

∞∑
n=1

nk−1 |Tn − Tn−1|k < ∞ ,

where

Tn =
1

Pn

n∑
v=0

pvsv. (1.5)

Let (tn) be a sequence of the (N, p, q)−mean of the sequence (sn) is defined by

tn =
1

Rn

n∑
v=0

pn−vqvsv (p−1 = q−1 = R−1 = 0). (1.6)

The sequence of constants (cn) is formally defined by the identity(
n∑

v=0

pnx
n

)−1

=

∞∑
n=0

cnx
n, c−j = 0, j ≥ 1. (1.7)

By M, we denote the set of sequences (pn) satisfying

pn+1

pn
≤ pn+2

pn+1
≤ 1, pn > 0, n = 0, 1, . . . . (1.8)

The series
∑

an is said to be (N, p, q) bounded or
∑

an = O(1)(N, p, q) if

n∑
v=1

pn−vqvsv = O(Rn) as n → ∞. (1.9)

The sequence (λn) is said to belong to the class [X,Y ], where X and Y are two
methods of summability if

∑
anλn is Y−summable whenever

∑
an isX−summable.

Das , in 1966, proved the following result

Theorem 1.1. [3]. Let (pn) ∈ M, qn ≥ 0. Then if
∑

an is |N, p, q| −summable it
is
∣∣N, qn

∣∣−summable.

Recently Singh and Sharma proved the following theorem

Theorem 1.2. [4]. Let (pn) ∈ M, qn > 0 and let (qn) be a monotonic non-
decreasing sequence for n ≥ 0. The necessary and sufficient condition that

∑
anλn

is
∣∣N, qn

∣∣−summable whenever∑
an = O(1)(N, p, q),

∞∑
n=0

qn
Qn

|λn| < ∞,
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∞∑
n=0

|∆λn| < ∞,

∞∑
n=0

Qn+1

qn+1

∣∣∆2λn

∣∣ < ∞,

is that
∞∑

n=1

qn
Qn

|sn| |λn| < ∞.

Very recently Rhoades and Savas generalized the above result by proving the
following

Theorem 1.3. [1]. Let (pn) ∈ M, qn > 0 and let (qn) be a monotonic non-
decreasing sequence and nqn = O(Qn). A necessary and sufficient condition that
λ ∈

(
|N, p, q|k ,

∣∣N, qn
∣∣
k

)
whenever

(i)
∑

an = O (1) [N, p, q]k ,

(ii)
∞∑

n=0

qn
Qn

|λn|k < ∞,

(iii)
∞∑

n=0

(
Qn

qn

)k−1

|∆λn|k < ∞,

(iv)
∞∑

n=0

(
Qn+1∆qn
qnqn+1

)k (
Qn

qn

)k−1

|∆λn|k < ∞,

(v)
∞∑

n=0

(
Qn+1

qn+1

)k (
Qn

qn

)k−1 ∣∣∆2λn

∣∣k < ∞,

is that

(vi)
∞∑

n=1
nk−1

(
qn
Qn

)k

|sn|k |λn|k < ∞.

2. Results

We prove the following result

Theorem 2.1. Let (pn) ∈ M, qn > 0 , (qn) be a monotonic non-increasing se-
quence. Let

(a)
n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ = O (|tnn|) ,

(b)
m+1∑

n=v+1
(n |tnn|)k−1 ∣∣t̂n,v+1

∣∣ = O(v |tvv|)k−1, as m → ∞ .

(c)
n−1∑
v=0

|tvv|
∣∣t̂n,v+1

∣∣ = O (|tnn|) ,

(d)
m+1∑

n=v+1
(n |tnn|)k−1 ∣∣∆v t̂n,v+1

∣∣ = O
(
vk−1 |tvv|k

)
, as m → ∞ .
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(e)
n−1∑
v=0

∣∣∆2
vtnv

∣∣ = O (|∆tnn|) ,

(f)
∞∑

n=v+1
nk−1 |∆tnn|k

∣∣∆2
vtnv

∣∣ = O
((

vk−1 |∆tvv|
)k)

,

Then the necessary and sufficient conditions that λ ∈ (|N, p, q|k , |T |k) whenever
(i)
∑

an = O (1) [N, p, q]k

(ii)
∞∑
v=0

vk−1 |tvv|k
|λv|k Qk

v

qkv
= O(1)

(iii)
∞∑
v=1

vk−1 |tvv|k
∣∣∣∣∆( 1

qv

)∣∣∣∣k |λv|k Qk
v = O(1)

(iv)
∞∑
v=0

vk−1 |tvv|k
|∆λv|k

qkv+1

Qk
v = O(1)

(v)
∞∑
v=1

vk−1 |∆tvv|k
|λv|k

qkv
Qk

v−1 = O(1)

(vi)
∞∑
v=0

vk−1

∣∣∣∣∆( 1

qv

)∣∣∣∣k |∆λv|k Qk
v = O(1)

(vii)
∞∑
v=1

vk−1 1

qkv+1

∣∣∆2λv

∣∣k Qk
v = O(1)

is that

(viii)
∞∑

n=1
nk−1 |tnn|k |sn|k |λn|k < ∞.

3. Lemmas

Lemma 3.1. [2]. Let pn ∈ M.Then
(i) c0 > 0, cn ≤ 0, n = 1, 2, . . . ,

(ii)
∞∑

n=0
cnx

n is absolutely convergent for |x| < 1, and

(iii)
∞∑

n=0
cn > 0, except when

∞∑
n=0

pn = ∞, in which case

(iv)
∞∑

n=0
cn = 0.

Lemma 3.2. [3]. If

tn =
1

Rn

n∑
v=0

pn−vqvsv ,

then

sn =
1

qn

n∑
v=0

cn−vRvtv .

Lemma 3.3. [3]. We have

n∑
v=0

c
(1)
n−vRv = Qn ,

where c
(1)
n = c0 + c1+ . . .+ cn.
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4. Proof Of Theorem 2.1.

Let Tn denote the nth term of A-transform of the series
∑

anλn, then

Yn := Tn − Tn−1 =
n∑

v=0
av t̂nvλv

=
n−1∑
v=0

sv∆v

(
t̂nvλv

)
+ tnnλnsn

=
n−1∑
v=0

(
∆v t̂nvλv + t̂n,v+1∆λv

)
sv + tnnλnsn

= Yn1 + Yn2 + Yn3.

In order to prove the theorem, by Minkowski’s inequality, it is sufficient to show
that

∞∑
n=1

nk−1 |Ynr|k < ∞, r = 1, 2, 3.

We have

Yn1 =
n−1∑
v=0

∆v t̂nvλvsv

=
n−1∑
v=0

∆v t̂nvλv
1

qv

v∑
µ=0

cv−µRµtµ

=
n−1∑
µ=0

Rµtµ
n−1∑
v=µ

cv−µ∆v t̂nv
λv

qv

=
n−1∑
µ=0

Rµtµ

(
n−1∑
v=µ

c
(1)
v−µ

(
∆2

v t̂nv
λv

qv
+∆t̂n,v+1∆

(
1

qv

)
λv +∆t̂n,v+1

∆λv

qv+1

)

+c
(1)
n−µ−1∆tnn

λn

qn

)

= Yn11 + Yn12 + Yn13 + Yn14.

Applying Holder’s inequality
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∞∑
n=1

nk−1 |Yn11|k =
∞∑

n=1
nk−1

∣∣∣∣∣n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
v−µ∆

2
v t̂nv

λv

qv

∣∣∣∣∣

≤
∞∑

n=1
nk−1

(
n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
v−µ

∣∣∆2
v t̂nv

∣∣ |λv|
qv

)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣∆2
v t̂nv

∣∣ |λv|
qv

v∑
µ=0

c
(1)
v−µRµ

)k

(tµ = O(1))

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣∆2
v t̂nv

∣∣ |λv|
qv

Qv

)k

= O(1)
∞∑

n=1
nk−1

n−1∑
v=0

∣∣∆2
v t̂nv

∣∣ |λv|k

qkv
Qk

v

(
n−1∑
v=0

∣∣∆2
v t̂nv

∣∣)k−1

= O(1)
∞∑

n=0
(n |∆tnn|)k−1

n−1∑
v=0

∣∣∆2
v t̂nv

∣∣ |λv|k

qkv
Qk

v

= O(1)
∞∑
v=0

|λv|k

qkv
Qk

v

∞∑
n=v+1

(n |∆tnn|)k−1 ∣∣∆v t̂nv
∣∣k

= O(1)
∞∑
v=0

vk−1 |tvv|k
|λv|k

qkv
Qk

v

= O(1).
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∞∑
n=1

nk−1 |Yn12|k =
∞∑

n=1
nk−1

∣∣∣∣∣n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
v−µ∆v t̂n,v+1∆

(
1

qv

)
λv

∣∣∣∣∣
k

≤
∞∑

n=1
nk−1

(
n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
v−µ

∣∣∆v t̂n,v+1

∣∣ ∣∣∣∣∆( 1

qv

)∣∣∣∣ |λv|

)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ ∣∣∣∣∆( 1

qv

)∣∣∣∣k |λv|
v∑

µ=0
c
(1)
v−µRµ

)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ ∣∣∣∣∆( 1

qv

)∣∣∣∣k |λv|Qv

)k

= O(1)
∞∑

n=1
nk−1

n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ ∣∣∣∣∆( 1

qv

)∣∣∣∣k |λv|k Qk
v

(
n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣)k−1

= O(1)
∞∑

n=1
(n |tnn|)k−1

n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ ∣∣∣∣∆( 1

qv

)∣∣∣∣k |λv|k Qk
v

= O(1)
∞∑
v=0

∣∣∣∣∆( 1

qv

)∣∣∣∣k |λv|k Qk
v

∞∑
n=v+1

(n |tnn|)k−1 ∣∣∆v t̂n,v+1

∣∣

= O(1)
∞∑
v=1

∣∣∣∣∆( 1

qv

)∣∣∣∣k |λv|k Qk
v

(
vk−1 |tvv|k

)

= O(1).
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∞∑
n=1

nk−1 |Yn13|k =
∞∑

n=1
nk−1

∣∣∣∣∣n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
n−µ−1∆v t̂n,v+1

∆λv

qv+1

∣∣∣∣∣
k

≤
∞∑

n=1
nk−1

(
n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
v−µ

∣∣∆v t̂n,v+1

∣∣ |∆λv|
qv+1

)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ |∆λv|
qv+1

v∑
µ=0

c
(1)
v−µRµ

)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ |∆λv|
qv+1

Qv

)k

= O(1)
∞∑

n=1
nk−1

n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ |∆λv|k

qkv+1

Qk
v

(
n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣)k−1

= O(1)
∞∑
v=0

|∆λv|k

qkv+1

Qk
v

∞∑
n=v+1

(n |tnn|)k−1 ∣∣∆v t̂n,v+1

∣∣

= O(1)
∞∑
v=1

vk−1 |tvv|k
|∆λv|k

qkv+1

Qk
v

= O(1).

∞∑
n=1

nk−1 |Yn14|k =
∞∑

n=1
nk−1

∣∣∣∣∣n−1∑
µ=0

Rµtµc
(1)
n−µ−1∆ntnn

λn

qn

∣∣∣∣∣
k

≤ O(1)
∞∑

n=1
nk−1 |∆ntnn|k

|λn|k

qkn

(
n−1∑
µ=0

Rµc
(1)
n−µ−1

)k

= O(1)
∞∑

n=1
nk−1 |∆ntnn|k

|λn|k

qkn
Qk

n−1

= O(1).



222 W. T. SULAIMAN

Yn2 =
n−1∑
v=0

t̂n,v+1∆λvsv

=
n−1∑
v=0

t̂n,v+1∆λv
1

qv

v∑
µ=0

cv−µRµtµ

=
n−1∑
µ=0

Rµtµ
n−1∑
v=µ

cv−µt̂n,v+1
∆λv

qv

=
n−1∑
µ=0

Rµtµ

(
n−1∑
v=µ

c
(1)
v−µ

(
∆v t̂n,v+1

∆λv

qv
+ t̂n,v+2∆

(
1

qv

)
∆λv + t̂n,v+2

∆2λv

qv+1

)
+ c

(1)
n−µ−1tn,n+1

∆λn

qn

)

= Yn21 + Yn22 + Yn23 + Yn24.

∞∑
n=1

nk−1 |Yn21|k =
∞∑

n=1
nk−1

∣∣∣∣∣n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
v−µ∆v t̂n,v+1

∆λv

qv

∣∣∣∣∣
k

≤
∞∑

n=1
nk−1

(
n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
v−µ

∣∣∆v t̂n,v+1

∣∣ |∆λv|
qv

)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ |∆λv|
qv

v∑
µ=0

c
(1)
v−µRµ

)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ |∆λv|
qv

Qv

)k

= O(1)
∞∑

n=1
nk−1

n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ |∆λv|k

qkv
Qk

v

(
n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣)k−1

= O(1)
∞∑

n=1
(n |tnn|)k−1

n−1∑
v=0

∣∣∆v t̂n,v+1

∣∣ |∆λv|k

qkv+1

Qk
v

= O(1)
∞∑
v=1

|∆λv|k

qkv+1

Qk
v

∞∑
n=v+1

(n |tnn|)k−1 ∣∣∆v t̂n,v+1

∣∣
= O(1)

∞∑
v=1

|∆λv|k

qkv+1

Qk
v (v |tvv|)

k−1

= O(1).
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∞∑
n=1

nk−1 |Yn22|k =
∞∑

n=1
nk−1

∣∣∣∣∣n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
v−µt̂n,v+2∆

(
1

qv

)
∆λv

∣∣∣∣∣
k

≤
∞∑

n=1
nk−1

(
n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
v−µ

∣∣t̂n,v+2

∣∣ ∣∣∣∣∆( 1

qv

)∣∣∣∣ |∆λv|

)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣t̂n,v+2

∣∣ ∣∣∣∣∆( 1

qv

)∣∣∣∣ |∆λv|
v∑

µ=0
c
(1)
v−µRµ

)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣t̂n,v+2

∣∣ ∣∣∣∣∆( 1

qv

)∣∣∣∣ |∆λv|Qv

)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

|tvv|
|tvv|

∣∣t̂n,v+2

∣∣ ∣∣∣∣∆( 1

qv

)∣∣∣∣∆ |λv|Qv

)k

= O(1)
∞∑

n=1
nk−1

n−1∑
v=0

∣∣t̂n,v+2

∣∣
|tvv|k−1

∣∣∣∣∆( 1

qv

)∣∣∣∣k |∆λv|k Qk
v

(
n−1∑
v=0

|tvv|
∣∣t̂n,v+2

∣∣)k−1

= O(1)
∞∑

n=1
(n |tnn|)k−1

n−1∑
v=0

∣∣t̂n,v+2

∣∣
|tvv|k−1

∣∣∣∣∆( 1

qv

)∣∣∣∣k |∆λv|k Qk
v

= O(1)
∞∑
v=0

1

|tvv|k−1

∣∣∣∣∆( 1

qv

)∣∣∣∣k |∆λv|k Qk
v

∞∑
n=v+1

(n |tnn|)k−1 ∣∣t̂n,v+2

∣∣

= O(1)
∞∑
v=0

vk−1

∣∣∣∣∆( 1

qv

)∣∣∣∣k |∆λv|k Qk
v

= O(1).
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∞∑
n=1

nk−1 |Yn23|k =
∞∑

n=1
nk−1

∣∣∣∣∣n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
v−µt̂n,v+2

1

qv
∆2λv

∣∣∣∣∣
k

≤
∞∑

n=1
nk−1

(
n−1∑
µ=0

Rµtµ
n−1∑
v=µ

c
(1)
v−µ

∣∣t̂n,v+2

∣∣ 1

qv+1

∣∣∆2λv

∣∣)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣t̂n,v+2

∣∣ 1

qv+1

∣∣∆2λv

∣∣ v∑
µ=0

c
(1)
v−µRµ

)k

= O(1)
∞∑

n=1
nk−1

(
n−1∑
v=0

∣∣t̂n,v+2

∣∣ 1

qv+1

∣∣∆2λv

∣∣Qv

)k

= O(1)
∞∑

n=1
nk−1

n−1∑
v=0

∣∣t̂n,v+2

∣∣
|tvv|k−1

1

qkv+1

∣∣∆2λv

∣∣k Qk
v

(
n−1∑
v=0

|tvv|
∣∣t̂n,v+2

∣∣)k−1

= O(1)
∞∑

n=1
(n |tnn|)k−1

n−1∑
v=0

∣∣t̂n,v+2

∣∣
|tvv|k−1

1

qkv+1

∣∣∆2λv

∣∣k Qk
v

= O(1)
∞∑
v=0

1

|tvv|k−1

1

qkv+1

∣∣∆2λv

∣∣k Qk
v

∞∑
n=v+1

(n |tnn|)k−1 ∣∣t̂n,v+2

∣∣
= O(1)

∞∑
v=0

vk−1 1

qkv+1

∣∣∆2λv

∣∣k Qk
v

= O(1).

∞∑
n=1

nk−1 |Yn24|k =
∞∑

n=1
nk−1

∣∣∣∣∣n−1∑
µ=0

Rµtµc
(1)
n−µ−1tn,n+1

∆λn

qn

∣∣∣∣∣
k

≤ O(1)
∞∑

n=1
nk−1 |tn,n+1|k

|∆λn|k

qkn

∣∣∣∣∣n−1∑
µ=0

Rµc
(1)
n−µ−1

∣∣∣∣∣
k

= O(1)
∞∑

n=1
nk−1 |tn,n+1|k

|∆λn|k

qkn
Qk

n−1

= O(1).
The proof is complete.
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