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CONTINUITY OF THE HAUSDORFF DIMENSION FOR

SUB-SELF-CONFORMAL SETS

(COMMUNICATED BY SONGXIAO LI)

HUI LIU

Abstract. Self-similar sets and self-conformal sets have been studied exten-

sively. Recently, Falconer introduced sub-self-similar sets for a generalization

of self-similar sets, and obtained the Hausdorff dimension and Box dimension
for these sets if the open set condition (OSC) is satisfied. Chen and Xiong

proved the continuity of the Hausdorff dimension for sub-self-similar sets under

the assumption that the self-similar iterated function system (IFS) satisfies the
OSC[12]. We extend the notion of sub-self-similar sets to sub-self-conformal

sets. In this paper, we study the continuity of the Hausdorff dimension for

sub-self-conformal sets. For self-conformal sets some well-known properties of
self-similar sets are not true in general. So Chen and Xiong’s method does not

work in the case of sub-self-conformal sets. We offer a method to deal with it at

first. And then, by using the property of the shift invariant set in symbolic s-
pace we prove the continuity of the Hausdorff dimension for sub-self-conformal

sets.

1. Introduction

Self-similar sets and self-conformal sets have been studied in various ways. See
for example [1-9]. Let’s recall the concepts. Let X ⊆ Rn be a nonempty compact
convex set, and there exists 0 < C < 1 such that

|w(x)− w(y)| ≤ C |x− y| , ∀x, y ∈ X.
Then we say that w : X → X is a contractive map. If each wi(1 ≤ i ≤ m) is
a contractive map from X to X, then we call (X, {wi}mi=1) the contractive iter-
ated function system (IFS). It is proved by Hutchinson that if (X, {wi}mi=1) is a
contractive IFS, then there exists a unique nonempty compact set E ⊂ Rn, such
that

E =

m⋃
i=1

wi(E). (1.1)

Set E is called an invariant set of IFS{wi}mi=1. If each wi is a contractive self-similar
map, then we call (X, {wi}mi=1) the contractive self-similar IFS. Set E in (1.1) is an
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invariant set of {wi}mi=1, and it is called self-similar set. We call a map w defined
on some open set V ⊂ Rn a conformal map if w is continuous differentiable and
if w′(x) is a self-similar matrix for each x ∈ V. If each wi is a contractive self-
conformal map, then (X, {wi}mi=1) is called the contractive self-conformal IFS, and
set E decided by (1.1) is called self-Conformal set (see, e.g. [1][4][6]).

We say that {wi}mi=1 satisfies the open set condition (OSC) if there exists a
bounded open set U such that

wi(U) ⊆ U and wi(U) ∩ wj(U) = φ (i 6= j).

Recently, Falconer introduced sub-self-similar sets. Let {wi}mi=1 be a self-similar
IFS, and let F be a nonempty compact subset of Rn such that

F ⊆
m⋃
i=1

wi(F ).

This set F is called sub-self-similar set for {wi}mi=1 (see [10]). It is easy to see that,
self-similar sets is a class of special sub-self-similar sets. At the same time, Falconer
obtained the formula for the Hausdorff and box dimension of the sub-self-similar
sets, if {wi}mi=1 satisfies the open set condition. In [11], we gave the definition of
sub-self-conformal sets similarly:

Suppose (X, {wi}mi=1) is contractive self-conformal IFS, and a nonempty compact
subset of X, F satisfies the condition

F ⊆
m⋃
i=1

wi(F ).

Then we call F a sub-self-conformal set for{wi}mi=1. And we obtained the formula
for their Hausdorff and box dimension.

In this paper, we will study the continuity of the Hausdorff dimension for sub-
self-conformal sets. Note that in [12], Xiong and Chen proved the continuity of the
Hausdorff dimension for sub-self-similar set. But their method does not work in
the case of sub-self-conformal sets. We offer a method to deal with it at first, and
then their method is valid.

We introduce our notation at first.
By a symbolic space we mean the infinite product space Σ = {1, 2, · · · ,m}N,

i.e. Σ = {(i1, i2, · · · ) : 1 ≤ ij ≤ m} .We write Ω = ∪
n≥0
{1, 2, · · · ,m}n. For I =

(i1, i2, · · · ) ∈ Σ and k ∈ N+, we write

I|k = (i1, i2, · · · , ik), I|k = (ik+1, ik+2, · · · ), Σk = {I|k : I ∈ Σ}

The shift transformation on Σ is defined by θ(I) = I|1. Throughout the paper we
let x0 ∈ E. For I = (i1, i2, · · · ), J = (j1, j2, · · · ) ∈ Σ, define a metric ρ on Σ by

ρ(I, J) =


0, if I = J ;
1, if i1 6= j1;∣∣∣w′I|k(x0)

∣∣∣ , if k = max {l : I|l = J |l} .

Let {wi}mi=1 be defined as above, and B be any closed ball in Rn large enough to
ensure that wi(B) ⊆ B, (i = 1, 2, · · ·m). Since each wi is contractive, it is easy to
see that the sequence of balls wI|k(B) := wi1 ◦ wi2 ◦ · · · ◦ wik(B) decreases with k
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and has intersection a single point. Then we let π : Σ→ Rn be defined by

π(I) =

∞⋂
k=1

wi1 ◦ wi2 ◦ · · · ◦ wik(B),

or
π(I) = lim

k→∞
wi1 ◦ wi2 ◦ · · · ◦ wik(z), ∀z ∈ Rn.

By using the symbolic space, we state our main result as follows:
Let F be a sub-self-conformal set, and dimH(F ) = s, then for any t ∈ [0, s],

there exists a sub-self-conformal set F ′ such that dimH(F ′) = t.
Our paper is organized as follows. In section 2, we study symbolic dynamics,

and we set up a relationship between a sub-self-conformal set and a compact subset
of the symbolic space. In section 3, we will study further the continuity of the
Hausdorff dimension for sub-self-conformal sets.

2. Preliminaries

Proposition 2.1[4] Suppose π be defined as above, then the map π : Σ → Rn

is continuous.
Similarly as the case of sub-self-similar set, we have this conclusion. This con-

clusion will be found in [11]. We include it for completeness.

Lemma 2.1 F is a sub-self-conformal set for the IFS{wi}mi=1 if and only if there
is a set K, which is a shift invariant closed subset of Σ, such that

F = π(K).

Proof. Let F be a sub-self-conformal set for {wi}mi=1, then F ⊆
m⋃
i=1

wi(F ). We

define K as follows

K =
{

(i1, i2, · · · ) : π(ik, ik+1, · · · ) ∈ F,∀k ∈ Z+
}
.

Obviously, for any I ∈ K, we have θ(I) ∈ K. Then we will prove that F = π(K).

By the definition of K, we have π(K) ⊆ F . Since F ⊆
m⋃
i=1

wi(F ), then for any

x0 ∈ F , we can find some x1 ∈ F such that x0 = wi1(x1), for some i1 : 1 ≤ i1 ≤ m.
Similarly we have x1 = wi2(x2) for some x2 ∈ F and 1 ≤ i2 ≤ m, and so on. We
get a sequence {xn} ⊂ F and in : 1 ≤ in ≤ m satisfy the condition

xk−1 = lim
n→∞

wik ◦ wik+1
◦ · · · ◦ win(xn) =

∞⋂
j=k

wik ◦ · · · ◦ wij (B) ∈ F, ∀k ∈ Z+.

So x0 ∈ F .
Conversely, let K be a compact subset of Σ, and θ(I) ∈ K for any I ∈ K.

Suppose F = π(K), then we will prove that F ⊆
m⋃
i=1

wi(F ). In fact, for any

x ∈ π(K), there exist some I = (i1, i2, · · · ) ∈ K such that

x = π(I) = lim
k→∞

wi1 ◦ · · · ◦ wik(z), ∀z ∈ Rn.

Since I|1 = (i2, i3, · · · ) ∈ K, then

x = wi1(π(I|1) ∈ wi1(π(K)) ⊆
m⋃
i=1

wi(π(K)).
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So π(K) ⊆
m⋃
i=1

wi(π(K)), i.e. F is a sub-self-conformal set for {wi}mi=1. �

For each k ∈ N , let

Kk = {I|k : I ∈ K} .
And s(k) ∈ R be determined by the following equation:∑

I∈Kk

|w′I(x)|s(k) = 1.

Proposition 2.2[13] In symbolic space (Σ, ρ), we let K ∈ Σ be any shift invari-
ant set. Then we have

dimH(K) = dimB(K) = lim
k→∞

s(k).

Lemma 2.2 Let E be a self-conformal set of {wi}mi=1 which satisfies the open
set condition, and let map π : Σ →Rn be as above. Then for any set K ⊂

∑
, we

have

dimH(π(K)) = dimH(K).

Furthermore, if Hd(K) > 0, then Hd(π(K)) > 0, where d = dimH(K).
Proof. For any I, J ∈

∑
, we have

π(I) = lim
n→∞

wi1 ◦ wi2 ◦ · · · ◦ win(z),

and

π(J) = lim
n→∞

wj1 ◦ wj2 ◦ · · · ◦ wjn(z), for any z ∈ Rn.

Suppose d′(I, J) = e−k. Since π(I), π(J) ∈ wi1 ◦ wi2 ◦ · · · ◦ wik(E) = wI|k(E), so

|π(I)− π(J)| ≤
∣∣wI|k(E)

∣∣ ≤ ce−k |E| = cρ(I, J) |E| .

It follows that dimH(π(K)) ≤ dimH(K).
Next we will prove that dimH(π(K)) ≥ dimH(K).
Let Qδ = {I ∈ Kk : rIδ < |wI(B)| ≤ δ}. Here rI = inf

x∈X
|w′I(x)|. Then we get

F ⊆ ∪
I∈Qδ

wI(B). i.e. ∪
I∈Qδ

wI(B) is a δ-cover ofF . Since K is compact, we can

find a finite Q, such that K ⊆ ∪
I∈Q

σI . We write q = max {|I| : I ∈ Q}. Then

diamσI ≤ e−q. So

Hc
e−q (K) ≤

∑
I∈Q

(diamσI)
c ≤

∑
I∈Q

e−qc ≤
∑
I∈Q

c1 |wI(B)|c = c1
∑
I∈Q
|wI(B)|c.

Here c, c1 are constants. Hence

Hc
e−q (K) ≤ c1Hc

|B|−1δ
(π(K)).

Since we can find a constant c2, such that e−q ≤ c2 |B| δ, then for δ → 0 we have
e−q → 0. So Hc(K) ≤ c1Hc(π(K)). That means

dimH(π(K)) ≥ dimH(K). �
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Lemma 2.3[11] LetF be a sub-self-conformal set for {wi}mi=1 which satisfies the
open set condition. Suppose π, K be as above, and let F = π(K). Then

dimH(F ) = dimB(F ) = dimH(K) = s.

Here s is the number satisfies τ(s) = lim
k→∞

(
∑
I∈Kk

|w′I(x)|s)
1/k = 1.

3. The continuity of the Hausdorff dimension

Theorem 3.1 Let F be a sub-self-conformal set for {wi}mi=1 which satisfies the
open set condition. Then there exists an IFS {δk}∞k=1 such that

(I) F =
∞
∩
k=1

Ak, here Ak are the self-conformal sets for δk.

(II) If {wi}mi=1 satisfies the open set condition, then δk satisfies the open set
condition also. Furthermore, for each k ∈ N , we have

dimH(F ) = lim
k→∞

dimH(Ak).

Proof. (I) Let Qk = {I ∈ Kk, σI ∩K 6= φ}, and δk = {wI : I ∈ Qk}. For any
x ∈ F , there exists an I = i1i2 · · · ∈ K such that

x = lim
n→∞

wi1 ◦ wi2 ◦ · · · ◦ win(z).

For each k ∈ N , we let Ij |kk = Ijk+1Ijk+2 · · · Ijk+k (j = 0, 1, 2 · · · ). Then Ij |kk ∈ Qk,
and

x = lim
j→∞

wI0|kk ◦ wI1|kk ◦ · · · ◦ wIj |kk(z).

Thus x ∈
⋃∞
k=1Ak.

Conversely, we let x ∈
⋃∞
k=1Ak for any k ∈ N . Then there is a sequence

I0|kk, I1|kk, · · · , Ij |kk · · · ∈ Qk such that x = lim
j→∞

wI0|kk ◦ wI1|kk ◦ · · · ◦ wIj |kk(z), for any

z ∈ Rn. Since Ak ∈ E, then x ∈ wI0|kk(E), i.e. we can find some P ∈ E, such that

x = wI0|kk(P ). Suppose x /∈ F , we have d(x, F ) = c > 0. For |E| < ∞, so we can

get some k ∈ N such that RkI |E| < c
2 . Here RI = max

x∈X
|w′I(x)|. Let

y = lim
n→∞

wIk+1
◦ wIk+2

◦ · · · ◦ wIn(z), for any z ∈ E.

Then we have

π(I) = lim
n→∞

wI1 ◦ wI2 ◦ · · · ◦ wIn(z), for any z ∈ E.

Hence

|x− π(I)| =
∣∣wI0|k(P )− wI0|k(y)

∣∣ ≤ RkI |z − P | < c

2
.

That means d(x, F ) < c
2 . So x ∈ F .

(II) Let U be a bounded open set, which satisfies
n⋃
i=1

wi(U) ⊂ U and wi(U) ∩

wj(U) = φ. Then we have wI(U) ⊂ U , for any k ∈ N and I ∈ Qk. For each
I = (i1, i2, · · · , ik) and J = (j1, j2, · · · , jk) ∈ Qk, if we let l = max {k : I|k = J |k},
then

wI(U) ∩ wJ(U) ⊂ wi1 ◦ wi2 ◦ · · · ◦ wil−1
(wil(U) ∩ wjl(U)).
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Thus from the definition of δk, we can know that for any k, δk satisfies the open
set condition. Suppose dimH(Ak) = s(k), here s(k) satisfies

lim
k→∞

(
∑
I∈Kk

|w′I(x)|s(k))
1/k = 1.

Then from Proposition 2.3, we have dimH(K) = lim
k→∞

s(k), hence

dimH(F ) = lim
k→∞

dimH(Ak). �

Theorem 3.2 Let F be a sub-self-conformal set for {wi}mi=1 which satisfies the
open set condition, E a self-conformal set for {wi}mi=1. If dimH(F ) = dimH(E),
then F = E.

Proof. Let dimH(E) = s. Then

τ(s) = lim
k→∞

( ∑
I∈KK

|w′I(x)|s
)1/k

= 1.

Suppose K,Qk, δk, Ak be define as above, we know that

dimH(F ) ≤ dimH(Ak) ≤ dimH(E).

If dimH(F ) = dimH(E) = s for any k ∈ N , it follows that dimH(Ak) = s(k) = s.
So δt = {wI : I ∈ Qt} = {wI : I ∈ Kk}, and Ak = E for any k ∈ N . Therefore

F =

∞⋂
k=1

Ak = E. �

By using the well-known property of self-similar set, which
m∑
i=1

rsi = 1, here ri are

the contractive scale of the self-similar maps, Xiong and Chen proved the continuity

of the Hausdorff dimension for sub-self-similar sets. However
m∑
i=1

rsi = 1 is not true

for self-conformal sets in general. So we must overcome this difficulty in advance.
Then their method can be used.

Lemma 3.1 Let X be defined as above. Then for any n, there exists a point
x0, such that

∑
|I|=n

|w′I(x0)|s = 1.

Proof. Note that for any n, we have

inf
x

∑
|I|=n

|w′I(x)|s ≤ 1 ≤ sup
x

∑
|I|=n

|w′I(x)|s,

for each x ∈ X. In fact, let E be a self-conformal set for the IFS{wi}mi=1. So the

Hausdorff dimension of E is s, here s satisfies lim
k→∞

( ∑
I∈Kk

|w′I(x)|s
) 1
k

= 1. Suppose
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m∑
i=1

|w′i(x)|s ≤ r < 1, for any x ∈ X. Then we have

∑
|I|=2

|w′I(x)|s =

m∑
i=1

m∑
j=1

|w′i(wjx)|s ·
∣∣w′j(x)

∣∣s
=

m∑
j=1

∣∣w′j(x)
∣∣s m∑
i=1

|w′i(wjx)|
s

≤
m∑
j=1

∣∣w′j(x)
∣∣s · r

≤ r2.

Let

( ∑
|I|=n0

|w′I(x)|s
) 1
n0

≤ r < 1. Then we have

 ∑
|I|=kn0

|w′I(x)|s
 1

kn0

≤ r < 1.

It is contradict with lim
k→∞

( ∑
I∈Kk

|w′I(x)|s
) 1
k

= 1. We can prove that if we let( ∑
|I|=n0

|w′I(x)|s
) 1
n0

≥ r > 1, which will lead to a contradiction also. So we have

inf
x

∑
|I|=n

|w′I(x)|s ≤ 1 ≤ sup
x

∑
|I|=n

|w′I(x)|s.

Since X is a nonempty compact convex set, from the intermediate value theorem,
there exists a point x0 such that

∑
|I|=n

|w′I(x0)|s = 1. �

Theorem 3.4 LetE be a self-conformal set for {wi}mi=1 which satisfies the open
set condition. If dimH(E) = s, then for any t ∈ [0, s], there exists some F ⊂ E
such that dimH(F ) = t. Here F is a sub- self-conformal set for{wi}mi=1.

Proof. Let ri = |w′i(x0)|. We write

fi(x) = (−1)i−1rsi x+

i∑
j=1

rsi −
(−1)i−1 + 1

2
rsi , ∀x ∈ [0, 1] .

It follows that [0, 1] =
m
∪
i=1

fi([0, 1]). Next, we define a map f : [0, 1]→ [0, 1]

f(x) = (−1)i−1r−si x− (−1)i−1r−si

i∑
j=1

rsj +
1 + (−1)i−1

2
, x ∈

i−1∑
j=0

rsj ,

i∑
j=0

rsj
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then(f |
[
i−1∑
j=0

rsj ,
i∑
j=0

rsj ]
)−1 = fi. If B ⊂ [0, 1] is a nonempty invariant closed set of f ,

i.e., f(B) ⊂ B, then

B ⊂ f−1f(B) ⊂ f−1(B) =
m
∪
i=1

fi(B).

So B is a sub-self-conformal set for {fi}. For any t ∈ [0, s], let ε = t
s , then

0 ≤ ε ≤ 1. By Theorem 3 in [14], there is an invariant closed set B ⊂ [0, 1] such that
dimH(B) = ε. From Lemmas 2.1 and 2.2, there exists an invariant closed set K ′ ∈
(
∑
, ρ̃), such that dimH(K ′) = dimH(B) = ε. Here for any I = (i1, i2, · · · ), J =

(j1, j2, · · · ) ∈ Σ, we let

ρ̃(I, J) =


0, if I = J ;
1, if i1 6= j1;∏k
n=1 pin , if k = max {l : Il = Jl} .

For any 1 ≤ i ≤ m, we write pi = |w′i(x0)|s . Hence ρ̃ = ρs. So we can find some
K ′ ∈ (

∑
, ρ) such that dimH(K ′) = εs = t. It follows that dimH(π(K ′)) = t. �
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