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ABSTRACT. In this paper, we prove the convergence of modified multi-step iter-
ation to the common fixed points of a family of p— strongly pseudo-contractive
maps. Consequently, we generalize the recent results of Xue and Fan [Zhiqun
Xue and Ruiqin Fan, Some comments on Noor’s iterations in Banach spaces,
Appl.Math.Comput. 206(2008), 12-15] which in turn are corrections of the
results of Rafiq [Arif Rafiq, Modified Noor iterations for non-linear equations
in Banach spaces, Appl.Math.Comput.182(2006), 589-595]. Consequently, we
extend and refine previously known results in this area.

1. INTRODUCTION

Throughout this paper, X denotes a real Banach space and X*, the dual of X;
and I denotes the identity operator on X.
The map J : X — 2%X* defined by

Jr={f € X" :<a f>= |z IfII* = l|l=[l}, V2 € X,

is called the normalized duality mapping. Let y € Y and j(y) € J(y) be the single
valued normalized duality mapping.

Let K be a nonempty subset of X. A map T : K — K is strongly pseudocontractive
if there exists k € (0,1) and j(x — y) € J(z — y) such that

(Tx — Ty, j(z—y)) <kllz—y|* Vo,y e K

A map S : K — K is called strongly accretive if there exists k& € (0,1) and
jlx —y) € J(x — y) such that

(Sz = Sy, j(z —y)) = kllz — yl*,Va,y € K.

The importance of accretive operators stems from its applications in solving evo-
lution equations like heat, wave or schrodinger equations. It is still of research
interest in constructing approximation of solutions to the equations Sz = 0, (see
[11]). Clearly, the pseudocontractive maps are characterized by the fact that the
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mapping T is pseudo-contractive if and only if (I — 7)) is strongly accretive.
Let K be a nonempty closed convex subset of X and T : K — K be a mapping.
For an arbitrary xo € K. The sequence {x,}52, C K

defined by
Tpy1 = (1—ap)z, +a, Ty
yn = (1=bp)wn +b,Ty; (1.1)
v: = (1—cpy)zn +cyTan,n > 0.

where {an}22o,{bn}o2, and {c,}22, are three real sequences satisfying
Gy b,y ¢ € [0,1] is called three-step or Noor iteration iterations [8]. If ¢, =0, (1)
reduces to Ishikawa iterative sequence, i.e. {z,}52, C K(see[6]) defined by

Tpi1 = (1—ap)z, +a,Ty: (1.2)
yt = (1—=by)z, +b,Txy,n > 0.
If b, = ¢, = 0, then (1) becomes Mann iteration (see[9]). It is the sequence
{zn}2y C K defined by
Tnt1 = (1 —ap)zy + apnTxn,n > 0. (1.3)

In recent years, several authors have used the Mann, Ishikawa and the three-
step(Noor iteration) iterations to establish the existence and approximation of the
fixed points of strongly pseudocontractive mappings (e.g see[1,2,3,4,7,9-13)).

In 2006, Rafiq [14] introduced the following new type of iterative scheme which he
called the modified three-step iterative process :

Let 171,715,753 : K — K be three mappings. For any given zy € K, the modified
three-step iteration {x,}22  C K is defined by

Tpnt1 = (1 —ap)z, + anle}L
y'rQL = (1 - cn)xn + cn T3,

where {a,}22 0, {bn}52 and {c,}22, are three real sequence in [0, 1] satisfying
certain conditions.

Observe that if 77 = Tp = T5 =T in (4), we have (1).

Rafiq [14] proved the following :

Theorem 1.1 Let X be a real Banach space and K be a nonempty closed convex
subset of X. Let T1,T%, T3 be strongly pseudocontrative self maps of K with T (K)
bounded and T3, T3 be uniformly continuous. Let {xz,,}22, be the sequence defined
by (4), where {a,}>2q, {bn}o2, and {c,}52, are the three real sequences in [0,1]
satisfying the conditions,

nh_}n;o ap = nh—{go b, = nh_}n;o Cp = O,T;)an = o0.

If F(Th)NF(T2)NF(T3) # ¢, then the sequence {x,}22, converges strongly to the
common fixed point of 17,75, T3.

Recently, Xue and Fan [17] showed that the above Theorem of Rafiq and its proof
are incorrect. The authors stated and proved a corrected version which is stated
below.

Theorem 1.2 Let X be a real Banach Space and K be a nonempty closed convex
subset of X. Let T7,T» and T3 be strongly pseudocontractive self maps of K with
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Ty (K) bounded and Ty, Ts and T5 uniformly continuous. Let {z,,}5 , be defined by
(4),where {an}52 o, {bn}22, and {c,}32, are three real sequences in [0,1] such that:
(i) an,by = 0 as n — oo and (ii) Y.0° jan, = co. If F(T1) N F(Tx) N F(T5) # ¢,
then the sequence {z,}52, converges strongly to the common fixed point of Ty, T
and T3.

In year 2004, Rhoades and Soltuz[15] introduced the multi-step procedure. We
generalize this to the modified multi-step iterative scheme define as follows:

Tn+l = (1 — an — a;)xn + a”lle’}L + a;zun
v = (=02 + 0, Ty, (1.5)
P = (B T,

where {a, }°, {b%,}°5°, and {b51}5° ) are three sequences in [0,1], [ = 1,2,
3-+-,p—2;p>2and {u,} is a bounded sequence in X.

It may be noted that the iteration schemes (1)-(4) may be viewed as special cases
of (5). For example, if p = 3 and a], = 0 in (5) we obtain iteration (4). Taking
p = 2 we obtain (3). It is worth mentioning that other important iteration schemes
introduced recently by Das and Debata [5] and Kim et al. [8] are all special cases
of our iteration scheme. We would like to emphasize that the multi-step iteration
can be viewed as the predictor-corrector methods for solving the nonlinear equa-
tions in Banach spaces. For the convergence analysis of the predictor-corrector and
multi-step iterative methods for solving the variational inequalities and optimiza-
tion problems,(see Noor [10]) and the references therein.

In this paper, we give convergence results for iteration (5) for a family of p— strongly
pseudocontractive maps in real Banach spaces.

We will use the following results.

Lemma 1 [6] Let X be a real Banach space, then for all z,y € X, there ex-
ists j(z +y) € J(x + y) so that

lz +yl* < llel® +2 <y, jl@+y) >.

Lemma 2 [16] Let {,} be a non- negative sequence which satisfies the following
inequality

apt1 < (1 - /\n)an + 6n7
where X, € (0,1),Vn € N,> >, A\, = 00 and &, = o()\,,). Then lim,_, a,, = 0.

2. REsSuULTS

Theorem 2.1. Let K be a nonempty closed conver subset of X and T;, | =
1,2,-- ,p;p > 2 be uniformly continuous self maps of K with T (K) bounded such
that ﬂffle(Tl) # ¢. Suppose either Ty or Iy or --- or T, be p- strongly pseudo-
contractive mapping and {x,} be a sequence defined by (5) where {ay},
{a},},{bi,}, {621} are real sequences in [0,1], 1 = 1,2,--- ,p;p > 2 and {u,} is a
bounded sequence in X satisfying:

(i) 0<a,+a,<1

(i) an,al,by — 0 asn — oo
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(iil) >°02, ap =00

(iv) Tim, oo 22 =0,

then, the sequence {x,}>2 , converges strongly to the unique common fized point of
T,l=1,2,--- ,p;p>2.

Proof. Since either of T; (I =1,2,---,p) is strongly pseudocontrative, then there
exist a common constant k = max{kq, ka,--- ,kp} so that

(Tiz — Ty, j(z — y)) < kl|z —y|*.

In view of the definition of strongly pseudo-contractivity of 7; any common fixed
point of 11,75, - ,Tp;p > 2 in particular, is a fixed point of T7. Let p be such
common fixed point. However, since 17 has bounded range, we denote

Dy = |lzo — p|| + sup,>o [Tyl — pll + ||un — pl|. We prove by induction that
|2, —p|| < Dy for all n. Tt is clear that, ||zo—p|| < D;. Assume that ||z, —p|| < D;
holds. We will prove that ||z,4+1 — p|| < D1. Indeed, from (5), we obtain

(1 = an — ap,) (@0 — p) + an(Tryy, — p) + ap (un — p)||
(1 —an —ap)zn — pll + anl| Trys, — pll + ay,lun — pll
(1—a, —al,)D1+ a,D1 +al,D; = Dy,

241 = pll

VARVANZAN

Hence the sequence {x,} is bounded.
Using the uniform continuity of T}, we have {T,x,} is bounded. Denote Dy =
max{ Dy, sup{|[Tpen — pl[}}, then

lyh =t — ol 1(1 =85~ ) (@ — p) + V5~ (Tpwn — p) ||
H(l - bgl_l)(xn - P) + bﬁ_l(Tpxn - p)”
(L =02 Ywn — pll + 05~ Tpzn — pll|l
(1—=00"")Dy + 0271 Dy

(1 — bﬁ_l)DQ + bg_ng = Ds.

INIAINA I

By the virtue of the uniform continuity of T},_1, we get that {T,,_;y2~'} is bounded.
Set D3 = sup,,>o{[Tp-1y5~" — pll} + D2, then

lyh =2 = pll [(1 =052 (@ — p) + 00 2(Tpayh ™ = p)|
(1 - bflj)(l’n —-p)+ bﬁj(Tp—lyﬁT =)l
(L =05 wn — pll + b= Tp—1 " — pllll
(1 — bﬁiz)Dl —+ bﬁiQDg

(1 — bg_Q)Dg + bgl_QDg = Ds.

INIAINA I

By the virtue of the uniform continuity of T},_a, we get that {T,,_2y2~2} is bounded.
Recursively, we have in that {y; 41} is bounded and by uniform continuity of ;4 1,
{T111y 1} is bounded. Thus, {y;} is bounded for [ =1,2,--- ,p — 1.

Now, set

D= mam{Dl,Dg, s ,Dpfl}.
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Applying Lemma 1 and (5), we have

[ 1(1 = an —ay,)(@n = p) + an(Tiyy — p) + cn(un — p)|I?

IA I

(1= an)?[lzn — pl?
+2(an(T1yy, — p) + ag(un = p), j(Tn41 — p))
= (1- an)ZHIn P”2 + 2an<lerlz = 0,5 (@nt1 = p))
20, (i — (1 — )
< (U—an)lzn = Pl + 20n(Tigh = Timsn, j(@nss — p))  (6)
+2an<T1xn+1 - p7j(mn+1 - P)) + QDQCL;L
< (1- an)QHxn - p||2 + 2ank||Tni1 — pH2
+2an || T1ypn — T1%nt1 || [2n+1 — pll +2D%a;,
< (I =an)?llzn — pll? + 2ankllzn1 — pl?

+2a,0,D + 2D%al,,

where o, = ||T1y. — Th2,41]. Indeed, since

||y717, — Tppa] = ||y}7, — Ty + Tp — Ty |
< ||y’}7, = Zpll + B0 — Toa |
= b711||$n - T2y721|| + an Ty — le’}LH + a'[|zy — uy|
< 2D(a, +2al).
This implies that lim, oo |2ne1 — yi|l = 0, since lim, ,oca, = 0,
lim,, 00 al, = 0, lim,, o . = 0. Since Ty is uniformly continuous, we have

n=[TiTpns1 — T1Z/711|| — 0,(as n — 00).

And, since a,, — 0 as n — oo, then there exist a positive integer N such that
an < min{5r, m} for all n > N. It follows from (6) that

(17‘171)2

lenis = pl? < S llan — ol + 32% + £t
< (e, — ol + a4 150 7
< (- Eann 2 2Dt + )
< (1= (1= k)an)llon — pl? + 252 (0, + ).

Set ay, = ||zn —4ql|, An = (1 —k)a, and §,, = f“gfk(an %) Applying Lemma 2,

we obtain ||z, — ¢|| = 0 as n — oco. This complete the proof.

Remark 2.2 Theorem 2.1 extends Theorem 2.1 of Xue and Fan[17] in the sense
that, we replace modified three-step iterative scheme by a more general modified
multi-step iterative scheme.

Theorem 2.3 Let X, K,T1,Ts, -+, Ty, {xn},{an},{a,} and o, be as in The-
orem 2.1. Suppose there exists a sequence {t,} with lim, _, ¢, =0 and a}, = t,a,
for any n > 0. Then the sequence {z,} defined in (5) converges strongly to the
unique common fixed point of 17,75, - -+ , T}, which is the unique fixed point of T7.
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Proof: Just as in the proof of Theorem 2.1, we have from (7)

an 2 21
[zt = pll> < (1= (1= k)an)llzn —pll* + %(UH + ZT)
(1= —=k)an)zn —pl* + %(Jn + Infa)

Qn

a 2
— (1= (= R)an)lzn — pl2 + 22555 (00 + )

Put a,, = ||z, — pl|, Ay = (1 = k)ay, and 9, = 121’31?2 (o0n + tn). Then, Lemma 2

ensures that ||x,, — p|| = 0 as n — oo. This complete the proof.

For p = 3 and a, = 0, we can recover the result of Xue and Fan[17] from the
following result.

Theorem 2.4 Let K be a nonempty closed convex subset of X and Ty, 1 =1,2,3 be
uniformly continuous self maps of K with Ty (K ) bounded such that (;_, F(T}) # ¢.
Suppose either Ty or Ty or T3 be strongly pseudo-contractive mapping and {x,,} be a
sequence defined by (5) where {an},{bn},{cn} are real sequences in [0,1], satisfying:

(i) an — 0 as n — oo,

(i) >0, a, = oo,
then, the sequence {x,}°2 converges strongly to the unique common fized point of
T,1=1,2,3.

For p = 2, a,, = 0, Ty = T, = T we can recover the result of Ciric and Ume
[3] from the following result.

Theorem 2.5 Let K be a nonempty closed conver subset of X and Ty, | = 1,2 be
uniformly continuous self maps of K with T1(K) bounded such that N?_, F(T}) # ¢.
Suppose either Ty or Ty be strongly pseudo-contractive mapping and {x,} be a se-
quence defined by (5) where {an},{bn},{cn} are real sequences in [0,1], satisfying:

(i) ap =0 as n — oo,

(i) 202 an = oo,
then, the sequence {x,}32, converges strongly to the unique common fized point of
T,l=1,2.

Theorem 2.6 Let X be a real Banach space. Let Sq,S5%,---,Sp;p > 2 be uni-
formly continuous and p— strongly accretive operators. For a fixed f € X, define
Tix=x—Six+ fforalll=1,2,--- ,p;p > 2. For arbitrary zg € X, let modified
multi-step iteration sequence {x,} be defined by

Tni1 = (1—ap— a’n)x_n +an(f+ (I = S1)yt) +aun
v, = (1 =bh)w, + 0, (f+ (T = Syt (8)
yﬁ,’l = (1- bﬁil)xn + bf;l(f + (I - Sp)zn)a

satisfying the following conditions:

(i) 0<ap,+a,<1

(ii) an,al,, by — 0 asn — oo

(iil) D07, an =00
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!
(iv) limy,—eo Z—" =0,

then, the sequence {z,}52, converges strongly to the solution of Sjz = f, I =
1,2, DD 2> 2.

Proof: Obviously, if z* € X is a solution of the equation S;z = f (i=1,2,--- ,p;p >
2), then z* is the common fixed point of T; (i = 1,2,--- ,p;p > 2). It is easy to
prove that T; (i =1,2,---,p;p > 2) is uniformly continuous and strongly pseudo-
contractive. Thus, Theorem 2.6 follows from Theorem 2.1.

Remark 2.7

(i) We replaced modified Noor iteration scheme by more general modified
multi-step iteration scheme.

(ii) Our method of proof is easy and purely analytical.
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