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FOCK SPACES FOR THE ¢-BESSEL-STRUVE KERNEL

(COMMUNICATED BY PALLE JORGENSEN)

FETHI SOLTANI

ABSTRACT. In this work, we introduce a class of Hilbert spaces Fy o of entire
functions on the disk D(0, ﬁ), 0 < g < 1, with reproducing kernel given by

the ¢-Bessel-Struve kernel Sy (2; ¢2). The definition and properties of the space
Fy,o extend naturally those of the well-known classical Fock space. Next, we
study the bounded of some operators on the Fock spaces Fy,o; and we give an
application of the theory of reproducing kernels to the Tikhonov regularization,
which gives the approximate solutions for bounded linear operator equation
on the Fock spaces Fy,q.

1. Introduction

Fock space F (called also Segal-Bargmann space [3]) is the Hilbert space of entire
functions f(z) = >_.° ; a,z™ on C such that

oo
117 =D lanf* n! < oo.

n=0

This space was introduced by Bargmann in [2] and it was the aim of many works
[3]. Especially, the differential operator D = d/dz and the multiplication operator
by z are densely defined, closed and adjoint-operators on F (see [2]).

In [7], Gasmi and Soltani introduced a Hilbert space F, of entire functions on
C, where the inner product is weighted by the modified Macdonald function. On
F,, the Bessel-Struve operator

Caf(z) = D2f(2)+ 25 Df(e) - D), 0> 172,

and the multiplication operator M by z? are densely defined, closed and adjoint-
operators.
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2 FETHI SOLTANI

In this paper, we consider the ¢-Bessel-Struve kernel:

o0 ’In
Sal@;¢%) = Z a2y
= cn(0s0)

where ¢, (a; ¢?) are given later in section 2. We discuss some properties of a class of
Fock spaces associated to the g-Bessel-Struve kernel and we give some applications.

The contents of the paper are as follows. In section 2, building on the ideas of
Bargmann [2], Cholewinski [4] and as the same of paper [18], we define the g¢- Fock
space Fy, o as the space of entire functions f(z) = ", anz" on the disk D(0, 1= q)

of center 0 and radlus , and such that
oo
£, . =D lanl* en(e; ¢°) < oo
2o
n=0

Let f and g be in F, ,, such that f(z) =Y 2 ja,z" and g(z) = Y~ b,2", the
inner product is given by

[eS)
= Z anbn Cn(a; q2)'
n=0

The g-Fock space Fy o has also a reproducing kernel K, . given by
1
K o(w, 2) = Sa(wWz;¢%); w,z € D0, i)
Then, if f € Fy , we have

K yalw, Dr,., = fw), € DO 7).

Using this property, we prove that the space Iy, is a Hilbert space and we give an
Hilbert basis.

In section 3, using the previous results, we consider the multiplication operator
M by 22 and the g-Bessel-Struve operator L4, on the Fock space Fy ., and we
prove that these operators are continuous from Fj  into itself, and satisfy:

1
1g.0fllFya < 1foIIF o

HMfHan — 1 Hf”an
Then, we prove that these operators are adJ01nt-0perat0rs on Fy

(Mf,g)r, o = (flga9)F,o: [19 € Fpa-

These properties are not true on the classical Fock spaces [2} [4] [7, [15, 16]. For
example on F,, these properties are statued on D(¢,) = {f € F, : lof € Fo},
DM)={f€F, : MfeF,}and D({,) ND(M), respectively.

Lastly, we define and study on the Fock space Fy ., the g-translation operators:

T.f(w) = Sa(staia®) ) w2 € DO, 1),
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and the generalized multiplication operators:

1
sz(w) = Sa(ZM,q2)f(’U)), w, =z ED(O’TQ)
Using the continuous properties of ¢, , and M we deduce also that the operators
T, and M., for z € D(0, %q), are continuous from Fj , into itself, and satisfy:

|2l

1T fll g0 < Sal NIy

1—g¢q’
M < Sl

M fllp, .o < a(l_q,q 7 o
These properties are not true on the classical Fock spaces.

The last section of this paper is devoted to give an application of the theory of
reproducing kernels to the Tikhonov regularization, which gives the approximate
solutions for bounded linear operator equation on the Fock spaces Fy 4.

Let L : Fy o — Fy o be a bounded operator from Fy  into itself. For A > 0, we
define on the space Fj, o, the new inner product by setting

<f7 g>/\,Fq,Q = )‘<f7 g>Fq,u + <Lf7 Lg>Fq,Q-

Building on the ideas of Saitoh, Matsuura and Yamada [11 (12}, 14, 19], and using
the theory of reproducing kernels [1], we give best approximation of the operator
L. More precisely, for all A > 0, h € F, ,, the infimum

inf {A 2 h— Lf|2 }
ot £, + | fl, .

is attained at one function f3 ,, called the extremal function.
In particular for f € Fj,, and h = Lf, the corresponding extremal functions
{f5 s }as0 converges to f as X — 0F.

2. Preliminaries and the ¢-Fock spaces F, ,

Let a and g be real numbers such that 0 < ¢ < 1; the g-shifted factorial are
defined by

n—1

(@9)o =1, (aiq)n:=[[(1-aq), n=12,..oc.
1=0

Jackson [8] defined the g-analogue of the Gamma function as
CHES -
T, (x) = ~L8oe (1 _gyl== p£0,-1,-2,....
It satisfies the functional equation

1—4q"
Lz +1)= 17_(]1—‘,1(%)7 r,(1)=1,

and tends to I'(x) when ¢ tends to 17. In particular, for n = 1,2, ..., we have
(4 9)n
'iin+1)= ———"—.
e T
The g-derivative D, f of a suitable function f (see [10]) is given by
f(z) — flqz
qu(x):zi( ) ( ), x #£0,

(1-qz
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and D, f(0) = f'(0) provided f'(0) exists.
If f is differentiable then D, f(z) tends to f'(z) as ¢ — 1.
Taking account of the paper [6, [7] and the same way, we define the g¢-Bessel-
Struve kernel by
Sa(®;¢%) = jaliz; ¢*) — ihaliz; ¢%),

where j,(7;?) is the g-normalized Bessel function [5, [17] given by

' o oo ( 1) :1?2"
ja(x’q)'_FqZ(aH);(Hq)Q"FQ( +D)le(n+a+1)

and hy(z;¢?) is the g-normalized Struve function given by

) s (_1) 2n+1
ho(z; =Tgp(a+1) .
(CU q ) 04 ; 1+ q)2n+1F (n + )I“q2 (n +a+ %)

Furthermore, the ¢g-Bessel-Struve kernel S, (; ¢?) can be expanded in a power series
in the form

« cn(¢?)
where
(o ) = T IR L0 ) 0
If we put U, := m, then
U, 1

— , q—17.
U1 (1—9q)?

Thus, the ¢-Bessel-Struve kernel S, (x;¢?) is defined on D(0
the Bessel-Struve kernel S, (z) as ¢ — 17.

,ﬁ) and tends to

We consider the g-Bessel-Struve operator ¢, , defined by

tyad @) = D2f(a) + 2 D, pqa) - D, (0)].
where
B 1— q2a+1
2a+1], := 17_(]

The ¢-Bessel-Struve operator tends to the Bessel-Struve operator ¢, as ¢ — 1~ (see
[6, 17]).

Lemma 2.1. The function S,(\.;¢?), A € D(0, %q), is the unique analytic solu-
tion of the g-problem:

lgay(x) = Ny(2), (2)
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Proof. Searching a solution of (2) in the form y(z) = >~ ;a,z™. Then

z) = Z an[n]qmn_la
n=1
and
Dly(x) = Z an[n]qn — 12" 2

Replacing in (2), we obtain

Zan (In—1]g+¢" 1[2a+1 )\QZan oz

Thus,
ann)g([n — 1], + ¢ '2a+1],) = N2ap_2, n=2,3,..
Using the fact that [n — 1], + ¢" " [2a + 1], = [n + 2a],, we deduce that

/\2

= =23, ..

an [n]q[n+2a]qan 25 n g}
Since [2n], = (1 4 ¢)[n]42, we deduce
)\2
A2p = a2n—2,
T 0+ P lpltalp T
)\2
Aoan+1 = aon—1-

(1400 + 3lgaln + o + g
This proves that
)\2"qu (a + 1)

fon = (1+q)*Tge(n+1)le(n+a+1)’

AT 2 (o + 1)

A2n+1 = 3 3y°

(14 ¢)2"HTp(n+ 3)Tpe(n+a+3)

Therefore,
[e%e} ()\.13)2”
y() q2(04+ )nz:% (1+q)2”Fq2(n+1)Fq2(n+a+ 1)

[e%S) ()\x)2n+1

+lpe(a+1
o )T; (14 ¢)? ' Tpe(n+ 3)Lp(n+a+ 3)

= ja(iAz; ¢%) — iha (iAz; ¢%),
which completes the proof of the lemma.
Lemma 2.2. The constants b,(a;q?), n € N satisfy the following relation:
Cara(aiq?) = [n+ Ayl + 20+ 2gen (05 47).
Lemma 2.3. Forn € N, we have
cnl; ¢?)

by g2 = —2 21 =2 >0
e Cn—2(a; q?) ’
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Proof. Since

)\zq Zc

k=0
then from equation (2) we obtain
PPTIHISUI o
= ok ¢?) = ck—2(a; %)
This clearly yields the result. ]

Definition 2.1. Let « > —1/2. The g-Fock space Fy.« is the prehilbertian space of
entire functions f(z) =Y " g anz" on D(0, = q), such that

00
”f”??q,a = Z |an|2 en(; q2) < 00, (3)
n=0

where ¢, (a; q?) is given by (1)).

The inner product in F , is given for f(z) =Y " jan,z™ and g(z) = > ooy bnz
by

o0

<fa g>Fq,a = Zanacn(a;q2)' (4)

n=0

Remark 1. If ¢ — 17, the space Fy o agrees with the generalized Fock space
associated to the Bessel-Struve operator (see [7]).

The following theorem prove that Fj . is a reproducing kernel space.
Theorem 2.1. The function K, given for w,z € D(0, 1= q) by
Kq,a(wv Z) = Sa(wz; qz)a
is a reproducing kernel for the q-Fock space Fy ., that is:

(i) for all w € D(0, 7
(1) For all w € D(0

), the function z — Ky o(w, 2) belongs to Fy 4.
) and f € F, o, we have

<f7 Kq,oz(wﬂ ')>Fq,a = f(w)

71_

Proof. (i) Since

= w" 1
Kyolw, z) = E ———2" zwE D(0, —), (5)
n—0 Cn(avq ) 17(]

then from (3)), we deduce that

o0

2n
K 32 = |w] _ 2, 2
H ,oz(wa )HFq,a 7;) cn(a;qQ) Sa(‘w| ' q ) < 00,
which proves (i).
(ii) If f(2) = Y prganz™ € Fyq, from (4) and (5), we deduce
1
<f, . Zanw , w GD(O’li—q)

This completes the proof of the theorem. ([l



FOCK SPACES FOR THE ¢-BESSEL-STRUVE KERNEL 7

Remark 2. From Theorem 2.1 (i), for f € F, o and w € D(0, 1), we have

e
f(w)] < | Kga(w, )z, fllE,. = [Salw ¢V flE,..- (6)
Proposition 2.1. The space F, . equipped with the inner product (.,.)r, , is an
Hilbert space; and the set {fn(.; q )}neN given by
Eul54?) = ———rx, 2 D(0,
el q?)
forms an Hilbert basis for the space Fy o

),

1—¢

Proof. Let {f,}nen be a Cauchy sequence in F, ,. We put
f= nh_}rréo fn, in Fyq
From (6), we have
| frsp(w) = fa(w)] < [Sallw* )2 forp — full 7, -

This inequality shows that the sequence {f,}nen is pointwise convergent to f.
Since the function w — [S, (Jw|?;¢?)]/? is continuous on D(0, 1%(1), then {f }nen

converges to f uniformly on all compact set of D(0, 1—;) Consequently, f is an
entire function on D(0, 1%11)7 then f belongs to the space Fy q.
On the other hand, from the relation (4), we get

<£n( ) gm( )> Fya — 5n,ma

where 0, ,, is the Kronecker symbol.
This shows that the family {fn(.; qQ)}nGN is an orthonormal set in F ,.
Let f(z) = > 0" g anz" be an element of F, , such that
(f16n(50) R0 =0, Y EN,
From the relation (4), we deduce that
ap, =0, VneNlN.
This completes the proof. O
Remark 3. (a) The set {S (w.;¢?), w e D(0, l—iq)} is dense in F, 4.
(b) For all z,w € D(0, ) we hcwe

Sa(wZ;¢*) = (Sa(2:14%), Sa(W5¢*))F, o -
3. Multiplication and translation operators on F,

On F, ., we consider the multiplication operators M and N, given by

Mf(z) = 2*f(2),

f(z) — flgz
Nyf(z) :==2Dqf(2) = Ulfq()
We denote also by /4. the g-Bessel-Struve operator defined for entire functions on
D(0, %_q).
We write

oo, M] =Ly oM — Mlyq.
Then by straightforward calculation we obtain.
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Lemma 3.1. [y, M] = (1+ q)[20+ 2]¢Bp2 + Wy.a,
where

By f(2) = f(g2),

Weaf(2) == (14 q)(1 + ¢**)qzDq f(q2) + [2a + 142D f(0). (7)

Remark 4. The constant (1 + q)[2a + 2], equals to ca(a; ¢°), and the Lemma 3.1
is the analogous commutation rule of [7]. When q¢ — 17, then [l o, M] tends to
4(a+ 1)I + W, where I is the identity operator and W is the operator given by

Wf(z) :=4zDf(z) + (2a+ 1)zD f(0).
Lemma 3.2. If f € Fy o then Byf, Nof and Wy of belong to Fy o, and

(@) [1Baflr, o < IIfHan,
(@) [INgfllFyo < 1= qIIfIIan,

(iid) [Woafllr,, < SFROE)p)
Proof. Let f(z) =" anz" € Fyq, then

By f(z) = flgz) = i@anq%", (8)
N, sz = L) fjm Q
and from (3), we obtain
1Bt =3 lanlg?me i anPen(os ) = 113,
and " "
1N, I, = fj anl? ()l ).

Using the fact that [n], < 1%(1, we deduce

1 = 1
INFIF < 35> lanlen(0;®) = —|IfII% .
q ||qua (1 7q)2 T;)I | ) (1 7q)2|| ||Fq,a

On the other hand from (7), we have

Weaf(2) = 20+ 1]ga1z + (1 + ) (1 + ¢* Z nlgq"z" (10)
and
WoaflF, . = (g+a°+20+3]y)%|a1 [Per (a5 ¢*)+[(14q) 1+¢*)]* D lan]*([n])*¢*" en (05 ¢°).

Using the fact that [n], < 1%(1, we deduce that

[(A+q)( +q2°‘ S
”VVq,Osz%q,(1 < ( Z |an[*en(a; ¢%)
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Therefore, we conclude that

(1+9¢)(1+¢*)
I 11 [

which completes the proof of the Lemma. ([

In the classical Fock spaces Fy, if f € F,, the functions ¢, f and M f are
not necessarily elements of F,. For thus, the authors statued these operators on
Dly)={f €Fy : boaf € Fy} and DIM) ={f € F, : Mf € F,}, respectively.
But on F, ., we can study the continuous property of the operators ¢, and M
from Fy o into itself.

Theorem 3.1. If f € F, o then £y f and M f belong to Fy o, and we have
(@) [lgafllp,. < 11q||f\|an,
(@) IMfllp,. < m51f 17,0

Proof. Let f(z) =Y. ," janz" € Fya.
(i) From Lemma [2.3|

Weafllr, . <

taaf @)= S0 2O s 3, )
z) = Ap—————2 = Appo——————=2".
q,x = ncn72(a; qg) Pt n+ Cn(a; qz)

Then from (11), we get

cnta(a; )
||fq,af||FM Z |an+2|2w cnta(a;q )
n=0

Using Lemma 2.2, we obtain

g flE, . =D lansa*ln+2g[n + 20 + 2] cara(as ¢°),
n=0

and consequently,
1g.0fIE,.. Zlanl [+ 20]q cu(0: ¢%). (12)

Using the fact that [n]q[n + 2a], < ﬁ, we obtain

/2
gafley < [Z|an| s )] = Tl

(ii) On the other hand, since

ORI (13)

n=2
then

”MfH%q Z ‘an 2| Cn 7q Z |an| Cn+2 asq )

By Lemma 2.2, we deduce

oo

IM 17, = lanl*ln+2lgln + 20 + 2]g ca(a; ¢°). (14)
n=0
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Using the fact that [n + 2]4[n + 2a + 2] < 7=, we obtain
1
M < —
IMfllFy 0 < 77 q|\f||Fq,u7
which completes the proof of the theorem. (I
We deduce also the following norm equalities.
Theorem 3.2. If f € F, o then

(i) (f, Woaf)F, . = (140 (1+¢**)(Nof, By f)F, o +[2041]g| Dg f (0)Per(as ¢%),
(i7) Héq,af”%«“q,a = ||qu‘|%q,a+[2a]q<qua qu>Fq,a_[20‘+1}q|qu(O)|201(04§q2);
(iii) |MfIE,, = INofIIF, . + (1 + Q)20 + 2glBoflF, , + (1 + ¢+ [20 +

20g)(Nof; Byf)p, o
(iv) IMFIZ, = lbgafl3, . +(1+ Q)20+ 2By I3, .+ Waaf)r, .-

Proof. Let f(z) =Y.,  janz" € Fyaq.
(i) Follows from (8)), (9) and (10).
(ii) From (12), we get

||€q,af||%“q,a = Z |an|2[n]q[n + 2alq en(oy q2) —[2a+ 1]11‘qu(0)|261(0‘3 q2)~
n=0

Using the fact [n + 2a], = [n]y + ¢"[2¢],, we deduce
1q.aflZ, .. = INaflE, ., + 120]e(Nof, Baf)F, . — 20+ 1| Dy f(0)Pcr (o ¢).
(iii) By (14) and using the fact that
[n+2]g[n +2a + 2], = ([nlg)* + (1 + ¢ + [2a + 2)4)q" [n] + (1 + ¢)[2a + 2],¢°",

we obtain
IMFIZ, ., = INofIIZ, .+ +a)2a+2]g|| BofIIF, , +(1+a+[20+2]g) (Nof, By f)F, .-
(iv) Follows directly from (i), (i) and (iii). O

Remark 5. (a) Let f(z) =Y o ganz" € Fyqo. Since (f, Wy of)r,. >0, then
1M £, . > 1+ q)2a + 2| BofIE, .-

Therefore M f = 0 implies that f = 0. Then M : F, o, — F, o is injective
continuous operator on Fy .

(b) In the classical Fock spaces F,, the norm inequalities of Theorem [3.2 are
realized on D(M), and therefore M : D(M) — Fy o is injective continuous
operator on D(M).

In the classical Fock spaces F,, for f € D(M) and g € D({,), we have
<Mf7 g>FQ = <f7 Eozg>Fa .
But in Fj ,, and since D(M) = D({y,o) = Fy o, we obtain the following.

Proposition 3.1. The operators M and {, . are adjoint-operators on Fyo; and
for all f,g € Fy o, we have

<Mf7 g>Fq,,, = <f7 gq,ag>Fq,,,-
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Proof. Consider f(z) = Y 07 jan,z" and g(z) = > .o by2™ in F . From (11)
and (13),

C’n+2 )n
ag(z bpyo——F 52",
fac Z* o)

and
oo
z) = E Ap_2 2",
n=2

Thus from (4), we get

(Mf,9)F, . Zan 2bn Cn(050%) = anbnsa cnya(@:¢%) = (F,Lg.09)Fy o»

n=0
which gives the result. O

In the next part of this section we study a generalized translation and multipli-
cation operators on F, .. We begin by the following definition.

Definition 3.1. For f € F o and w,z € D(0, 1= q), we define:
- The q-translation operators on Fy ., by
— lg.of (W)
T, f(w) = L2 L, 15
(w) T;) cn(0; g?) (15)
- The generalized multiplication operators on Fy ., by
o~ M" f(w)
M., f(w) = ——<" (16)
nz;o el q?)

For w, z € D(0, l%q), the function S, (.; ¢?) satisfies the following product for-
mulas:

TzSa(-; q2)(w> = Sa(z; q2)Sa (’LU; q2)a
M.Sa(:3¢%)(w) = Sa(zw?; ¢°)Sa (w; ¢%).
Proposition 3.2. Let f(z) =) " janz" € Fyo and z,w € D(0, 1%(1) Then

. 00 2 r, (a+1)Fq (Z+4+a+1) >
(@) Tof (w) =20z “"[ZL /0]7(”’k;q2)Fq2<§2+a+1>F;<%fk+a+1>(F)k w”

where [n/2] is the integer part of n/2 and
(14 q)*Tp2(2 +1)
LB+ D (2 —k+1)
.. 00 n/2] an_: n
(i) M. f(w) = S0ty [ Sle) ek |um,

Proof. Let f(z) =Y. " janz" € Fyq.
(i) From (15), we have

v(n, k; q%) =

0o m
T.f(w) = Z Cq’(ozj(qu;iz”; w, z € D(0, ﬁ)
n:O n 3

Since from Lemma [2.3]

o k _ Ck(Ot;QQ) wk—?n

, k>2n,
Ch—2n(a; q?)
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we can write
m f( ) i Ck(a; q2) k—2n
w) = ap———————w .
e S ck—an(aig?)
Thus we obtain
00 [n/2]

Z Z Cn a5 q ) w2k k.

= = o @?)en—ak(as¢?)

On the other hand from (1)), we get

en(0s q?) k) Fpe(a+1)p(5 +a+1)
ek (s q%)en—ok(a; q?) L Fe(+a+Dlpe(2—k+a+1)
which gives the (i).
(ii) From (16), we have

M, f(w) = Z Mz”; w, z € D(0, %)
n:0 n 3

But from (13]), we have

o0
k
= g ag—2nW .

k=2n
Thus we obtain
co [n/2] a
Z [ Z n—2k k} na
oy, cr(oy q
which completes the proof of the prOpos1t1on. (I

In the classical Fock spaces Fy, if f € F,, then 7, f and M, f, z € C are not
necessarily elements of F,. But on F, , and according to Theorem[3.1/we can Study
the continuous property of the operators T, and M. on Fy q, for z € D(0, 1= q)

Theorem 3.3. If f € F, o and z € D(0, ) then T, f and M. f belong to Fy .,
and

(D) 1T f 1,0 < Sals2 q,q A1 ey o
(i) IM=f 7, . < Sa(2534 ANE Fya-

Proof. From (15) and Theorem [3.1! (i), we deduce

2" S |2|™
L S L e e 115, .
7;) “en(@;¢?) ,; (1—q)"cnla; ¢?) :
Therefore,
||
17 llF0 < Sal3 = O pye

which gives the first inequality, and as in the same way we prove the second in-
equality of this theorem. O
From Proposition 3.1 we deduce the following results.

Proposition 3.3. For all f,g € F, o and z € D(0, 1%(1), we have

(M. f,9)F,.=(fTz9)F,.
(T.f,9)F, . = (f, Mzg)F, -
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We denote by R, z € D(0, flq) the following operator defined on F, , by
R, :=TeM, — M5T, = So(Zy.0;G*)Sa(2M; %) — Sa(ZM; ¢%)Sa(24y.0; ¢%).
Then, we prove the following theorem.

Theorem 3.4. For all f € F; and z € D(0, flq), we have

() 1ML I3, = Tf11%, .+ (f B, ..
(@) [|R-fllF,. <20Sa(iZL:a®fE,..-

q7
Proof. (i) From Proposition [3.3, we get
IMofIE, = TMof)p, o = (f,(MET: + R2) ), . = IT2f1E, , + (f.R:f)F, .-
(ii) From Theorem 3.3, we have

2]

IR fllFyo S NT=M-fl7y o + 1MET:| 7, 0 < Q[Sa(ﬁ

AP g,

which completes the proof. ([l

4. Application: Extremal function on F,,

In this section we shall give an application of the theory of reproducing kernels
to the Tikhonov regularization, which gives the approximate solutions for bounded
linear operator equation on the Fock spaces F .

Definition 4.1. Let A > 0 and let L : F, , — Fy o be a bounded linear operator
from Fy o into itself. We denote by (.,.)x rF,. the inner product defined on the space
Fyo by

<fag>)\,Fq1(, = A<fvg>Fq,<, + <Lfa Lg>Fq)(,7 (17)
and the norm ||fl|x.r, . = /([ [)\F,.o -

As examples of the operator L we can choose the precedent operators By, N,
Waar ba,gy M, Ty, M, and R, when z € D(0, fq)

Remark 6. Let A > 0 and let f € Fy . The two norms ||.||r, . and ||.|xF,. are
equivalent, and

VSl e S M INE 0 < VAL 17, o

Lemma 4.1. Let A > 0. The Fock space (Fyq,(.,-)xF,.) possesses a reproducing
kernel K (w,z); w,z € D(0, 1—;) which satisfying the equation

M+ L"L)K(w,.) = Ky o(w,.), (18)
where L* is the adjoint of L in (Fy o, (., .)F,.)-
Proof. Let f € F}, ,. From relation (6) and Remark [6, we have
Sa(\wlz;QQ)T/Q
A

Then, the map f — f(w), w € D(Onqu) is a continuous linear functional on

[f ()] < [ Ega(w, ) ol fllE, . = [ (A PWoRe

(Fg,as (»-)AF,.)- Thus from [1], (Fy a, (.,.)x,F,.) has a reproducing kernel denoted
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by Kp(w,2).
On the other hand,

fw) =Mf, Kp(w,.))Fy o + (Lf, LIKL(w, )] F, o

=(f,(M + L*"L)[Kr(w,.))F, .-
Thus,
M+ L*L)K(w,.) = Ky o(w,.).
This clearly yields the result. (I
Example 4.1. Let w, z € D(0, 1%11>
(a) If L= M, then

(wz)"

A+ [n+2]4n+2a+2],)en(a; ¢?)

n—O

(b) If L =104, then

- 1 Wz (wz)
Ki(w,2) = Aco(a; q2) * Aey(a; q?) " nz::z (A + [n]g[n + 2a]g)en(a; ¢?)
(¢) If L = By, then

(w,2) HZO )\—|—q cnozq)
(d) If L = Ny, then
> wz)"
KL(w’Z):Z A ( )C

(e) If L =W, then

o0 n

1 wz (wz)
st ) T ot e (ed) 2 O ol e (e )

Kp(w,z) =

where
n=(1+q)*(1+¢*)*
The main result of this section can then be stated as follows.

Theorem 4.1. For any h € Fy o and for any A > 0, there exists a unique function
[ ns where the infimum

inf {11 h—Lfll3,. } 19

Jint (NI, + Ih— L, (19)

is attained. Moreover, the extremal function f5 , is given by

f;,h(w) = <h’ L[KL(w’ ')]>Fq,o¢7
where K, is the kernel given by (18]).
Proof. The existence and unicity of the extremal function f5 , satisfying (19), is
given by [9, 11}, 13]. Moreover, by Lemma 4.1l we deduce that

f;,h(w) = <h’ L[KL(U}’ )]>an7 (20)

where K, is the kernel given by (18).
This clearly yields the result. ([l
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Remark 7. The extremal function [ ), satisfies the following inequalities

[FXn @) < L] 7y o [ KL (w, )| £,

[ L]
< jllhlqu,aHKL(w, )l
L
< ko) 20l ..
If we take in (20), h = Lf, where f € F, ., we obtain the following Calderén’s
reproducing formula.

)‘qu,(¥

Theorem 4.2. (Calderén’s formula). Let A > 0 and f € F,,. The extremal
function f5 given by
fx(w) = (Lf, LIKL(w, ))F, .
satisfies
Flw) = Jim fi(w)= lm (Lf, LKL, ), .
Proof. Let f € Fy o, h=Lf and f{ = [} ;. Then

fx(w) = {f, L"LIKL(w, )], o (21)

= lim
A—0t

But from (I8), we have
/\lijg+ L*LIK(w,.)] = Kgo(w,.).

Thus,
Jim F ) = {F Ky, ) r, . = fw)

which ends the proof. ([l

Remark 8. Let w € D(O,%_q). From (18) and (21), the extremal function f3
satisfies

f(w) = fw) = Mf, Kp(w, ), .-
Thus we obtain

lim AKp(w,.) =0,
A—0t

and
|fx(w) = fF(w)| < M fllry o 1 KL(w, )£, o
<VAFlE, KL (w, ),
< VKL (w,w)]'?| fF,...
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