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ON A ¢-ANALOGUE OF THE ONE-DIMENSIONAL HEAT
EQUATION

(COMMUNICATED BY FRANCISCO MARCELLAN )

AHMED FITOUHI & NEJI BETTAIBI & KAMEL MEZLINI

ABSTRACT. In this paper, a g-analogue of the one-dimensional heat equation
associated with some g¢-differential operators is considered and a g-analogue of
the theory of the heat equation introduced by P. C. Rosenbloom and D. V.
Widder is developed.

1. INTRODUCTION

The solution of the heat equation arises as a modeling task in heat transfer
and a variety of engineering, scientific, and financial applications. The best known
analytic function theory associated with the heat equation is developed by P. C.
Rosenbloom and D. V. Widder in [10, [I1] and it is based on the heat polynomials
and associated heat functions. The radial heat equation has been investigated by
Bragg [I] and more extensively by Haimo [4]. These works have been generalized
by Fitouhi [2] for singular operators. For many problems, the exact solution is not
available or too complicated to use. Then, a numerical method is necessary for
solving the problem. It is well known that the quantum calculus provides a natural
discretization of the heat equation. For this discretization, we shall replace the

partial derivatives — and — by D2 derivative [3] and the Rubin’s 0,-derivative
ot

ox

[8, @] in time and in space, respectively, and we attempt to develop the g-analogue
of the theory introduced by P. C. Rosenbloom and D. V. Widder. In this way, at
the limit as ¢ tends to 1, one recovers some results related to the heat equation in
the continuous model.

We proclaim that, in this paper, we are not in a situation to study or discuss a
numerical method, but we show by some examples and graphics that our results
coincide with the classical ones when ¢ is near 1.

This paper is organized as follows: in Section 2, we recall some notations and useful
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results. In Section 3, we define the generalized translation associated with the Ru-
bin’s d4-operator and we establish some of its properties. In Section 4, we review a
few of the most basic solutions of the one-dimensional classical heat equation. Next,
we introduce the g-heat equation, and we present the g-source solution k(z, t; ¢) and
study some of its properties. Section 5 is devoted to construct and study two basic
sets of solutions of the g-heat equation: the set {v,(z,t;q)}re of g-heat polyno-
mials and the g-associated functions set {wy,(z,t;q)}ry. In particular, we show
that the g-heat polynomials and the g-associated functions are closely related to
the discrete ¢-Hermite I polynomials and the discrete g-Hermite II polynomials,
respectively. Furthermore, we introduce two systems of biorthogonal polynomials
related to the g-source solution k(z,t; ¢). In Section 6, we discuss an asymptotic es-
timations for the functions v, (z, t; q) and w,(x,t; q) for large n. Next, we establish
some results related to the series expansion of solutions of ¢g-heat equation. Finally,
we discuss from an analytic and a graphic point of view how these g-difference
operators can be used to solve approximately the heat equation and illustrate the
performance of this approach with some examples.

2. PRELIMINARIES

For the convenience of the reader, we provide in this section a summary of the
mathematical notations and definitions used in this paper. We refer the reader to
the general references [3] and [5], for the definitions, notations and properties of
the g-shifted factorials and the g-hypergeometric functions.

Throughout this paper, we assume ¢ €]0, 1] and we write

R, ={%¢" : neZ}, Ryy={¢" : neZ} and @q:RqU{O}.

2.1. Basic symbols. For a complex number a, the g-shifted factorials are defined
by:

n—1 oo
(@@o=1 (a9, =][](0—ag")n=1,2; (a:¢)o = [J(1 - ag").
k=0 k=0
We also denote
[z]g = 11—_q;, z€C and nly= (gq;_q;’;n,n eN.
It is easy to verify that
nlg-1 = q_vb(";l)n!q. (1)

Using the Gauss ¢-binomial coefficients (see [3] )

(%),
k g Kla(n— k)’

the g-binomial theorem is given by

n

(=29), = ( i ) gFFm D2k, 2)
k=0 q
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2.2. Operators and elementary ¢-special functions.
The Jackson’s g-derivative is defined by (see [3, [5])

Dqf(z) = (1-q)z
lir%qu(x) if z=0.
The Rubin’s g-differential operator is defined in [8, [9] by

a7l + fals) — flea) + foas) —20(=2)
9q(f)(z) = 2(1—-q)z
tim 9,(f)(x) if z=0.
3)
Note that if f is differentiable at z, then 9,(f)(z) and D,(f)(z) tend to f'(z) as q
tends to 1.

We state the following easily proved result:

Proposition 2.1. For alln € N, we have
(1) G =g (D) 0Ny a7 (DEF,) oAy,
(2) 83n+1f — q—(n+1) (D2n+1fe) OA((;H_l) + q—n(n+1) (Dgn-i-lfo) OAZ,
where fo and f, are, respectively, the even and the odd parts of f, and Ay
is the function defined by Ay (z) =q "z.

The ¢-Jackson integral (see [3]) is defined by

/  fla)dge = / ' fla)dgr - / " f@)dgz, (1)

| @z =ati=0) ¥ sloaia (5)

n—=—oo

where

and from 0 to +oo and from —oo to +o00 are defined by

/0 T i@ =(1-9) S f@", (6)

n=—oo

/fdw—l—qu - S Flg (7)

n=—oo n—=—oo
provided the sums converge absolutely.
Note that when f is continuous on [0, a], it can be shown that

;E/f dx—/f (8)

The following results hold by direct computation.

Lemma 2.1.

1) If /00 f(x)dqx exists, then
(a) for all integer n, /OO flg"t)dgt = ¢ /OO f(t)dgt.
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(b) if f is odd, then /00 ft)dgt =
' ' h dqt = d
(c) Zf is even, then /_Oof(t) ot 2/0 f(t)dgt
(2) If/ (0gf)(t)g(t)dgt exists, then

(04 f)(t)g F()(0q9)( 9)
/. /.

Notation. Using the Jackson’s g-integral, we we denote by L = L2(R,), p > 0,
the space of all complex functions defined on R, induced by the norm

s = ([ W@Pae)’

Two g-analogues of the exponential function are given by ( see [3])
k(k—1)

q 2 Sk
)k

= (2000, (10)
k=0 b4
= 1 1
k
eq(2) = Z2¥ = |z] < 1. (11)
! kZ:O C (21¢)c0
E, is entire on C. But, for the convergence of the second series, we need |z| < 1;
however, because of its product representation, e, is continuable to a meromorphic
n

function on C and has simple poles at z =¢™ ", n € N.
We denote by

o0 Zn
capy(z) == eg(1 —a)z) = ) o (12)
n=0 " 9
and )
q 3 Zn
Expy(2) := E (1 — ¢)z Z (13)
It follows from that
Expg(z) = expy—2(2). (14)
We have (see [3])
lim exp,(z) = lim FExpy(z) = €7, (15)
q—1- q—1-

where e® is the classical exponential function.
The g¢-trigonometric functions (see[7]) are defined on C by

cos(z;q%) = > _(=1)"ban(x: %) (16)
n=0

and .
sin(z;¢%) i= Y _(=1)"bans1 (w3 0%), (17)

n=0

where
L gl

bn(z;q°) = ——F—2" (18)

nly
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and [z] is the integer part of z € R.
These two functions induce a J;-adapted g-analogue exponential function (see
[8,[9]):

e(z;¢°) := cos(—iz; ¢°) + isin(—iz; ¢°) Z bn(2;4%) (19)
e(z; ¢°) is absolutely convergent for all z in the plane, and we have lim e(z;¢%) = €*
q—1-
point-wise and uniformly on compacta. Note that we have
Lemma 2.2. (see [§])
For all A€ C, 9,e(\z;¢%) = de(Az;¢?). (20)
2
For all z eR,, le(iz;q?)| < . 21
2.3. The Fourier-Rubin transform.
In [8] and [9], R. L. Rubin defined the Fourier-Rubin transform as
K/ f(t)e(—itx; ¢*)dyt, € HNQq, (22)
where ,
_ 2€m)m . (23)
2(¢% ¢%)oc(1 — q)2
Letting ¢ T 1 subject to the condition
Log(1 —
Log(1-q) o (24)
Log(q)

gives, at least formally, the classical Fourier transform. In the remainder of this
paper, we assume that the condition holds.

It was shown in [§] and [9] that the Fourier-Rubin transform F, satisfies the fol-
lowing properties:

Theorem 2.1.
(1) If f,g € Lg, then /o:o Fq(f)(x)g(x)dgz = /Z f(@)Fq(g)(@)dg.
(2) If f(u), uf(u) € L}, then
0y Fq(f) (@) = Fo(—iuf(u))(2).
(3) If f, 94f € L}, then
Fq(04f)(x) = iwFy(f)(x).
(4) Fy is an isomorphism ofL , satisfying for f € Lg
[Fa(HllLz = [1f]z,
and fort € Ry,

K/ Fy( e(itz; ¢*)d,z. (25)
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3. THE ¢-GENERALIZED TRANSLATION OPERATOR ASSOCIATED WITH THE
OPERATOR 0,

Definition 3.1. The g-translation operator 7, 4, y € C, related to the q-differential
operator O, is defined by

Tyq()(@) = e(yig ®) f(z) = Y buly; ¢°)0p £ (), (26)

n=0

provided the series converges point wise.

Remarks.
(1) Note that for suitable functions f(z), we have

T T, (@) = f(o+ )
(2) Since for all n € N, b,(.;¢%) is a polynomial of degree n, then for all
k >mn+1, we have 9Fb,(x;¢%) = 0. Then
Pn,q (iL’, y) = n!q%,qbn (:L’; q2) (27>
is a polynomial of degree n, that it will be called g-binomial polynomial.

Proposition 3.1. Let x, y, A € C and n € N. Then,

Obn(x;¢%) = bpk(z;¢>), k=0,1,..n. (28)
- 1
2) = Z bk(y; q2)bn—k(x§ q2) = Epn,q(xa y)~ (29)
T,.0¢(0x;¢%) = e(A\z; ¢*)e(\y; ¢°). (30)
The generating function of {pn.q(.;.)}nen is given by
e(Ar; ¢*)e(My; ¢°) Z p”’q 70) \ (31)

Proof follows easily from the fact that Ogbn(2;¢%) = bp_1(z;¢%).

isa consequence of the relations and .
meg (20), we have

Tyqe(Az;¢%) = Zb i ¢°)0; e(Ax; ¢°)

=Zb y; 2\ e(\r; ¢°)

= e(\r;q¢?) Z bn(\y; %) = e(Ax; ¢H)e(\y; ¢°).

n=0

This proves . follows from and . |

Lemma 3.1. Forn=0,1,2,..., we have
(2n)!q
nlype

P2n.q(l2]; [y < L1+ oy Ege (1) Bge (Jy[) (32)
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and
2n+ 1)!
ponnallel o) < P o) 4 B (e WD, 63)
‘q
where Ey(.) is the g-exponential function given by (@
Proof. From , we have
2n
pana([z]s [y]) = (20)g Y br(l2]; ¢*)ban—r(|yl; %)
k=0
But,
2n n
> bklzl@®)ban—k(yli®) = > barl|2]; ¢®)bogu—r) (¥l ¢°)
k=0 k=0
+ 3 barra(l7]; ¢ bagn—ry—1(1yl; %)
k=0
and using the fact that (2k)!, > (k!;2)?, the following inequalities hold
k(k=1)| 5|2k Ea(lul?
barlle ) < S b ulig®) < Z2 WD ga
Ely2 K2
It follows then, by using the ¢-binomial theorem ,
- Ep(lyl) &~ nlgd" Y
.2 L2 q q 2k
> bl o (i) < SEEL ST I
k=0 =0
2 2. .2
- n!qz
Eg(2*)Eg(|yl?)
- ’n!qz '
Since (2k + 1)l > klg2(k 4 1)!,2, the following inequalities hold
k(k—1)|..|2k
bot1(|z]; ¢%) < g™ ™ , k=0,1,2,..
E! e
E 2
bak—1(Jyl; ¢*) < M, k=1,2,3,..
!y
Consequently,
n—1 n
|2yl Eg (Jy°) <~ nl2d" ™Y o
barr1(|2]; ¢*)ba(n—ry1(Jyl;4*) < 1 ! ||
kZ:O (n=k) nlg 2 ,;0 (n2— k)l 2kl g2
’I’L!qz

This inequality together with (34) give .
Let us now prove the inequality (33). We have
2n+1

pontrq(lz] 1) = 20+ 1)y Y billz]; ¢*)bans1—w(lyls %),
k=0
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and
2n—+1 n
> ezl a®banrr-w(ylia®) = Y bawl|2]; ¢*)bai—r)41 Iyl °)
k=0 =0
+Zb2k+1(|$|§q2)b2(nfk)(|y|§q2)'
k=0

In the same way as in the proof of inequality 7 we obtain

2n+1

Eg(J2)Eg2 (Jyl*)
> brll: ¢*)bansa—k(lyl: 4%) < (] + y) == :
k=0 q

Definition 3.2. For o > 0, we denote by &, 4 the set of all entire functions f
satisfying:

M’I’L!2
2n q
0" F0)] < —2%,
3 M>0 :VneN, (35)
Mn!
02nH f(0)] < o

O—’I’L

Remark. In the definition of the class &, 4, the constant M is independent of n,
depending only on the function f.

Proposition 3.2. Let o > 1 and f be in & 4. Then

oo 8”
Tyof (@)= qj(o)pn,qmy), (36)

n=0 q

where p,, ¢(x,y) are defined by .
The infinite series @ converges locally uniformly in x and y.

Proof. First, if f is in &5 4, then

B o0 - o0 an ' )
fz) = ngoanx = 71220757;(1;(]2)1)”(%(] ).

So, by (28)), we have for all nonnegative integer k
> a
Ok f(x) = ——vbnkl(a;q? 37
qf(l') kbn(l;qz) k(l‘,q )7 ( )

n=

from which we deduce that

Vn >0, an =095 f(0)bn(1;¢%). (38)
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By (26)), and (38), we have
Tyqof(x) = ibk(y;f) i %bn—k($§q2)
=Zbkyq Za" o1 (73 4°) (39)

TL

= Z 0 £(0) > brly; 4°)bn—i(56°).
n=0 k=0

Then, the desired conclusion follows from the relation .
Let us now, prove the locally uniformly convergence in x and y of the series .
From the definition of the function b, (.; ¢*) and the relation (29)), we obtain for all
xz,y € C,

Pn,g(2, )| < Prg(lzl; [y])-
Then, by using Lemma, @, we get, since f € &, 4, that there exists M > 0, such
that for all x,y € C and n > 0,

02" £(0) M o
Gy, Pana(@:)| £ (L ey By () By (o)
and
07" 1 £(0)] M , ,
WWH a(@9)| = (2] + |yl Egz (|2]7) Egz (ly[%)-
Finally, these relations, the continuity of the function E,2 and the hypothesis o > 1
prove the locally uniformly convergence in x and y of the series . |

4. ¢-HEAT EQUATION AND Q-SOURCE SOLUTION

4.1. Heat Equation. We restrict our attention to the simplest one-dimensional
heat equation on R
ou  9*u
ot 92z’
which has been the object of extensive studies. In particular, we refer the reader
to the book of Widder [10]. One of the most important families of solutions of the
heat equation is the so-called heat polynomials defined by

(40)

L
2

n—2k
E =0, 1, 2,... 41
- ’I’L—2]€ ) n 07 s 4y ( )

The heat polynomials are closely related to the Hermite polynomials H,,(x) by (see

[111)
vnl@,t) = (—t)"/2H,, (&) .

The source solution or fundamental solution of is given by

22

e 4t

Vart

k(z,t) =
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The associated functions w,,(x,t) are defined by
’U’ﬂ(x? _t)k(xa t)
tTL
They are solutions of the heat equation and they are related to the Hermite

polynomials H,(x) according to

wy(z,t) = , n=0,1, 2.

T

Wy (z,t) = 7 2 k(@ t) Hy
4

).

5

We have the following biorthogonality relation

—+oo
/ Un (X, =)W (2, t)dx = 2" N!0y, p,

— 00
where 6,, ,, is the Kronecker symbol.
In [I0, 11] a complete study of necessary and sufficient conditions for the validity
of the expansion of solutions of the heat equation in terms of heat polynomials
and associated functions has been developed.

4.2. The g-Heat Equation. We consider the following ¢-heat equation:
D2 yu =0 u. (42)

0
Remark. Taking into account that 1in% Dgpqu(t,x) = a—?(t, x) and lim (’93_zu(t, x) =
a— ’

qg—1
0%u
a?u(t,ﬂc), it is clear that ll is g-analogue of the standard heat equation 1}
x
That is, equation (40) can be recovered when ¢ tends to 1.
Consider now, the following function

2
cq) = (4 qr

k({L‘ﬂf, q) - C(t7 q)equ2 (_W) ) t> 03 (43)
where exp,(.) is defined by and

(1—q) t(l+q) . 2
(e =)

Clt;q) = . . (44)
2(1 — q) (_qt(<11+5> U g2, qz)oo
Since 9
C(t; q)x < x )
Oqak(r,t;q) = —————expp | ———5 45
aak(,1:4) gt(1+q) "\ tq(1+q)? 45)
and
C(tiq) ( a? ) < @? )
02 K(w, :q) = Dgp th(a, tiq) = —— o0 (1 Tl a2 )
0.8, t¢) = D 1k(2, 13 9) qt(1+q) ii+q)) P\ g+ 97

then k(z,t;q) is a solution of the g-heat equation (42)), that it will be called the
g-source solution.
For discussing its properties, we need the following preliminary results.

Proposition 4.1.
1) The function e,2(—x?) has the rapid decreasing property:
q

lim pp(2)e,2(—2%) =0, n=0,1,2.., (46)

for all polynomial p,(x) is a of degree n.
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(2) )
ep(—ar?)
lim = +o0. 4
o ep(—2?) +oo (47)
(3) For >0, we have

eq2 (—qm2)6q2 (—B2?%)

li =0. 4
L ep (—27) 0 (48)
Proof. (1) Observe that for n =0,1,2, ..., we have
ep2(—2%) = H(l + ¢ 2?) P < (14 ¢*2?) ™ =0 ") asz — +o0.
k=0

(2) Forn=0,1,2,..., we have

eon(—aqz? "1 g2hg?
;22((_qx2)) Z H 1+ qgk+1x2’
q k=0
it follows that for all n € N,

lim 7eqz(—qx2)

> —n
T—00 eq2(—x2) =4

)

which yields to the result.
(3) Since the function e,2(—2?) is decreasing on [0, oo, we obtain when 3 > 1,

e (—Bz%) <ep(—2?), VreR

and then

- A2
lim e (—ar )eq22( b27) < lim eg(—gz?) = 0.
T—00 eq2(—x ) T—00

If B < 1, then there exists n € N, such that 3 > ¢*" and so

e (=P27) < eg2(—¢*"2?) = (—a%; ¢*)neqe (—2?).
Then, by using , we get
eq2(—qz”)ega (—fa?)

zlL»Holc € 2(_.132) S $1LII(}O(—1'2’ q2)n€q2(—q.’£2) = 0.
q
|
Proposition 4.2. For A >0 andn =0,1,2,..., we have
> n (1= q)g " (g% ¢*)n
[ ettty = G (1)
and )
* " (6)n
/ eqz(—)\yQ)yQ"dqy = CqO‘)%y (50)
0
where

(=@ (=gX =4/ N 5 4o
CQ(A) B (_>‘7 _q2/)‘7 q; q2)oo ' (51)
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Proof. (1) From the definition of the Jackson’s g-integral (6]) and the relation (L1,

we have
& q(2n+2)k

/ eq2(_)‘y2)y2n+1dqy = (1 - Q) Z ok. 2 .
0 L (SAPR )
Then, using the Ramanujan identity

> 2 (b2,9/(02),¢59)
2 (0" @)oo~ (b,2,9/b;@)00 b#0, (52)

k=—o0

we obtain
/°° eq2(—My?)y?" dgy = (=) (A, _qun/)\qu;qz)oo-
o ! (=X 22, =2 /XN g?)
We conclude by using the following two identities
(=N
© (=*Ng?),

(_)\q2n+2; q2)

and
(_q—Qn/)\; q2)oo — q—7L(n+1))\—n (_qQ)\; q2)n (_)\—1; q2)
(2) A new use of the Ramanujan identity gives

oo’

/Ooe 2 (=) gy = (1—q) (AT =g/ 05 )
o ! (=A@ =%/ g?)
Then, follows by using the two following facts that
(A2l ) = (—aMe?)
< (—qNd?),

and
(=2 N @) = a " g/ N (—ahid?), (—a/hid?) -

]
Proposition 4.3. Fort >0 andn =0,1,2..., we have
o0 t'I’L
/ k(@b Q)ban (23 4% )dgr = — (53)
— 00 nig2
and " _—
e 20(t; Ot (1 4 @)*"Finl,e
k(y,t;q)b 1q?)dyy = ’ 4 54
e et T

where C(t;q) is defined by [44).

1—
Proof. We obtain the result by taking A = (Z((l n Z; in and and using the

relation
(©:¢®)n 1

(@ D2n (@6’
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Proposition 4.4.
Fa k(. t9)] (x) = Keapge (—ta®) .

Proof. Since k(.,t; q) is even, then by using (53), we obtain

Falk( ) @) = K /mky,t;mcos(w;q?)dqy

oo

— 00

KZ I i —— —Kequ ( 2).

KZ ) Qn/ k(y,t;q)bgn(y;q2>dqya

157

The following result summarizes some other properties of the g-source solution.

Theorem 4.1. For allt >0 and x € R, we have
1) k(z,t;q) > 0.
+oo tf x=0,
2) lim k(z,t;q) =
=07 0 if x#0.

/ k(z,t;q)dgr = 1.

Proof. 1) follows from the definition of the ¢-source solution.

3)

q(1—q)
2) Note, that k(0,¢;q) = C(t; dput A=/ ———.
) Note, that k(0,t;q) = C(t;¢) and pu AT
Using (47)), we obtain

(45 4%)soeq2 (—gN?)
tlir(? C(t q) EIEOO 2(1 - Q)(q q )ooqu(_/\Q)

If x # 0, then by using , we get

= +o00.

) e A2) e a (— A\22

hmk(xtq) lim (6:47)ooq2 (=X )eq2 230)

=0+ Ao 2(1 = q)(¢%5 ¢%)ocq2 (=A%)
3) follows from by taking n = 0.

=0.

5. ¢-HEAT POLYNOMIALS AND ¢-ASSOCIATED FUNCTIONS

5.1. ¢-Heat Polynomials.
For 2 € C, t € R and =z € R, we have

tp 2p & k(k+1) 2k .2k
expge (t2°) cos(—izz; ¢°) = ( - >< e T =
t

n—k k(k+1)x2k

=§ 2 (0= k)l2 (26)),

(55)
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Figure 1: Comparison of the classical heat kernel k(x,t) (solid line) and the ¢-heat
kernel k(z,t; q) (dashed line) at ¢ = 0.9 for t = 0.8, t = 107! and t = 10™%.

and

. . . P 2P 2, gh(k+1) g 2k+1,2k+1
g (i)~ (35522) ( i
> L k k(k+1)x2k+1 (57)

22k + 1),

Sy
— n -

Then, using the relation

e(xz;¢?) = cos(—ixz; ¢*) + isin(—izz; ¢°),

we obtain
expy2 (t e(zz;¢°) Zvn x,t; q (58)
with, for all nonnegative integer n,
(3] ik
vn(z,t59) = nly e bn_ok(7;¢%). (59)
‘q

k=0

Remarks

(1)

It is clear that for all nonnegative integer n, v,(.,t;¢) is a polynomial of
degree n and when ¢ tends to 1, v,(.,t;q) reduces to the standard heat
polynomial . So, the polynomials v, (.,t; ¢) will be called ¢-heat poly-
nomials.

It is easy to derive from

Og.evn (2, 1;q) = [n]qvn—1(2,t; q) (60)
and

D2 on(x,t;q) = [n]g[n — 1]qun—2(z,t; q). (61)
Then all the g-heat polynomials v, (z, ¢; q) are solutions of the g-heat equa-

tion .
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(3) Multiplying the both sides of by Exp,2(—tz*) and next comparing the
coefficient of 2", we obtain
(%]
bn (23 4%) =
k=0

NE

(7t)qu(kil)vn—2k(ma t; q)
kg (n — 2k)!, ’

n=0,1, 2. (62)

The ¢-heat polynomials have the following g-integral representations.

Proposition 5.1. Fort >0, x € R andn =0,1,2..., we have

%@mwz/mk@¢®mA%w%y (63)

— 00

Proof. Let t > 0, x € R and n be a nonnegative integer. Then, using the parity of
the function k(.,t;¢) and the relation (53)), we get

/ k(y, b q)pn.g(2,y)dgy = n!qzbn_k(r;(f)/ k(y, t, )bk (y; ¢*)dgy
—oo k=0 -
(5] .
= n!qzbn72k(1’;q2)/ k(y, t; q)bor (y; ¢*)dgy
k=0 o0
(5] Lk
= n!qzbnﬂk(m;q )k'iq2 = vn(,t;q).
k=0

The following easily proved result shows that the g-heat polynomials are closely
related to the discrete g-Hermite I polynomials defined by (see [6])

[z] (= 1)k gh(k—1) g2k

(@62 k(¢ Q)n—2k

hn(759) = (¢ @)n
k=0

Proposition 5.2. For all nonnegative integer n, t > 0 and x € R we have

van (2,85 ) = q(;ﬁ(;:)hzn(iﬁq”fm q) (64)
and ,
Vant1(2,t5q) = (ig%ﬂnﬂhmﬂ(iﬂq”x; a), (65)
where

9= 800) =\ [y (66)

5.2. g-Associated functions.

Definition 5.1. Forn=0,1,2,... and t > 0, the g-associated functions wy,(z,t;q)
is the function defined by

wn (2,8 q) = (=(1 4 ¢))" 0y k(. t; q). (67)
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Remark. It is easy to see that the g-associated functions wy,(z,t;¢q), n =0,1,2, ...
are solutions of the g-heat equation (42)).
We recall that the discrete g-Hermite IT polynomials are given by (see [6])

(2]
hn(a; ISR

k=0

and satisfy the following Rodrigues-type formula
w(@; @)hn(w:9) = (= 1)"q~

k —2nk k(2k+1) n—2k

(q @)n—2k

n(n-1) 1)

Dylw(x; q)],

where
1

w(z;q) = ————
(#:9) (—2%¢%)
The following result gives some relations between the g-source solution and the
discrete g-Hermite II polynomials.

Proposition 5.3. Forn=0,1 .., we have
) qn(n 2),}/27@
n . — [P -n .
6q,wk(x7t7q> - W}Qn(’yq x,q)k(q x,t,q)
and
_— qn(n71)72n+1 _ L L
9yl k(x,tq) = Wh2n+1(wf(”+ Jz;q)k(g~ "V, t;q),
where
1 q(1 —q)
=(t,q) = q283(t,q) = . 68
v =7(tq) = q>B(t,q) {1+ q) (68)
Proof. Using Proposition we obtain
Ognk(x,t;q) = q "I DZM k(.. t; q)JoAy (x)
and ,
2n—+1 . _ _—(n+1 2n-+1 . n+1
0; k(w1 q) = ¢~ T DI k(. £ @) oAy T ().
But, the the fact that
k(z,t;q) = C(t; Qw(vz; q)
gives
Dy k(z,t9)] = C(t; q) Dy [w(vz; q)] = C(t 9" [Dgw](vz; @)
So, from the Rodrigues-type formula, we get
n n A ) R
Dy k(. t9)] =" (g —1)""q = hn(ya; q)k(z, £ q),
which yields to the desired results. |

Proposition 5.4. Forn =0,1,2,..., we have

von(q2 @, —t;q~

5
k(g "z, t;
tgn(l +q)2n (q Z, vQ)

2n . _
quk(x, t;q) =

and

_1 _1 -1
q 20U2 +1(q 2z, —t;q ) -
O k(. q) = — t2Z+1(1 + Q)’Qn—i-,l kg~ "z, t;q).
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Proof. Tt is easy to verify that the discrete g-Hermite II polynomials are related to
the discrete g-Hermite I polynomials by

ho(z:q) = i "hp(iz;q¢7Y) n=0,1, 2,... (69)
Then, for n =0, 1, 2,..., we have
hon(Yq "3 q) = i M han (ivq w3 q7) = i " hon (iBg g2 w507
and
hans1(vq™ " Vaiq) = i Dby (iyg " g7
i@ D g 1 (iBg g 2.

Thus, since

ﬂ(taq) = 6(*15,(]71), (70)
the first equality follows from and the fact that
7:72nqn(n72),}/2n qn(nfl)
(L= (@B)*(1+q)>

and the second equality follows from and the relation

Z'—(2n+1)qn(n—1),an+1 - qnz—%
q(1 — )21 T ((B)2n It I(L + q)2nt Ll
|
Definition 5.2. We define the polynomials Uy (x,t;q), n =0,1,2, ..., by
~ 1 —1
UZn(‘rat;q) = v?nl(q2x7t;q 1)7 (71)
Dons1(2,tq) = ¢ 2vanga(q 2w, 7).
Note that
lirq On(x,t;q) = vp(z,t).
q*}
The following result summarizes some properties of the polynomials o, (z, t; q).
Proposition 5.5.
1) Operation of the operator 9, on vy (x,t;q):
Oq.x0n (2, t3q) = ¢ ' [n]-10,_1(z,t;q), n=1,2, .. (72)
2) The generating function for U, (x,t;q) is given by
2 1 2 - 2"
Bapgs (152) elg™"wsia?) = 3 oo i) (73)
n=0

3) The v, (x,t;q) polynomials are related to the discrete qg-Hermite II polynomials
by

n(n—1) _
52"(1’1’ _t1q) = WhQn('yqinzaq)a n= 0a1527"'

21 (74)
; —tiq) = L__"h ~(nt D)y —0,1,2
V2n+1 ($7 ) Q) 5277,4-1 2n+1 (’yq xz; q)a n y Ly &y eee

where B and 7y are, respectively, defined by and .
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Proof. 1) By (1), we have

(2)lr = ¢ 2R @), and  (2k+1)lg-1 = ¢ 2 TR (2k 4 1)1, (75)
So, for all k=0, 1, 2,...,

bor (g% a3472) = bar (¢ a3 ¢2), (76)
and
4 Fbopr1 (g7 22507 2) = bopra (g7 L5 62), (77)

where by, (2; ¢*) is defined by .
Then, from , we obtain for all k =1, 2, ...,

1 _ _ _ _3 _1 _
Ogbor(q? 3¢ %) = ¢ Ybop_1(q 25 ¢®) = ¢ 2bog_1(q¢ 27347 ?)

and

1

_1 _1 _ _ _ _ 1 _
q 2 Ogbont1(q w07 2) = ¢ Tbar(q ' wy¢%) = ¢ Mbaw(qP w07 ?).

Thus, follows from these two equalities and the definition of 0, (x, t; q).

2) By and (77)), we have

-1 1

cos(q 25 ¢%) = cos(qZz;¢7%) and  sin(q 'z;¢?) = ¢ Fsin(g 22597 2).

Then,
Ezxp, (tzQ) cos(—iq txz;q%) = erpy—2 (tz2) Cos(—iq%acz; q?)
and
Expg (tz2) sin(—iq 'xz; ¢?) = q_%equ_2 (tzQ) sin(—iq_%xz; qa ).
Finally, |i follows by replacing z, g by q%x, ¢ lin and by q_%m, ¢ tin .

3) Using , and , we obtain

N . n(n—1) N . qn(n—l) S .
van(q2w, —t;q77) = thn(mﬁq Tiq )= thn(wq 39" )
and

n2

_1 _ q L1 _
vont1(¢ 22, —t;q 1) = W}Dnﬂ(lq 2Bq "x;q 1)
)

77,2

q .
Aot l han+1(ivg

(i
which together with give the result. |

The following result follows easily from Proposition and the relations and
(74). It shows that the g-associated functions w,(x,t;q) are closely related to the
discrete g-Hermite II polynomials and to the polynomials o, (x, —t; q).

—(n+1)

zq7 ),
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Proposition 5.6. Fort >0 andn =0,1,2,..., we have

ﬁ n\T, _t; —-n
wan(asti0) = 2D g )
n(n—1)
q 5 _ _
= =5 hon(va "z q)k(q ", £ q),
e 00 O )
+ o 62n+1(l.a -1 q)k' —(n+1) t:
w2n+1(1', 7Q) - $2n+1 (q €z, 7q)
2 1
_ qn B —(n+1),.. -n .
= thnﬂ(vq z;q)k(q "z, t;q),
where B and 7y are, respectively, defined by and .

5.3. Biorthogonal relation. To establish a biorthogonal relation between
On(qx, —t; q) and wy(z,t;q), we need the following result.

Lemma 5.1. Fort >0 andn =1, 2, 3,.., we have

/ Uan (g, —t; @) k(2,15 q)dgr = 0.

— 00

Proof. Let t > 0 and n > 1. Using the relation (IJ), we obtain
n n—k —k*+2k .2k
D e — 3 4oy | (_t) q x
Paelar, ~H5) = vanlate i) = Gl ) G
k=0
n 2

a2 (_t)nfquk 72nk+2kz2k

g " (2n)!
4 kZ:o (n—k)!2(2k)!,

The lefthand side of is then equal to

163

the

(79)

B n _t)n—kq2k2—2nk+2k ) qwz
Clt:q)g~™ (2n)! ( / S L, P
(g™ (2n)ly 3 n— B2 @k), )P\ Trarqz) " Y

k=0
1—
But, taking A = m in , we obtain

q

00 2 —kZ—k 2 kik

qz 2%k q (¢:9°)k(1 4+ )"t
- dyx = 2¢, (A ,
/_DO equ2 ( t(]. +Q)2) € qx Cq( ) (1 *Q)k

where ¢q(A) is defined by (51).
1

Then, since Cy(t,A) = e’ the ¢g-integral in is equal to
q

n (_1)qu272nk+k

g (2n)(—)" (1 = )"y

k=0

(@2 6*)n—k(a% @)k’

which is equal to

n

2
g " (2n)l(=t)" ( n ) k(k—1) (_—2nt2\F
g kZ:O k), (g2
Hence, from the g-binomial theorem 7 we get
2
> g 2n) (=)™, o,
| vt~ (e, gy = LB gy
.q2

— 00
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|
Theorem 5.1. For0 <t < oo, m,n=20,1,2,.., we have
oo
/ On(qr, —t; Q)wm (x, t;q)dqr = (1 4+ q)"nly=10m -
Proof. First, from , we get
6q,xﬁn(q5177tJQ) = [n]qflﬁn—l(qf t; Q) (80)

In what follows, we will use the letter A for an unessential constant that may vary
from equation to another.
If m > n, we have by g-integration by parts (9) and the relation (80),

/°° 3 (g, —t; Y (2, L @)yt = /°° 3 (g2, —t: Q)0 (2, £ )y

= A/ —t;9)0;" "k(z,t; q)dgz

If m < n, we have

o0 o0
/ Un (g, —t; Q)wm (2, t; q)dgx = A/ Un—m(qz, —t; @) k(z,t; q)dgx
—00

— 00

In case n — m is odd, the g-integrand is an odd function. So, the above g¢-integral
vanishes.

In case n — m is even, by the above g-integral is also null.

If m = n, we have

/ U (g2, —t; @)wn (2, t; ¢)dgr = (—(1 +q))"/ On (g, —t;q)0y k(x,t; q)dgx

Then, using the g-integration by parts @ and the relations , and , we
obtain

/ Un(qz, —t; Qun(z,t;q)dgz = (14 q)" / t;q)k(z,t; q)dx
= (14+¢)" / k(z,t;q)d
= (I+9)"n
]

6. EXPANSIONS IN TERMS OF THE g-HEAT POLYNOMIALS AND ¢g-ASSOCIATED
FUNCTIONS

6.1. Some useful asymptotic estimations. For further study, it is essential to
know the behavior of the functions v, (x,t; q) and w,(z,t; q) for large integer n.



ON A ¢-ANALOGUE OF THE ONE-DIMENSIONAL HEAT EQUATION 165

Proposition 6.1. Forx € R, t >0, and n =0, 1, 2,..., we have

2n)!, t" x?
[van (2,1 q)| < (n')izE‘ﬁ (t) (81)
‘q
and
(2n + D)t 2
[vany1(z,t;q)| < Tzqufﬁ ruE (82)
‘q

Proof. Let t e R, t >0,and n =0, 1, 2,....
Using the fact that (2k)!, > k!,2, we obtain

n

, k
(2n)! ™ nlaght=b /g2
|’l}2n(l',t; q)' < - .
2

’n!qz s n — ]{?)!q2/{3!q2 t

Then, follows from the g-binomial theorem and follows from
together with the following easily verified inequality

[vant1 (2,85 9)] < |z|[2n + 1]qven (2, t; q).
n

Lemma 6.1. Let tg > 0 and x¢ # 0. If the series Zanvn(xo,to;q) converges

n

absolutely, then

=0 771!(12 d =0 771!‘12 — (83)
- - .
Q2n @)t and agn4+1 @+ L) asn — oo

Proof. Let tg > 0 and xy # 0. For all n € N, we have
2n)! th
[van (20,203 @)| = [v2n (0,205 q)| = (,)7(10 (84)
n.qz
and

(85)

2n + 1)1,t8
|[van+1 (2o, to; ¢)| = |x0|(n'ﬂ’

If the series Z anvn (o, to; q) converges absolutely, then its general term a,v,, (2o, to; q)

n
tends to 0 as n — co. Hence, by and , we get the desired conclusion. W

Replacing A by (1 — ¢?)t in and in , we obtain:

Lemma 6.2. Forn =0,1,2,..., we have
e n 2¢ Mt p)
/ expge (—ty?)y* dyy = ﬂT)t”“q (86)
and
[e%¢) —n? 2
n q q;q
[ ottt = 260 - P (s7)

where ¢q(.) is given by .
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Proposition 6.2. For allz € Ry, t >0 andn=0,1,2,..., we have

(2n)!q_1
n(e,tiq)| < M2t 88
izl t5)] < M (88)
and
2n + 1) 1
|wang1(2,t; )] < M%> (89)
Tl.q72

where M is a constant independent of x and n.

Proof. From Proposition we have

o0

k(z,t;q) = KQ/ erpy2 (—tyz) e(izy; q2)dqy, z € R,.

— 00

Then, from and , we get forn =0,1,2,... and z € Ry,

/oo expg (—ty?) e(izy; ¢*) [—i(1 + q)y]" dgy
- (90)

|wn (2, t:q)| = K?

4K2%(1+ q)™ /°° 9
_ expge (—ty”) y"dyy.
(:0)ee  Jo o (=) y"dy
But, It follows from that
2
(2n)!q’1 — q—n2 (2n)'q — q—n (1 + q)n(q’ q2)n (91)
nlg—2 nlge (1—q)"
and
(2n+ 1), n2_on (2n 4+ 1)! —nln "
e me e B @t 1)y : ) > ¢ "D (1 4 ¢)2nl . (92)
n.qu n.q2
Then, by and , we obtain
2n > 2\, 2n (2n)!q_1
(1+q) equ2(_t?/ )y dey < MW (93)
oo l-
and
o 2n + 1)! -
1+ q)2”+1/ expgz (—ty?)y*" Hdgy < M%, (94)
oo L~
4K? 1
with M = @ 0)m max {cq (1-¢*)1), t]' ]

6.2. Expansion in series of ¢g-heat polynomials. Functions in class &, 4 defined
by serve well in g-integral representation of solution of , at least if the
solution is obtained by a power series. For this purpose, we need a preliminary
result.

Lemma 6.3. Forz € R, t >0 andn=0, 1, 2,..., we have

= 2C(t;q) ( ¢ )
k 7t; n, x|, d Svn CL’,t; +—vn T, —; )
/_Oo (U, t; O)pnq (2], [y]) dgy (=], 2 q) A= qn+1, " |z| i

where C(t;q) is defined by (44).
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Proof. Two cases arise according to n is even or odd.
If n is even,

/ k(9 @)oo [2] [y dyy

— 00

= (2n)l, [Z b2n—2k(‘x|;q2)/:>0 k(y, t; @)bar (lyl; °)dgy

k=0

n—1
+ Z ban—1-a2k (|| ¢%) /

k=0 -

But, from , we have

o0

k(%t;q)bzk“(ly;qz)dqy] :

(2n)!qzb2n—2k(lx|;q2)/ k(y, t; O)bar [yl ¢*)dgy = van(|2], t; q)
k=0 -0

and from 7 we have

00 QC(t q)tk+1(1 4 q)2k+1k! 5
. .2 — ’ q
/ k(y, t: @)bai+1(lyls a7 dqy 12k T 1)1, '

—00

Then, using the fact that
1+ q)2k+1k!q2 (1 — g?)k+! 1

2k+1)!ly (ke ~ Q—q@(k+1)p’

we obtain

n—1 o)

(2n)!qzbzn7172k(lxl;q2)/ k(y, t; @)bars1 (lyl; ¢*)dgy
k=0 —0o

2C(t;9)(2n)!y o= oy R
S\ A)\Eg E bor ) P —
(1 — Q) P 2(n (k+1))+1(|m|v q )q’f"‘l(k ¥ 1)!q2

20(t;¢)(2n)!y oy tF
AL\ Bo(r_ 2 ¢?) ——

_ 2C(t;q) t
=@ ()

In the same way, we prove the inquality when n is odd. [ ]

Theorem 6.1. Let 0 > 1 and f € &, 4. Then, the g-integral

u(etia) = [ K0T, (96)
converges absolutely in the strip 0 < t < qo, and
— Jg f(0)
u(e,tig) =~ Lo, tq). (97)

n=0 a
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Proof. Let f € €4, 0 > 1. Then, from Proposition T,..f (z) is well defined
and we have

[e's) oo an
/ k(100 Ty () (@)dgy = / W) > ot pn,qudqy

— 00

32‘

/ k(y,t;q)pn,q(z,y)dqy

’I'L

vp(z,t; q).

e

by using .
The absolute convergence of the g-integral and the interchange of the sum and the
g-integral, in the previous equation7 is legitimated by the Fubini’s theorem: since

f € Es,4, then by the relations and (82), we have

> B0 / By. :0)pn (2] [y dgy
n:OOo
< Az;) 2n)! Jn/ k(y, t; q)p2n7q(|x| ly|)d. qY
= nl,2 oo
oADK 0l

o0 t n
< AZ() < 00, forall 0<t < ogq.
n=0 a9

Here, A is an unessential constant that may vary from an equation to another. W

Remark. Note that since the general terms of the series are solutions of the
g-heat equation , then the function defined by this series is also a solution.

Theorem 6.2. Suppose that f is defined near 0 by a power series of positive radius
of convergence and the series (@) converges absolutely in the strip0 <t < o. Then,
u(zx,t; q) has the g-integral representation in the strip 0 <t < qo, and f € £, 4.

Proof. From the hypothesis of the theorem, f is infinitely differentiable at 0. So, it
is infinitely g-differentiable at 0 and by Proposition 2.1} we have for all nonnegative
integer n,

q[”}( z +1>3§‘f( ) _ f(n)(o).

! !
nly n!

If converges absolutely for 0 < ¢ < ¢. Then, in particular, it converges for
to = 0. By Lemma we have

827 £(0) nl 921 £(0) nl s
(an)lq =0 <(2n)7qan> and (;n T, 0 ((271 T i)!qan) y T 00
(98)

f(2n)(0> B qn(n+1)n!q2 f(2n+1)(0) B qn(n+1)n!q2
=9 @i and oy T\ @ |0 T
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Then, f is entire and owing to the estimations (98), it belongs to &y 4.
Now, the same arguments as those used in Theorem show that u(x,t; ¢) has the
g-integral representation in the strip 0 < t < qo. ]

Remark. It follows from that if
u(z, t;q) = Zanvnxtq 0<t <o,

then we have
04,24l (0,0; q)

' ., n=0,1,2,..
’I’L.q

Ay =

6.3. Expansions in series of g-associated functions. In this subsection, we
need a new class of functions of real variable, useful for the validity of expansions
in terms of the g-associated functions wy, (z, t; q).

Definition 6.1. For, o > 0, we write S},q the set of functions f satisfying:

g anx™ is a power series,

Mn' 2(14 q)?"o™

IM >0 : Q ag,| < o, ,  VneN, (99)
M (1+q)2n+1 n
aon+1| < , VneN.
la2n1] < (2n+ 1)ly-1

Note that by the relations and (92)), the power series defining the functions
fe fja,q are of radius of convergence R = +o0.
Now, we give a sufficient condition for the possibility to expand a solution of the
g-heat equation in terms of w,(x,t;q).

Theorem 6.3. If

u(z,t;q) = K2/ equz(—tyQ)e(imy;qz)é(y)dqy, (100)

— 00

with ¢(y Z any” € &, q» then
n=0

o0

an ~
L) — : > 0.
u(z,t;q) E B q)]nwn(x,t, q), z€Ry, t>052>0 (101)

The infinite series converges absolutely.

Proof. Let ¢(y Zany € Saq Then,
n=0

/ expg (—ty*)elizy, ¢°)d(y) qy—/ Zezpq De(izy, ¢°)any" dgy.
(102)
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But, using (21)), we get by the help of and (94)),
Z/ ’eo:pqz(ftyz)e(ixy,q2)any"{ dey < A Z lan] / expyz (—ty?)|y|"dgy

< AZI@an/ expgz (—ty*)|y|*"dg y+AZ|a2n+1|/ expg (—ty?)|y|*" ' dyy
n=0 n=0
o0
~1|agn| (2n 4+ 1)!g-1|agn41|
< Ay —281 P A 1
>~ Z TL' _ 1 _|_q 2ntn + ngo n!qu(l + q)2n+1tn
< oo,

since ¢ € ENU,q.
So, we can exchange the order of the sum and the g-integral signs in (102 and the
infinite series (101) converges absolutely. Moreover, by the use of , we obtain

u(z,t;q) = KZ/ expgz(—ty®)e(izy, lzanyl

— 00

o0 (103)
Qnp
= T amWnl(T, 1),
2 Ty g @t
which achieves the proof. |

6.4. Examples.

o0

Example 1. Take f(z) = e(idz; ¢?) = Z bo(idz; ¢?), X € Ry, z € R.
n=0
By , we have

u(fcvt;q)=/ k(y,t;q)%,qf(w)dqy=e(ix/\;(f)/ k(y, t; q)e(iyX; ¢*)dgy.

— 00 — 00

By Proposition we obtain
u(z,t;q) = expye (—tA?) e(iz); ¢°)
and by Theorem [6.2] we get

Z (iX)2"vg, (2,15 q) Z (1A 2"+1v2n+1(x t;q)

t.

n=0 ( =
1

By (81) and (82)), these series converge in the strip 0 <t < ——.
1— )N
Consequently,

> UQnItQ)
expye (— t) cos(z; ¢%) 22—,

n=0

(—t) i Y ap+1(x, t; q)
expy2 ) sin(z Gn+ )] )

n=0
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Figure 2: Comparison of the exact solution u(z,t)

= eft

cos(z) (dashed line) and

the 5 and 10 ¢g-heat polynomials expansion (solid line) at ¢ = 0.99 for ¢ = 0.001

sin(z) (dashed line) and

Figure 3: Comparison of the exact solution u(z,t) = e
the 5 and 10 ¢g-heat polynomials expansion (solid line) at ¢ = 0.99 for ¢ = 0.001

Example 2: Let a € R,. The g-translation of the ¢g-heat kernel k(z,¢;q) is given

by

and by @, we have

Let o be a real such that o >

= bula;¢*)0 k(x, t; q)
n=0

%,qk(xat; q) -
k(2. t5q) Z (ia; " W (2,5 ). (104)
n*O
1— 2
( 9)a and consider the function
(105)

q(1+q)

o0
Z by (ia; q
n=0

= e(iay; ¢*).
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a2

< )
q1+q)*c 1-¢?

a2 "
( 1+ 20) 1
q(1+q) <

nly (6%¢%) 0

Using the fact that 0 < we get for all nonnegative integer n,

Then by , we obtain

actia iy (i) ()

nlyg—2(14 g)?mom N nlye - nlge T (%¢%) s’
and by , we have
a2 "
oG @)en+ Dl ol (o) a
nlg-2(1+q)>"+tom I+q¢ nle 7 (1+9)(*¢*)

We conclude that ¢(y) € &4, and by Theorem [6.3] the series (104) converges
absolutely for x € Ry, t > 0 > 0. So, 7, 4k(x,t;q) is well defined and we have

Took(z,t;q) = K2/ expyz (—ty?)e(ivy; ¢*)e(iay; ¢*)dqy
= K[ elioy @) (K0 )eliani ).

Note that, the ¢-integral representation of 7, (k(z,t; ¢) coincides with the Rubin’s
one (see [9]). In a formal limit as g goes to 1™, we obtain the classical result in [10]:

X (.
k(x+y,t) = Z (2ny7z' wy(z,t), 0<t<oo.
n=0 ’
04 /,\

_ (=12
Figure 4: Comparison of the exact solution k(x — 1,t) = 6(47;)1 (dashed line)
t)2

and the 5 g-associated functions expansion (solid line) at ¢ = 0.99 for ¢ = 0.5.
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