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ON THE CONVERGENCE OF MODIFIED THREE-STEP
ITERATION PROCESS FOR GENERALIZED
CONTRACTIVE-LIKE OPERATORS

(COMMUNICATED BY MARTIN HERMANN)

H. AKEWE AND H. OLAOLUWA

ABSTRACT. In this paper, we introduce a new Jungck-three step iterative
scheme and call it modified three-step iteration process. A strong conver-
gence theorem is proved using this iterative process for the class of generalized
contractive-like operators introduced by Olatinwo [14] and Bosede [3] respec-
tively, in a Banach space. The results obtained in this paper improve and
generalize among others, the results of Bosede [3], Olatinwo and Imoru [13],
Shaini and Singh [16], Jungck [6] and Berinde [2].

1. INTRODUCTION AND PRELIMINARIES

One of the remarkable generalization of Banach contraction mapping principle
is the Jungck contraction principle proved by Jungck [6] in 1976. The author [6]
proved the theorem by replacing the identity map with a continuous map.
Theorem 1 [6]. Let f be a continuous mapping of a complete metric space (X, d)
into itself and let g : X — X be a map that satisfy the following conditions:

(a) 9(X) C F(X)

(b) g commute with f

(c) d(gz, gy) < kd(fz, fy) for all z,y € X and for some 0 < k < 1. Then f and g
have a unique common fixed point provided f and g commute.

Recently, several authors have studied the Jungck-multistep iterative schemes to
approximate the coincidence points and common fixed points of the Jungck-type
operators in Banach spaces (for details see [12], [13], [14] and [18]).

In this paper, a modified three-step iterative is introduced and a strong conver-
gence theorem is proved for the class of generalized contractive-like operators in a
Banach space. The iteration process is defined as follows.

Let E be a Banach space and Y an arbitrary set. Let S,T : Y — E be two
nonselfmappings such that T'(Y) C S(Y), S(Y) is a complete subspace of E. Then
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for g € Y, the sequence {an}ffzo is defined by

Stpi1 = (1—a} —c)Szy, +al Ty, +bL Tz, +ctTx,
Syn = (1-b, )S:Cn + b, Tz, +cnTxy,
Szn = (1- an)S’xn +apTxy, n>0 (1.1)

for every x,y,z € E, where {a,},{bn}, {cn}, {al},{bL},{cL} are appropriate se-
quences in [0,1). If a, = ¢, = bl = c¢L = 0, then (1.1) reduces to the Jungck-
Ishikawa (two-step) iterative process [13].

S:En-l-l = (1 —a )S’xn—i—a Tyn
SYn = (1—=0bp)Szy +byTan, n >0, (1.2)

where {al} and {b,} are appropriate sequences in [0,1).
Also, if a, = b, = ¢, = b} = ¢} = 0, then (1.1) reduces to the Jungck-Mann
iterative process [18].

Stpni1 = (1—al)Sz, +alTx,, n >0, (1.3)

where {al} is an appropriate sequence in [0,1).
Ifal =1and Y = E, (1.3), reduces to the Jungck iteration process [6].

Stpy1 = Tx,, n>0. (1.4)

If S = id (identity operator), Y = E, then (1.1), (1.2), (1.3), (1.4) reduces to the
iterative processes introduced by Shaini and Singh [16], Ishikawa [5 ], Mann [8] and
Picard iterations respectively.

Olatinwo [14] introduced the following class of generalized contractive-like oper-
ators to obtain some stability results for the Jungck-Noor iterative process in an
arbitrary Banach space.

Definition 1.1 [14]. For 5,7 : X — X with T(Y)) C S(Y), where S(Y) is a com-
plete subspace of X, there exist a real number ¢ € [0,1) and a monotone increasing
function ¢ : R — R™ such that ¢(0) = 0 and for every z,y € Y, then

[Te =Tyl < 4[5z — Syl + ¢(||Sz — Txl). (1.5)

Recently, Bosede [3] introduced a new class of generalized contractive-like operators
independent of (1.5) and obtained a strong convergence results for the Jungck-
Ishikawa and Jungck-Mann iteration processes for this class of operators in a Banach
space.

|ITa =Tyl < eMI5=Tl(§]| Sz — Sy|| + 26]|Sz — Tal)), (1.6)

where § € [0,1) and e” denotes the exponential function of z € Y.

Definition 1.2 [1]. A point 2 € X is called a coincidence point of self maps S, T
if there exists a point ¢ (called a point of coincidence) in X such that p = Sq = Tq.
Self-maps S and T are said to be weakly compatible if they commute at their co-
incidence pointe, that is, if Sx = Tz for some x € X, then STx = T Sz.

The purpose of this paper is to establish strong convergence results for modified
three-step iterative process in a Banach space using contractive conditions (1.5) and
(1.6) respectively. Our results improve and generalize, among others, the results of
Bosede [3], Olatinwo and Imoru [14], Shaini and Singh [16], Jungck [6] and Berinde

[2].



80 H. AKEWE AND H. OLAOLUWA

Lemma 1.3 [12]: Let {0,}52, be sequence of nonnegative numbers satisfying
Ont1 < (1= X,)0n, n >0,

where A, € [0,1) and 377 Ay = 00. Then lim, o 6, = 0.

2. MAIN RESuLT

Theorem 2.1. Let E be a Banach space and S, T : Y — E for an arbitrary set
Y such that |Tx — Ty|| < §||Sz — Sy|| + o(||Sz — Tz||) holds and T(Y) C S(Y).
Assume that S and T have a coincidence point q such that Tq = Sq = p. For any
o € Y, the modified three step iterative process
(1.1 ) {Sxz,} converges to p, where {an}, {bn}, {cn}, {al}, {bL}, {cL} are real
sequences in [0,1) such that b, + ¢, and al + bL + c& are in [0,1) for all n > 0
satisfying one of the following conditions:
()Y al = oo, (i6) 00 b = o0, (i) Ty ch = oc.
Further, if Y = E and S and T are weakly compatible (i.e S, T commute at p), then
p is the unique common fized point of S,T.

Proof:
We now use contractive condition (1.5) to establish that the common fixed point
of S and T is unique.
[S2ny1 —pl = (1 —ay —by = c3)Szn + ag Ty + by T2n + e Ty,
—(L—ay — b, — ¢, +ag + by, +c)p

= (1 —a), = b} —c)(Szn —p) +a, (Tyn — p)
+by,(Tzn — p) + (T — p)||

< (A —a,—by—cp)|Szn — pll + ap || Tyn — pll
ITyn —pll = [Ty — T4l 1T2n = pll = | T2n — Tql|

For x = ¢q, y = yn, in (1.5), we have

|Tq—Tynl| < 06|Sq— Synl| + ¢(|Sq—Tql|)

= 6] Syn -1l (2.2)
Similarly,
ITqg— Tzl < 8|Sz —pl. (2.3)
and |[Tq—Tx,| < 6[|Sz, — pll (2.4)

Using (2.2), (2.3) and (2.4) in (2.1), we have
1Szn1 —pll < (1= ay = by = c)|[Szn = pl| + dap || Syn — pl
+0by, | Szn — pll + dep [ Szn — pll- (2.5)
1Syn —pll = |(1 —=bp —cn)Sxn + by Tzn + cn Ty
_(1 - bn — Cn + bn + Cn)p”
(1 =bn = cn)[[Stn = pl| + bul| T2 = p| + cnl|[ T2 — p|
(1= bn — cn)[|Szn — pll + 6bn[|Szn — Sql|
c]|Sin — 4 (2.6)

ININA
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(1 = an)[|Szn = p|| + an[| Tzn — p||

(1 = an)l[Szn — pl| + ban|Szn — pll

(1 —ay, + d0ay)|| Sz, — pl|- (2.7)
Substituting (2.7) in (2.6), we have

1520 — pl|

[IVANPAN

15yn —pll < (1 =bn —cu)l|Sn — pl| + 6bn(1 — an + ban) || Sy — p|
+dcn||Szn — p|
= (1 —=by —cp + by — Sanby, + 0%anb, + 6¢,)||Sxn — pl|-(2.8)

Substituting (2.7) and (2.8) in (2.5), we have

1Szni1 —pl| < (1—al—0bl—ch)|Sz, —p|
+dal (1 — by, — cp + 8by, — danby, + 62anb, + dcy)
+0bL (1 — ay, + 6ay)||Szyn — pl| + ¢k ||Szn — pl| (2.9)

= (1-a}l+dal — bl +6bL —cl +dc — dalb,
+d6%alb, — 6%alanb, + 63akanb, — Sancy
+0%anc, — Sanbl + 5%a,bL)|| Sz, — p|

= [1—al(1—-6)—0bL(1—-09)—ci(1-9)
—alb,0(1 —6) — alanbn,62(1 —9) —ale,d(1 —6)
—anby,d(1 = 9)]| Sz — p (2.10)

IN

1 — a5 (1= 9)][[Szn — pl|, (2.11)
forn=20,1,2, ...

It follows from the given conditions and Lemma 1.3 that

lim [1 — (1 - &)al] = 0.

n—r oo

Thus by (2.11), it follows that
lim ||Szpy1 —p|| =0.
n—roo

Therefore, {Szp41}5%, converges strongly to p.

Next, we show that p is unique. Suppose there exist another point of coincidence
p*, then there is a ¢* € E such that T¢* = Sq* = p*. Hence, from (1.5), we have
Ilp —p*| = [ITq — Tq*|| < 6||Sq — Sq*|| + ¢ (|Sq — Tql|) = dllp — p*|-

Since S, T are weakly compatible, then T'Sq = ST'q and so T'p = Sp. Hence p is
a coincidence point of S, T and since the coincidence point is unique, then p = p*
and hence Sp = T'p = p and therefore p is the unique common fixed point of S, 7.
This completes the proof.

Corollary 2.2. Let E be a Banach space and S, T :' Y — FE for an arbitrary
setY such that |Tx —Ty| < d||Sz— Sy|| + ¢(||Sz—Tz|) holds and T(Y) C S(Y).
Assume that S and T have a coincidence point q such that Tq = Sq = p. For
any xg €Y, the Jungck-Noor iteration process [14] {Sxzn} converges to p, where
{aL},{bn} and {a,} are real sequences in [0,1) such that > al = oco. Further, if
Y = FE and S and T are weakly compatible (i.e S, T commute at p) then p is the
unique common fixed point of S, T.



82 H. AKEWE AND H. OLAOLUWA

Corollary 2.3. Let E be a Banach space and S, T :' Y — FE for an arbitrary
setY such that |Tx —Ty| < d||Sz— Sy|| + ¢(||Sz—Tz|) holds and T(Y) C S(Y).
Assume that S and T have a coincidence point q such that Tq = Sq = p. For any
xo €Y, the Jungck-Ishikawa iteration process (1.2 ) {Sz,} converges to p, where
{al},{bn} are real sequences in [0,1) such that Y al = oco. Further, if Y = E
and S and T are weakly compatible (i.e S, T commute at p) then p is the unique
common fized point of S, T.

Corollary 2.4. Let E be a Banach space and S, T :' Y — FE for an arbitrary
setY such that |Tx —Ty| < d||Sz— Sy||+ ¢(||Sx —Tx||) holds and T(Y) C S(Y).
Assume that S and T have a coincidence point q such that Tq = Sq = p. For any
xg €Y, the Jungck-Mann iteration process (1.3 ) {Sx,} converges to p, where {al}
is real sequence in [0,1) such that 5. al = co. Further, if Y = E and S and T are
weakly compatible (i.e S, T commute at p) then p is the unique common fized point
of S,T.

Remark 2.5. (i) Our Theorem 2.1 is a generalization and extension of Theo-
rem 3.1 of Olatinwo and Imoru [13] in the sense that the Jungck-Ishikawa iterative
process used in [13] is a special case of the modified three-step iterative scheme
(1.1) in Theorem 2.1. Also, with ¢(t) = 24t [13], the generalized contractive-like
operator (1.5) used in Theorem 2.1 reduces to the generalized Zamfirescu operator
used in [13].

(ii) Our Theorem 2.1 extends and generalizes Theorem 2.1 of Shaini and Singh
[16] in the sense that when S = id (identity) in modified three-step iteration (1.1),
we have the three-step iteration introduced by Shaini and Singh [16]. Also, with
S =id (identity) and ¢(t) = 24dt, inequality (1.5) reduces to the Zamfirescu opera-
tor used in [12]

(iii) Berinde’s Theorem ([2], Theorem 2) follows as a Corollary from Corollary
2.3 with ¢(t) = 26t and S = id (identity operator).

Theorem 2.6. Let E be a Banach space and S,T :'Y — E for an arbitrary
set Y such that |Tx — Ty| < eFIS==T=l(§||Sz — Sy|| + 26||Sx — Tx||) holds and
T(Y) C S(Y). Assume that S and T have a coincidence point q such that Tq =
Sq = p. For any xo € Y, the modified three step iterative process (1.1 ) {Sxzp}
converges to p, where {an},{bn},{cat,{aL}, {bL},{cl} are real sequences in [0,1)
such that by, + ¢, and al, + bl + cL are in [0,1) for all n > 0 satisfying one of the
following conditions:

(1) Yoneg an =00, (i1) 320 g by, =00, (i) 3o, ¢, = 0.

Further, if Y = E and S and T are weakly compatible (i.e S, T commute at p), then
p is the unique common fized point of S,T .

Proof:
We now use contractive condition (1.6) to establish that the common fixed point
of S and T is unique.
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15z n11 = pl|

= |1 —al -0l —ct)Sx, +alTy, +b. Tz, + c T,
—(1—ap = by — ¢ +ag + by +c)p
= (L — a5 — b, — cy)(Sz — p) + az(Tyn — p)
+0n(T2n = p) + ¢4 (Tn = p)|
< (1 =ay — b, —cp)l[Szn — pll + ay, [Ty — pll
+0, 1T 20 — pll + epl|T2n — pll. (2.12)
1Tyn = pll = [ITyn — T4l ITzn = pll = [ITzn — T4l

For x = ¢q, y = yn, in (1.6), we have

ITq—Tyn| < etISa=Tall(§]|Sq — Syn|| + 26]Sq — Tql|)
= eHIP=Pl(5]|p — Sya| + 26]lp — pl|)
= 0|lSyn — pll. (2.13)
Similarly,
|Tq—Tz,|| < 6]Szn—pll. (2.14)
and [|Tq—Tz,| < 0[Sz, —pl (2.15)
Using (2.13), (2.14) and (2.15) in (2.12), we have
1Szp1 —pll < (1 —ap = by —cp)l|Szy — pll + day, || Syn — pll
1Syn —pll = 1(1 —bp —cn)Sxn + 03Tz + cnTay
—(1=bp —cn+bp+cn)p
< (1 =by —cp)l|Sn — pll + ballT2n — pl| + cnl| Tz, — pl|
< (1 =by —cn)l|Sxpn — pl| + 6bn[|S2n — Sq|
+0¢, ||z, — Sql| (2.17)
1Sz, —pll < (1= an)||Szn — pll + anl|Tzn — pl|
< (1= apn)||Szn — pll + dan|| Sz, — pl|

Substituting (

1Syn — pl

1Szni1 = pll

[\

<

IN

IN

forn=20,1,2, ...

(1 —an+ day)|| Sz, — p|| (2.18)

.18) in (2.17), we have

(1 = by = cn)[|S7pn — pl| + 6bu(1 — ap + dan) || Sz — pl|
ocp||Sxn — pl| (2.19)

Substituting (2.18) and (2.19) in (2.16), we have

_|_

(1 —ay, = by, —c) 1Sz, —pll
+déal (1 — b, — ¢, + by, — danby, + 62anby, + 6cy)
+0by, (1 = an + 6a,)||Szy — pl| + 8¢} |Szn —p|| - (2.20)

(1 —al +dal — bl + b} — ¢l + ¢k — dalb,
+d6%alb, — 6%alanb, + 83ala,b, — Sancy
+6%ancy, — danby + 6%anbl)|| Sz, — p||

[1—al(1-08)—-bL(1—-08)—cL(1-19)
—alb,d(1 —6) — ala,b,0%(1 —8) —alc,6(1 —9)
—anby,d(1 = 0)]||Szn — p (2.21)

[1 = a, (1= )][ISzn — pll, (2.22)
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It follows from the given conditions and Lemma 1.3 that
lim [1 — (1 —&)al] = 0.

n—r oo

Thus by (2.22), it follows that
lim ||Szpy1 —p|| =0.
n—r oo

Therefore, {Sx,41}52, converges strongly to p.

Next, we show that p is unique. Suppose there exist another point of coincidence
p*, then there is a ¢* € F such that T'¢* = Sq¢* = p*. Hence, from (1.6), we have
lp = p*ll = |Tq — Tq*|| < e"159=T4l(5|Sq — Sq*|| +26]|Sq — Tql|) = 8]lp — p7|.

Since S, T are weakly compatible, then T'Sq = ST'q and so T'p = Sp. Hence p is
a coincidence point of S, T and since the coincidence point is unique, then p = p*
and hence Sp = T'p = p and therefore p is the unique common fixed point of S, 7.
This completes the proof.
Remark 2.7. Our Theorem 2.6 generalizes and extends Theorems 3.1 and 3.2 of
Bosede [3] in the sense that the concept of weak compatibility was employed and
injectivity of the map S was not assumed. Also the Jungck-Ishikawa (1.2) and
Jungck-Mann (1.3) iterative processes are special cases of the modified three-step
iterative process (1.1) considered in this work.

Example 2.8. Let Y = ([O, 2], ||) Define T and S by

T if ze€(0,1]
Tz = and Sz=¢ z+1, if z€(0,1]
0, if ze{0}U(1,2]

[Tz — Ty|| < 6||Sz — Sy|| + (|| Sz — Tz|), where § = 3 and ¢(t) = 24t.
T(Y) ={0}u {3} and S(Y) = [0,2]. Then T(Y) C S(Y). It is easy to see that
$(0) = T(0) = 0 and ST(0) = S(0) = 0, T'S(0) = T(0) = 0.

Hence the common fixed point of S and T is 0.

Running a MATLAB 7.10.0 script, with a, = %, bp = cp = ﬁ, al = bl =

1 _ 1

¢, = 7 for all n > 0 and 2o = 1 we have the following results:

Sz = 0.750000000000000
Sxo = 0.187500000000000
Sxz = 0.046875000000000
Sx4 = 0.011718750000000
Sxs = 0.002929687500000
Sz = 0.000732421875000
Sx7 = 0.000183105468750
Sxg = 0.000045776367188
Sxg = 0.000011444091797
Sx10 = 0.000002861022949
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We notice that {Sz,} in (1.1) converges to 0 which is the common fixed point of
S and T.

Example 2.9 ([20]). Let (X,d) = ([0,10],|.|). Define S and T by
0 if  x=0
3 if e (0,2
Sz = and Txe =< z+8 if z€(0,2]
0 if e {0}U(2,10]
-2 if ze(210]

Then

Sr=Tziff x =0,
ST(0)=T(0)=0,TS(0)=5(0)=0.
Therefore S and T are weakly compatible.
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