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FIXED POINTS OF MAPPINGS DEFINED ON PROBABILISTIC
MODULAR SPACES

(COMMUNICATED BY LAHCENE MEZRAG)

FATEMEH LAEL', KOUROSH NOUROUZI?

ABSTRACT. In the present paper we give some results on the fixed points of
mappings defined on probabilistic modular spaces.

1. Introduction and Preliminaries

A reformulation of the notion of a modular space [3| 4} [6] is given in [2] under
the name of “probabilistic modular space” according to Menger’s probabilistic ap-
proach [5] to generalise the notion of distance. As Menger’s interpretation, in this
notion the values of the modulars are probability distribution functions rather than
numbers and therefore a probabilistic modular space is a natural generalisation of
a modular space.

In this paper after introducing the prerequisites we shall present some results on
fixed points of mappings defined between probabilistic modular spaces.

We will denote the set of all non-decreasing functions f : R — Ry " satisfying
infier f(t) =0, and sup,cp f(¢t) =1 by A. We also denote the function min by A.

Definition 1. [2] A probabilistic modular space (briefly, PM-space) is a pair (X, p)
in which X is a real vector space, p is a mapping from X into A (for z € X, the
function p(x) is denoted by p,, and p,(t) is the value p, at ¢ € R) satisfying the
following conditions:

(1) pa(0) =0,

(2) po(t)=1for all t > 0iff x =0,

(3) p—u(t) = pz(t) for all x € X,

(4) faztpy(s+1) > pa(s) Apy(t) forall 2,y € X, and o, 3,5, € Ryt, a+8 = 1.

is said to satisfy Ag-condition if there is a constant ¢ > 0 such

)
), for all x € X and ¢ > 0.

A PM-space (X, u
that /142m( ) > Mm(%
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A probabilistic modular p defines a corresponding probabilistic modular vector
space (briefly, PMV-space) X,, given by

X, ={z € X :lim ux,(t) =1, forallt>0}.
A—0

Definition 2. [2] Let (X, i) be a P.M-space.

1. A sequence {x,} in X is said to be u-convergent to a point € X and denoted
by x, — x, if for every t > 0 and r € (0, 1), there exists a positive integer k such
that py, —»(t) > 1 —r for all n > k (This limit is unique [2]).

2. The p-closure of a subset A of X is denoted by A and defined by the set of
all x € X such that there is a sequence {x,} of elements of A with z,, — x. We
say that A is p-closed if A=A

3. A sequence {z,} in X is said to be u-Cauchy sequence, if for every ¢t > 0
and r € (0, 1), there exists a positive integer k such that p,, _5 (t) > 1 —r for all
n,m > k.

4. A subset C of X is said to be u-complete if each pu-Cauchy sequence in C' is
p-convergent to a point of C.

5. The PM- space (X, u) is said to be sequentially p-compact if every sequence
in X has a p-convergent subsequence in X.

Definition 3. [2] A mapping T from (X, ) to (Y, v) is said to be sequentially P M-
continuous at xo, if any sequence {z,}, , € X with z, Lz imply T'(z) LN
T(z). If T is sequentially P.M-continuous at each point of X, then T is said to be
sequentially P.M-continuous on X.

2. Fixed Points in PM-spaces

Fixed point theory from the probabilistic point of view constitutes a part of
probabilistic analysis [I]. In this section, we shall give a probabilistic modular
version of some fixed point theorems.

Definition 4. Let C be a subset of a PM-space (X, u). A mapping T': C' — C'is
said to be u-Lipschitzian if there exist constants k,l > 0 such that

t
P (@) -Tw) () 2 Hia—y) (7)),
for every z,y € X, and t € R.

If k,1 € (0,1), we say that T is a p-contraction, whereas if k = [ = 1, we say
that T is pu-nonexpansive. It can be easily seen that every p-contraction map is
sequentially PM-continuous.

Our first result is the probabilistic modular formulation of well known Banach
contraction principle.

Lemma 1. Let C be a p-complete subset of (X, ), p satisfy As-condition, and
T :C — C be a p-contraction with p-Lipschitzian constants k,1. Then T has a
unique fized point z € C' and lim T™(x) = z, for every x € C.

n—oo

Proof. Choose x € C arbitrarily. The sequence {T™(x)} is a p-Cauchy sequence.
In fact, for £ > 0 and p=1,2,3,... we have

t t
Hrn (@) 1o (@) (8) 2 purn =1 (@) —rne-1() (3) 2 - 2 Hi—Tr(@) (17)-

Let | +1/a = 1. Moreover
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Hi(z—T(2))+1(T (x)=TP(z)) (ﬁ)
(1 k)t )

Hi(z—TP(x)) (ﬁ)

3

,ual(m T(z))+U(T(x)— Tp(m))(
a- k)

Y

) A B (ay—To () (L),
) A pi(z—1r—1(2)) (7 )-

Pai(z—T(x) (%
= k)

v

,Ual(z—T(ac))(

By induction, we have

¢ (1— k)t (1— k)t
/Ll(m—TP(m))(k_n) > #al(z—T(z))(T) A A ,ual(m—T(m))(T)a

and therefore lim /,LTn(m)_Tner(w)(t) = 1. Since X is p-complete, there exists z € X
n—oo
with lim T™(xz) = z. Moreover the p-contractivity of T yields sequentially P.M-
n—oo
continuity. Therefore z = lim T"(x) = lim T(T"(z)) = T(z), that is z is a
n—00 n—o0

fixed point of T.

To see the uniqueness, suppose on the contrary that there exist distinct elements
z,y € C with z =T(z) and y = T(y). Thus, for each n, T"(z) = z and T"(y) = v,
and there exists s > 0 such that p,—.(s) = a € [0,1). Then for every n € N,

s
a = ,Uy7Z(5) = ,UT"(y)—T"(z)(S) > ,nyZ(ﬁ)a
and when n — co we obtain a = 1 which contradicts a < 1. Therefore z =y. O

In Lemma [ as its classical form, the p-contractivity is essential. Indeed, any
(nonlinear) affine function defined on P M-space (R, #\w\) which is y-nonexpansive
has no fixed point. Also, a p-contraction T' from an incomplete subset C' of PM-
space X into itself need not have a fixed point. In light of Lemma [I this can be
easily seen via removing the only fixed point from the domain. Furthermore, a u-
contraction map defined on an incomplete P.M-space need not have any fixed point.
To see this, consider the real vector space ¢y consisting of all infinite sequences of
real numbers which have only finitely many non-zero terms. By the modular p
which defined as
t>suplr,|:neN
sup{|Z2| : n € N} <t < sup{|x,|:n € N}

t <sup{|%=|:n € N},
for any ¢ = (z1,--- ,2pn, --) € Lo, the p-contraction mapping 7 : £y — ¢y defined
by T'(z) = %(1,3:1, X2y ..., &n,...) has no fixed point.

A PM-space (X, ) possesses Fatou’s property if for any sequence {z,} of X
converging to z, we have

pa(t) =

OWl= =

pa (t) > limsup pig, (1),
n>1

for each t > 0.

Theorem 1. Let (X, u) be a p-complete PM-space having Fatou’s property and
satisfying Ao-condition with Ag-constantc. Let A={x € X : piz—zy(to) > 1—r0},
where ©yg € X and ro,tog > 0. Suppose T : A — X is a p-contraction with -
Lipschitzian constant L and

1
/J’T(zo)fzo((z - L)tO) >1-— To,
forall x,y € A. Then T has a unique fized point in A.
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Proof. We see that A is p-closed. In fact, if 5 € A, then by Fatou’s property
Hy—aq (to) > lim sup g, —xq (to) >1- To,
n
therefore A is p-closed. Now if x € A, then

BT (z)—20(10) = T (2)=T(w0)+T(x0)—w0 (t0)>

> M-z (tO) A NT(zo)fzo((% - L)t0)7
Z 1 —To/\l —To,
2 1 —T0-

It follows that T(A) C A. We can now apply Lemma [Il to deduce that T has a
unique fixed point in A. O

Let (X, u) be a PM-space. For x € X, ¢ >0, and 0 < r < 1, we suppose that
B(z,rt) ={y € X : pg—y(t) > 1—r}.

Theorem 2. Let C be a p-complete subset of PM-space(X, i) satisfying Ao-
condition with constant c andT : C — C' a map. Suppose further that for each e > 0
andt > 0 there is a § > 0 such that if piy_7p(y)(t) > 0, then T(B(x,t,¢€)) C B(x,t,¢).
If for some u € X we have nl;rr;o Hrn (u)y—Trt1 () (t) = 1 for all t > 0, then the se-

quence {T™(u)} converges to a fixed point of T.

Proof. Consider w as im fign (yy—pnt1¢y)(t) = 1, for all £ > 0 and let 7" (u) = up,.
n—oo
The sequence {u,} is p-Cauchy. Since if ¢ > 0 and tg > 0 are given, for the
corresponding 5(5 toy, We can choose N large enough so that fiy, —u, ., (%) > ¢, for
' 2c

all n > N. Because fy, —7(u,)(52) > &, by assumption we get

t t
T(B(uNa 2_0056)) C B(U’Na 2_0056)7

and so T(un) = un+1 € B(un, 22, €). Now by induction

t
T*(un) = un+x € Blun, 2—00,6),

for all k € {0,1,...}. Thus

lo lo
—) AN UN—UI\ o >1- )
2C) /’l’ N 1(26) €

for all k,1 > N. Therefore {u,} is a u-Cauchy sequence and so there exists y € C
with lim w, = y. This y, in fact, is a fixed point of T'. Otherwise, j1, _7(,)(t1) =

n—oo

v < 1 for some t; > 0. We can now choose a u,, € B(y, %, 1—7+') where vy <+ < 1
with

Moy —y (tO) > Mg —un (

ty
uun*un+1(%) > 5(177/ iy

' 2¢

Again by assumption, we have

t1 , t1 ,
T(B nu_ul_ gB nu_al ’
(B(un, 521 =7") € Blun, 5,1 =)
and consequently
t1 ,
T B(tun, —,1—7").
(4) € Blun, 55,1 -7)
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This is a contradiction since
t t
Py—1(y)(t1) > Myfun(%) A ,uun—T(y)(%) > >,
O

Definition 5. Let (X, 1) and (Y,v) be two PM-spaces. A mapping T : (X, u) —
(Y,v) is said to be u-compact if T(X) is contained in a u-compact subset of Y.

Let D be a subset of a PM-space X and T : D — X a map. Given ¢ > 0 and
A€ (0,1), a point d € D with p1g_p(ay(€) > 1 — X is called an (e, A)-fixed point of
T.

Theorem 3. Let (X,u) be a PM-space satisfying As-condition, D a p-closed
subset of X, and T : D — X be a p-compact, sequentially P.M-continuous map.
Then T has a fized point if and only if T has an (e, \)-fized point for each € > 0
and X € (0,1).

Proof. Assume that T has an (e, A)-fixed point for each ¢ > 0 and A € (0,1). Now
for each n > 1, let d, be a (%, %)-ﬁxed point of T', that is,

l) >1- l
n n
Since T is u-compact, T'(D) is contained in a p-compact subset K of X and therefore
there exists a subsequence S of integers and = € K such that T'(d,,) — x € K, as
n — oo in S. Now, if ¢ is Ag-constant and ¢ > 0, then the inequality above implies

that

fd,, —T(dy)

1

t t
—x t) > — =—)A —xz\5 1- )
fd,—a(t) > Ha, T(dn)(2c) HT(d,) (20) >1-—

for all large n. Therefore d,, = x as n — oo in S and since D is p-closed we have
that € D. Now the sequentially continuity of T' implies that T'(d,) — T'(z) in S
and this together with the uniqueness of p-limit implies T'(z) = z. ([

Lemma 2. Let X, be a PMV-space, A C X,, and A be sequentially pu-compact. If
M =0, as k — oo and {x} C A, then ux,z, (t) = 1, for all t > 0.

Proof. Let {k,} be any increasing sequence of indices. There exists € X, and a
subsequence {ky,} of {k,} such that u,, —.(t) =1 asi — oo. Taking i so large
that 2)x, <1 and ¢ > 0, we obtain
lb‘"ki Tny, (t) > /142)\,”% (@ny, fm)(%) A /142)\7”% m(%)u
2 Han. 71(%) A /L2>\nkir(%)v
> 1-A\
for A € (0,1). This implies that each subsequence of {A;x} has a subsequence

which is p-converges to 0. Thus klim Mexk = 0. ([
—00

Definition 6. A P-modular p is said to satisfy regular increasing condition if for
all k € [0,1),

t
Wy(k) =inf{L > 0: pp.(t) > ,um(z), ze X, t>0} <l

Lemma 3. [2] Let (X, u) be a PM-space satisfying As-condition. If {x,} is a
u-Cauchy sequence having a p-convergent subsequence, then {xz,} is u-convergent.



28 FATEMEH LAEL!, KOUROSH NOUROUZI?

A subset B of vector space X is said to be star-shaped if there exists z € B such
that for all x € B, az+ Bz € B, whenever «, 8 € R with a4+ 8 = 1. Such a point
z is called a center of B.

Theorem 4. Let X, be a PMV-space satisfying Ao and the regular increasing
conditions. Then every p-compact, p-nonexpansive map I on a star-shaped subset
C of X, has at least one fized point.

Proof. Let x¢ € C be a center of C. For n =2,3,..., define

1 1
T, = (1—=)T + —.
n n

Since C is star-shaped, we see that T,, : C — C. Let A € (1,72r). Because
Wu(A1 — 1)) <1, there exists L < 1 such that for all z,y € C and ¢ > 0,
HA(T ()~ T () (1)

Fx(1— 1) (@) ~T(y)) (1)

n

v

HT(2)—T(y) (%),
fra—y(£),

Without less of generality we can assume

Y

t
()~ Taly) () 2 12—y (T)

Hence T, : C — C is a p-contraction for all n € N. Since T,,(C) is p-compact
for all n, Lemma [ implies that they are also u-complete. By Lemmalll we conclude
that each operator T, : T,,(C') — T},(C) has a unique fixed point, that is,

Tn=1—=)T(x,) + %:1:0.

1
n
Therefore

HT(z) 20 (E) = H7(2,)—Lag—(1-2)T(2) (1),

Lemma 2] implies that for all ¢ > 0, we have pr(,)—qz, (t) — 1 as n — co. And an
application of Theorem [3 says that T has a fixed point. (|

Y
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