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1. INTRODUCTION

In [12], Feng Qi proposed the following problem:
Under what conditions does the inequality:

-1

/ ) > [ / b f(m)dx}t (1)
hold fort > 17

In view of the interest in this type of inequalities, many attentions have been payed to
the problem and many authors have extended the inequality to more general cases (see
[L, 2 [3BL (4L 9L [8L [1T] [T4]). In this paper, we establish some inequalities of F. Qi type by
using a fractional ¢-integral and we will generalize the inequalities given in [3].

This paper is organized as follows: In Section 2, we present some definitions and facts
from the g-calculus necessary for understanding this paper. In Section 3, we discuss some
generalizations of Qi’s inequality.

2. NOTATIONS AND PRELIMINARIES

Throughout this paper, we will fix ¢ € (0,1). For the convenience of the reader, we
provide in this section a summary of the mathematical notations and definitions used in
this paper (see [5] [7, 13]). We write for a € C,

n—1
1—q° X
[a’]q = 1 1 ’ (a; Q)n = H(l - aqk)7 n = 1727 ...00,
—q
k=0
[0]! = 1, [nlg! = [Uq[2lg--[n]q, n=12,..
and

17 n=>0

(z — a)(") =

(x —a)(z —qa)...(x —q¢" " ta), n#0
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Their natural expansions to the reals are

(a_b)(a) — aa (%1q)°0 , (a;q)a — (a;q)oo

Notice that
b
_ oy _ acb
(=)@ =4 (5 )a-
The g-derivative Dy f of a function f is given by
flx) - flgz) .
D x)="———— if x#0, 2
(Duf)(@) = L=, g 0 2 2)

(Dqf)(0) = f'(0) provided f'(0) exists.
Clearly

Dae(b— 1) = —[a]q(b— qt)* V. (3)
The g-Jackson integrals from 0 to a is defined by (see [6])

/O " @)z = (1- 'S flag™)a", (4)
n=0

provided the sum converges absolutely.
The g-Jackson integral in a generic interval [a, b] is given by (see [6])

[ s@iie = [ @ [ i 5)
For any function f, we have ( see [7] )
D, ([ 1)) = ). ©)

The fractional g-integral of the Riemann-Liouville type is[I3]

I2.(f)(@) = I8 (f()(x) = %@

Finally, for b > 0 and a = b¢", n=1,2,...,00, we write

/I(:c — )V (t)dgt,  a>0. (7)

[a, blg ={bg": 0<k<n} and (a, bly=[q¢ 'a, b],.

3. FRACTIONAL ¢-INTEGRAL INEQUALITIES OF QI TYPE
Let us begin by recalling the following useful result|3]:

Lemma 1. Let p > 1 be a real number and g be a nonnegative and monotonous function
on [a,blq. Then

pg" " (qx) Dag(x) < Dylg” ()] < pg"~ ' (¢)Dag(x), € (a,bly. 8)
Proposition 1. Let f be a function defined on [a,b]q satisfying
fla)>0 and Dyf(z)> (B—2)C2%(x—a)’® for ze(abl, and B>3.

Then
I3 (f7(0)(b) = Tg () [15.a(f(@)(®)]" ", (9)
(b—qa) eV, if a>1
where Co = sup (b—qt) ™ =
t€a,blq " Nq,q)a-1, if 0<a<l.
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Proof. For x € (a,blq, we put

o(z) = / “(b—gt)@ D f(gt)dyt  and F(x) = / *(b—at) (1)) dgt— ( / - qt)(“’l)f(qt)dqt>
We have

B—1

DyF(x) = (b—q2)* Y f2(2) — Dg[g” (a).
Since f and g increase on [a, b]q, we obtain from Lemma [I]
DF(x) > (b—q2) V(@) = (B—1)g" (@) (b— g) "V f(gz)

> (b—q2) V@) = (B—1)g" P (2)(b—gu) "V f(2) > (b— q2) 7 f(w)h(x),

where h(z) = f*~*(z) — (8 — 1)g°~*(@).
On the other hand, we have

Dyh(x) = Dy[f*~")(z) — (B = 1) Dylg”~*)(=).
Using Lemma [I] once again leads to

Dqh(x) (B = 1)f7"(qz)Dyf(x) — (8 — 1)(8 ~ 2)9" " (2) Dyg()
(8= 1)/ (q2)Dgf(x) = (B = 1)(B —2)9"*(@)(b — q2) >V f (qz)

(8= 1)f(az) [1°~*(g2)Daf(2) = (8= 2)(b— a2)* " g"*(@)] .
The use of the inequality,

/ b a) D f(gt)dgt < Caflqr)(x—a)

a

-

= (
= (

-2
-2

vV v v

!
_
=
E
IV

(8= 1)1""(g2) [Daf(2) = (8= 2)(b— q2)* CE (@ - a)"
> (8- 117 (e2) [Daf(@) = (B-2CE @ —a)” ] > 0.

From the fact h(a) = f°~'(a) > 0, we get h(z) >0, x € [a,b],.
Therefore DyF(z) > 0, and so F(z) > 0 for all = € [a, ], in particular

b b Bs—1
Fo) = [ (0= rerae- ([ 0o iwa) 2o
hence
b b B—-1
e | OO 2 1) (g [ 00 and)
The proof is complete. |

Remark: We can see that for « = 1, we obtain the proposition 3.2 of [3].
Corollary 1. Let n be a positive integer and f be a function defined on [a,b]q satisfying
fl@)>0 and Dgf(x)>nCl(x—a)""", € (a,b,.
Then
I ("2 (0))(6) > Ty (o) [I5(F(gt)(0)] " .
Proof. Tt suffices to take 3 = n + 2 in Proposition [I] and the result follows. |

Corollary 2. Let n be a positive integer and f be a function defined on [a,b]q satisfying
Dif(a) >0, 0<i<n-—1 and Dj}f(z)>n[n—1,C8; z¢€ (a,blg.
Then
I3 ("2 0)(0) > Ty (o) [I5a(flat)(®)] "
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Proof. Since Dy f(z) > n[n — 1]4!C%, then by g-integrating n — 1 times over [a, z|, we get
Dyf(z) >nCl(z — a)" ™Y > nCl(x — a)"~*. The result turns out from Corollary [l M

Proposition 2. Letp > 1 be a real number and f be a function defined on [a, blq satisfying

f(a) >0, Dy f(z) > pC, z € (a,bq,. (10)
Then
(7)) > o 12t 6] ()

T

Proof. Define g(z) = / (b—qt)* VY f(gt)dyt and

a

T 1) ppt2 1 x w1 p+1
1) = [[oma) Ot g | [ 0- 0 O anae| e el
We have
Do) = (0 0)* ) - o D), 1€ (e

Since f and g increase on [a, b]q, we obtain according to Lemma[I]

DH() 2 (b= q2) @)~ G (04 Do () Dag(@)

o
> (b—qu) V() - W(p +1)g"(2) (b — qz)'* "V f(qo)
> (770 - G 4 @) 0= ) @) = (0= ) f@)ha),

where h(z) = fPH(:c) — W(p + 1)gP(z).
On the other hand, we have

Dyh(x) = D" (x) — 7 (p+ 1) Dyg")().

N S
(b—a)P-

In virtue of Lemma [ it follows that

Dib(@) = (o4 1)1 a0)Duf(e) = g )6 = a)* flaa)

> (4 Di(a) [f”’l(qx)qu(m) ~ g @ -

Since f is non-negative and increasing function, then
o) = [ - a) Vet < Flg)Calo )
hence

Dgh(z) > (p+1)f"(qx)[Dqf(x) — pCEL] > 0,

which implies that h increases on [a, b]q.
Finally, since h(a) = fP*'(a) > 0, then H increases and H(b) > H(a) > 0.
The proof is complete. |

In what follows, we will adopt the terminology of the following definition.



120 KAMEL BRAHIM & HEDI EL MONSER

Definition 1. Let b > 0 and a = bq™, n be a positive integer. For each real number r, we
denote by Eg . ([a,b]) the set of functions defined on [a,b], such that

fla)>0  and  Dyf(z) > [r]qKa, Vz € (a,b]q,
(b—q?a) eV ifa>1
where Ko = sup (b— qzt)(afl) =
t€[a,blq ba—l(q27q)a71 f0<a<l.

Proposition 3. Let f € Eg5([a,b]). Then for all p > 0, we have

Iy (F771(1) (6) > To(a) [I5a (£7(6) (B)]” (12)
Proof. For z € [a,b]q, let
P = [(0= a0 g - | [0 a0 o
and g(z) = [ (b= a0 (Ot
We have for z € [a, b]q,
DyF(z) = (b—qz) VP (2) — (b—qu) "V fP(2)(9(2) + g(qz))
= (b—42) "V (@)G(x),
where G(z) = f**'(z) — [9(z) + g(gz)] -
On the other hand, we have
_ fp+1(x) — fp+1(qx) a—1) ep 2 a—1) pep
D,Gla) = g (=) @) 4 alb— ")V 7 (a0)
oy d @) = (A —qz(b—g)®"V | flgz) +q(b—¢*2) V(1 —g)
17 (@) e 77 (g2) rr .
From the relation D, f(z) > Ka[2], > (b — ¢?x) @~V [2],, we obtain
f(@) > flgz) + (1= ¢*)z(b— ¢°x) @Y,
hence
D,G(a) > LT 00y 1 gy — o) D1 =) >0 ae (@bl (13)

(1—-q)x
Therefore G is strictly increasing on [a, b],. Moreover, we have

G(a) = [f(@))"*" + (b - qa) "7V (f(a)” >0,
then for all z € (a,blq,G(xz) > G(a) > 0,which proves that D,F(z) > 0, and so F is
strictly increasing on [a, b],. In particular, F'(b) > F(a) = 0. |

Corollary 3. Let >0 and f € Egs([a,b]). Then for all positive integers m, we have

om

15, (PN 0) () > 1) [158. () )] (14)
Proof. We suggest here a proof by induction. For this purpose, we note

pm(B) = (B+1)2" — 1.
We have
Pm(B) >0 and pmi1(B8) =2pm(B) + 1. (15)

From Proposition [3] we deduce that the inequality (4] is true for m = 1.
Suppose that ([I4]) holds for an integer m and let us prove it for m + 1.
By using the relation (I3) and Proposition B] we obtain

12, (PO @) () > Tyo) [12. (PP L) (16)
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And by assumption, we have

m_ m_ o 2m
L (£ ) ) > 1) [ () )] (17)
Finally, the relations (I6]) and (1) imply that the inequality ([Id) is true for m + 1. This
completes the proof. |

Corollary 4. Let f € Eg5([a,b]) and 8> 0. For m € N, we have

L

(13, (7022 0) O] T > o) (15, (£79" @) ] (s)

Proof. Since, from Proposition [3]

I3 (FE2 ) () > Ty0) 12,75 )] (19)

then
(120 (£ 2 0) ] T > (@) [, (£ 0) 0] T (20)
|

Corollary 5. Let f € Egs([a,b]). For all integers m > 2, we have

a m—+41_ mo_ o m
Ia (27 71 ) (0) > Do) 7 [T (F1) (B)] (21)
Proof. By using Proposition [3 for 8 = 1, we obtain the result. |
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