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SHIGEYOSHI OWA * G.MURUGUSUNDARAMOORTHY 2AND N.MAGESH?

ABSTRACT. Making use of the generalized Srivastava-Attiya integral operator,
we define a new subclass of starlike functions with negative coefficients and
obtain coefficient estimates, extreme points, the radii of close to convexity, star-
likeness and convexity and neighbourhood results for f € TS{:(a, 8,7, A, B).
In particular, we obtain modified Hadamard product results for the function
f(2) belongs to the class TSg(a, B,7, A, B) in the unit disc.

1. INTRODUCTION

Let A denote the class of functions of the form
f(2) :z—i—Zanz" (1.1)
n=2

which are analytic and univalent in the open disc U = {z : z € C, |z| < 1}. Also
denote by T a subclass of A consisting of functions of the form

o0

f(z):z—Z|an|z", zeU, (1.2)

n=2
introduced and studied by Silverman [24]. For functions f € A given by (L)
and g € A given by g(z) = z+ Y b,2", we define the Hadamard product (or
n=2
convolution ) of f and g by

(f*g)(z):z—l—Zanbnz", zeU. (1.3)
n=2
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We recall here a general Hurwitz-Lerch Zeta function ®(z,s,a) defined in [27]
by

O(z,s,a) := Z (7’11—2'—70,)5; (a € C\{Z; };s € C when |z| < 1;%R(s) > 1 and |z|=1)
n=0

(1.4)
where, as usual, Z; = Z\ {N}, (Z := {0,£1,4+2,43,...}); N := {1,2,3,...}. Sev-
eral interesting properties and characteristics of the Hurwitz-Lerch Zeta function
®(z, s,a) can be found in the recent investigations by Choi and Srivastava [5], Fer-
reira and Lopez [8], Garg et al. [I0], Lin and Srivastava [12], Lin et al. [I3], and
others. Srivastava and Attiya [25] (see also Raducanu and Srivastava [21], and
Prajapat and Goyal [20]) introduced the linear operator:

Tup: A=A
defined in terms of the Hadamard product by
Tupf(2) =Gpu* f(2),(2€U;be C\{Z; };n€C; f e A) (1.5)
where, for convenience,
Gup(z) = (1+0)H[®(z,p,b) —b7*] (z€U). (1.6)

We recall here the following relationships (given earlier by [20], [2I]) which follow

easily by using (L)), (IH) and (6]

1+b\"
13 _ n
T f(z) =2+ 2 (n n b) anz". (1.7)

Motivated essentially by the Srivastava-Attiya operator, Al-Shagsi and Darus [3]
introduced the integral operator

TN f(2) =2+ Ca b, man", (1.8)

n=2

where

1+byl A(n+k—2)! 19)

C(b,p) =

n (0 p) |<n+b P21l
and (throughout this paper unless otherwise mentioned) the parameters u,b are
constrained as b € C\ {Z; }; ¢ € C,k > 2 and A > —1. Further note that JELZ? is

the Srivastava-Attiya operator, and Jgj ’bk is the well-known Choi-Saigo- Srivastava
operator (see [0, [14]). It is of interest to note that for A = 1; k = 2, and specializing
the parameters p and b suitably we get various integral operators introduced by
Alexander [2] , Bernardi[4] and Jung-Kim-Srivastava integral operator [15] closely
related to some multiplier transformation studied by Fleet [9]. Making use of the
operator J, :‘ ’bk, and motivated by the earliear works of Murugusundaramoorthy[17,
18] we introduce a new subclass of analytic functions with negative coefficients and
discuss some usual properties of the geometric function theory of this generalized
function class.

For fixed -1 < A < B <1 and 0 < B < 1let S{'(a, 8,7, A, B) denote the
subclass of A consisting of functions f(z) of the form (LI) and satisfying the
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condition
2T (=)
J/\,k >
— b 1) — <B, zeU (110
2 (B — A) AT TG N g (ATaie)
v 0) T

B
S - 0
where 7 f(2) is given by (L), 0 < o < 1,0 < B < 1, s <7 < {12<B—A>a a#0,

We also let T'S}' (v, B, v, A, B) = S{'(a, B,v, A, B)NT.
For convenience in entire paper we consider 0 < a < 1,0< <1,

B
B <y < {2(B—A)a a0,
1

a=0.

2(B—A) a=0.

for fixed —-1 < A< B <1and0< B <1, one or otherwise stated.

By suitably specializing the values of A, B, o, 8 and v the class T'S} (v, 3,7, A, B)
leads to known subclasses studied in [1} [I6] and [I9] and various new subclasses.

The main object of this paper is to study some usual properties of the geometric
function theory such as the coefficient bound, extreme points, radii of close to
convexity, starlikeness and convexity for the class T'S}(«, 8,7, A, B). Further, we
obtain modified Hadamard product and Neighbourhood results for aforementioned
class.

2. CHARACTERIZATION PROPERTIES

We now obtain the characterization property for functions f(z) to belong to the
class TS} («, 8,7, A, B) there by obtaining coefficient bounds.

Theorem 2.1. Let the function f(z) be defined by (I.2) is in the class TS} (v, 3,7, A, B)
if and only if

> 1267(B=A)(n—a)+ (1= BB)(n—1)]Co (b, p)lan| < 26v(1-a)(B-A4), (2.1)

n=2
where C)(b, i) is given by (I.9).

Proof. The proof of Theorem 2.T]is much akin to the proof of theorems on coefficient
bounds established in [7, [I7, [26], so we skip the details in this regard. [l

Corollary 2.2. Let the function f(z) defined by [L23) be in the class TS} (cv, 3,7, A, B).
Then we have

26(1— a)(B — 4)
267(B — A)(n — o) + (1 = BB)(n — 1)]C (b, )
The equation (Z2) is attained for the function
B 26(1— a)(B — 4) \
1= BB Am -0+ 0-Bpn -GG "2 Y
where C) (b, 11) is given by (I.3).

For the sake of brevity , we let

an <

(2.2)
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and

unless otherwise stated.

Theorem 2.3. Let the function f(z) defined by (Z2) belong to TS| (v, 8,7, A, B).

Then
__2(A-a)B-4)
=] 2 |Z|{1 [@2(cx, 8,7, A, B)|C3 (b, 1) | |} (26)
and
N 267(1-a)(B-A)
=l <] |{1+ [@2(cv, 8,7, A, B)]C3 (b, 1) | l}’ @7)
where
140\ (k- 1Dk
(o) = (2+b> (14X (28)

Proof. In the view of [21)) and the fact that C) (b, u) is non-decreasing for n >
2,0 < a <1 we have

287(B = A)(2—a) + (1= BR)IC (b,1) Y an <> _ ®u(a, 8,7, A, B)Ch (b, p)an
< 28y(1—a)(B—A)

which readily yields,

oo

267(1 = a)(B - A)
n S . 2.9
2" = 52505 - A2 - )~ BAICAE 0 %)
Theorem 23] follows readily from (L2) and (2.9). O

Theorem 2.4. (Extreme Points )  Letf1(z) = z; fu(2) = 2—3 ?gvﬂ(lv_j)é?g;%z mER (n>
(

2) where Cpy (b, ) is given by (I.9). Then f(z) is in the class TS{ (o, 8,7, A, B) if
and only if it can be expressed in the form f(z) = Y wnfn(2) wherew, >0 (n > 1)

n=1

and Y w, = 1.
n=1

We shall prove the following results for the closure of functions in the class
TS («, 8,7, A, B).
Let the functions f;(z)(j = 1,2) be defined by

fi(z)=2z— Za,w» 2" for an, ; >0, z€ U. (2.10)

n=2

Theorem 2.5. (Closure Theorem)  Let the functions f;(2)(j = 1,2,...m) de-
fined by (ZI0) be in the classes TS} (a;, 8,7, A, B) (j = 1,2,...m) respectively.

Then the function h(z) defined by h(z) =z — L 3 [ 3 an, j> 2™ is in the class
n=2 \ j=1

TS} (o, 8,7, A, B), where o = 1£I}i<nm{aj} where 0 < a; < 1.
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Proof. Since f; € TS} (o, 8,7, A, B), (j = 1,2,...m) by applying Theorem 2], to
(2.10) we observe that

m m

- A i . _l - A .
;@m,ﬁ,v,A,B)cn(b,u) m;an,J = m; ;%(a,ﬁmA,B)cn(b,u)an,J

<

1
m

D" 28v(1 - a)(B — 4) < 28y(1 - a)(B - 4)

which in view of Theorem 2] again implies that h € T'S}'(cv, 8,7, A, B) and so the
proof is complete. O

Next we obtain the radii of close-to-convexity, starlikeness and convexity for the
class TS} (a, 8,7, A, B).

Theorem 2.6. Let the function f(z) defined by (L2)belong to the class TS} (a, 8,7, A, B).

Then f(z) is close-to-convex of order o (0 < o < 1) in the disc |z| < r1, where

(1 - 0')(1)11((17 ﬁ7 7, A7 B)Cy)l\ (b7 /'L) ﬁ
2nfy(B - A)(1 - a)

where C) (b, 1) is given by (1.9). The result is sharp, with extremal function f(z)

given by (24).

Proof. Given f € T, and f is close-to-convex of order o, we have

If'(z) =1 <1-0 (2.12)

(n>2), (2.11)

r1 = inf

For the left hand side of ([ZI2) we have [f/(z) — 1] < Y nay|z|*~!. The last
n=2

expression is less than 1 — o if

o0

n
Z anlz|" 7t < 1,
l1-0

n=2

that is, if

—|Z|n71 < (I)n(aa ﬂa s Aa B)sz\ (b5 :u)
l1-0 - 289(B-A)(1-a)
where we have made use of the assertion ([21]) of Theorem 211 The last inequality
leadus immediately to the disk |z| < r; where 71 given by ZIIlwhich completes
the proof. O

Theorem 2.7. Let f € TS| (a, 8,7, A, B). Then

(i) f is starlike of order o(0 < o < 1) in the disc |z| < ro; that is, Re {%} >

o, where
1
. 1-0o q)n(aaﬁa’%AvB)C)\(b?M) T
= inf n >2 2.13
ro = 1N Kn—a) 267(B — A)(1 — o) (n>2) ( )
(i) f is convex of order o (0 < o < 1) in the disc |z| < rs, that is Re {1 + zf“(z)} >

f'(2)
o, where

rg = in -0 @, (a, 8,7, A, B)CX (b, 1) T .
3 = f[(n(n—a)) 28v(B — A)(1 — ) } (n>2) (2.14)
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where C (b, 1) is given by (I.9). Each of these results are sharp for the extremal
function f(z) given by (2.4).

Proof. Following the techniques employed in [26],we can easily prove (i)
(ii)  Using the fact that f is convex if and only if zf” is starlike, we can prove
(ii). O

3. Modified Hadamard Products

Let the functions f;(z)(j = 1,2) be defined by (ZI0). The modified Hadamard
product of fi(z) and fa(z) is defined by

(f1x f2)(= :Z_Zanlan22

Using the techniques of Schild and Sllverman [23], we prove the following results.

Theorem 3.1. For functions f;(z)(j = 1,2) defined by (2Z.10), let f1 € TS} (v, 3,7, A, B)
and fo € TS (8, 8,7v,A,B). Then (f1 * f2) € TS) (&, 8,7, A, B), where
26y(B - A)(1 —a)(1 = 6)(1 +26v(B — A) — Bf)
(1)2(06, 6777 Au B)(I)Q((Su 6777 A7 B)Cg\(b7 /'L) - 4ﬁ272(B - A)2(1 - Oé)( - 5))
3.1
B,2) =

£=1-

(
and ®3(a, B,7, A, B)is given by (23) , C2 (b, i) is given by (Z8)and ®2(5, 8,7, A,
267(B - A)(2-0) + (1 - BB)] .

Proof. In view of Theorem [Z1] it suffice to prove that
i [287(B = A)(n =) + (1 = BB)(n = ]CR(b, 1) |
2, 25 (1—&)(B - A)

where ¢ is defined by [BI). On the other hand, under the hypothesis, it follows
from () and the Cauchy’s-Schwarz inequality that

(. 8,7, A, B)]'2[®4, (8, 8,7, A, B)]'/?
Y e Vawimns <1

where ®,,(a, 8,7, A, B) is given by ([24) and ®,(6, 8,7, A, B,n) = [26y(B—A)(n—
5) + (1 — BB)(n — 1)]. Thus we need to find the largest £ such that

S 2o@Bn ABIC 0w o 5 Bl A B0, 6y, 4, B

an1an2 <1, (0<E<1)

(3.2)

&= (- 9B-4) S/ ey ) (a2 () A
or, equivalently that
1 _f [®7L(O‘76777A7B)]1/2[q)"(67ﬂ777A7B)]1/2
v/ Qn,10n 2 < (1 — a)(l — 5) [q)n(f,B,W,AyB)] ) (n > 2)

where @, (&, 8,v,4,B) = 28v(B — A)(n — &) + (1 — BB)(n — 1). By view of (B2) it is

sufficient to find largest & such that
269(B - A)VA - )0 =) (Calb,) ! 1-¢  [@n(a,f,7, A B)]*[®n(6,8,7, 4, B)]'?
[q)”(a767’Y:AvB)]l/2[¢>n(67/8777 A7 B)]1/2 a AV (1 — a)(l — 5) [26’7/(3 - A)(Tl - 5) + (1 - B/B)(n - 1)]

which yields

w1 267(B — A)(1 — a)(1 — §)(n — 1)(1 + 267(B — A) - BS)
[q)n(a767’7/7 A7 B)q)”((swgv’% A7 B)]C%(bv ,LL) - 4/82’7/2(3 - A)2(1 - Oé)(l - 5)
(3.3)
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for n > 2 is an increasing function of n (n > 2) and letting n = 2 in B3], we get the
desired result. O

By using arguments similar to those in proof of Theorem B.Iland employing the
techniques of [26] we can easily prove the following results, hence we state the
following theorems without proof.

Theorem 3.2. Let the functions f;(2)(j = 1,2) defined by (Z10), be in the class
TSy (e, 8.7, A, B) then (f1f2) € TS} (p, 8,7, A, B), where p = 1— - 2 Bl e CH o 20—
and C3 (b, 1) is given by (Z.8).

Proof. By taking 6 = «, in the above theorem, the result follows. O

Theorem 3.3. Let the function f(z) defined by (L23) be in the class TS} («, 8,7, A, B).
Also let g(z) =z — Y bpz™ for |b,| < 1. Then (f * g) € TS} («, 8,7, A, B).

n=2
Theorem 3.4. Let the functions f;(2)(j = 1,2) defined by (2.10) be in the class
TSy (e, 8,7, A, B). Then the function h(z) defined by h(z) = z— 3 (a2 1 +a3 5)z" is

n=2
. _ 4y(1—a)?(B—A)
in the class TS} (&, 8,7, A, B), where { = 1_02’\(b,,u)[<1>2(a,ﬁ,'y?A,B)PfSBz'y?(BfA)z(lfa)z
and C3 (b, 1) is given by (Z.8).

4. Inclusion relations involving Njs(e)

Following [T}, 22], we define the §— neighbourhood of function f € T by

Ns(f) == {h €T :h(z)=2— i dpz" and inmn —d,| < (5} . (4.1)
n=2 n=2

Particulary for the identity function e(z) = z, we have

Ns(e) := {hET:h(z)—z—idnz" and in|dn| Sé}. (4.2)
n=2 n=2

Now we obtain inclusion relations of the class T'S}' (e, 5,7, A, B).
Theorem 4.1. If
18y(1— a)(B = 4)
[(1)2 (Oé, ﬂa v, Aa B)]O2)\(ba :u)
where C3 (b, j1) is given by (2.38). Then TS («, 8,7, A, B) C Ns(e).

0=

Proof. For f € TS}'(a, 8,7, A, B), Theorem 2] immediately yields

[®a(a, 8,7, A, B)IC3 (b, 1) Y an < 287(1 — ) (B — A),

n=2

so that

N 28+(1 — a)(B — A)
Z = [@a(o 5.7 4. BNC3 (0. p) (44)
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On the other hand, from (1)) and @4]) that

287(B = A) + (1 = BR)IC5 (b, 1) > _ nan

n=2

26y(1 — ) (B - A)

< 253(1 - a)(B - )+ Rva(B — 4) + (1= BAICN0. ) x | S
_ 2289(1—a)(B - A)|[289(B — 4) + (1 - BY)
[®2(a, 8,7, A, B)]
that is
- 4py(1 — o)(B — A)
2" % Bl A BN )
which, in view of the (£2]) which complete the proof of Theorem ATl O

Next we determine the neighborhood for the class T'S}'(p, at, 8,7, A, B) which we
define as follows. A function f € T is said to be in the class T'S} (p, v, 8,7, A, B) if

there exists a function h € T'S{'(p, o, 8,7, A, B) such that‘ ﬁig - 1} <l-—p, (z€
U 0<p<l).

Theorem 4.2. If h € TS} (p,«, 8,7, A, B) and

o _ [(I)Q(Qaﬂa’YvAaB)]aOQ)\(bv N)
P T BT IR B A - a) - BAG ) —ap( B A O

then Ns(h) C TS} (p, v, 8,7, A, B).

Proof. Suppose that f € Njs(g) we then find from (1)) that > n|a,—by| < § which

n=2

o0
implies that the coefficient inequality > |a,—by| < g. Since h € TS}/ (v, 8,7, A, B),
n=2

S 28y(1—a)(B—A)
wehave 3 b < e sy A micse O that
ay — by,
IER L ;
h < =T 28(1-a)(B-A)
(2) 1- 22 bn 1 [®2(a,8,7,4,B)]C2 (b,1)

_ [Da(a 8,7, A, BIC (b, ) S,
2+ 4B7(B — A)(2 — @) = BB|C3 (b, 1) — 487(1 - a)(B — A)
provided that p is given precisely by ([6]). Thus by definition, f € T'S{'(p, o, 8,7, A, B)
for p given by (&.4]), which completes the proof. O

Concluding Remarks: By suitably specializing the various parameters in-
volved in Theorem 2] to Theorem [£.2] one can state the corresponding results for
many relatively more familiar function classes.

Acknowledgments. The authors would like to thank the anonymous referee for
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