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DOUBLE SINE SERIES AND HIGHER ORDER LIPSCHITZ
CLASSES OF FUNCTIONS

(COMMUNICATED BY HUSEYIN BOR)

DANDAN HAN, GUOCHENG LI, AND DANSHENG YU

ABSTRACT. In the present paper, we generalize the double Lipschitz classes
and double Zygmund calsses of functions in two variables to the so-called dou-
ble higher order Lipschitz classes, and give the necessary and sufficient condi-
tions for double sine series belonging to the generalized higher order Lipschitz
classes.

1. INTRODUCTION

Given a double sequence {a;r;j,k = 1,2, ...} of nonnegative numbers satisfying

ZZajk < 00, (1)

j=1k=1

then the following double sine series

flz,y) = Z Z a;j sin jx sin ky,

j=1k=1

is continuous, due to uniform convergence.

Let w(h, k) be a modulus of continuity, that is, w(h, k) is a continuous function
on the square [0, 27] X [0, 27], nondecreasing in each variable, and possessing the
following properties:

w(0,0) =0,
w(ty + to, t3) < w(t1,t3) + w(te, t3),
w(ty,ta +t3) < w(t1,t2) + w(ts, ts).
Yu ([3]) introduced the following classes of functions:
HHY = {f(z,y) : | f(z,y) — f(z+h,y) — f(x,y + k) + f(x + h,y + k)| = O(w(h, k)), h, k> 0}.
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DOUBLE SINE SERIES AND HIGHER ORDER LIPSCHITZ CLASSES OF FUNCTIONS 11
When w (u,v) = u*®, 0 < a, 8 < 1, then HH* becomes the well known double
Lipschitz class Lip (o, 8) . Yu (J3]) investigated the necessary and sufficient condi-

tions for the double trigonometric series belonging to HH“. In fact, some of his
results can be read as follows:

Theorem 1. If

N 11
;‘;mij =0 (mw (E’E)) ,
o0 n 1
;;ja” =0 <nw (E’%)) ,
33 w=0(e(5n):

for myn=1,2,--- then f(z,y) € HH*.
Theorem 2. If f (z,y) € HH*, then
E E ija;; = O (mnw (—, —)) .
— < m’'n
=1 j=1
Theorem 3. If {w(

%, %)} satisfies the following conditions

o0

Loe(in)-olGn)
S () o (wn)

&, (11 11
Sy () =o(e(50)

forall myn=1,2,--- | then f(z,y) € HHY if and only if
E E ija;; = O (mnw (—, —)) .
i £ m’'n
=1 j=1

For any f(z,y) € C(T?), and r,s = 1,2, ..., the (r, s)-th difference of f(z,y) at
x with stepsize h and at y with stepsize k, is defined by

A" (fimysho k) = ZT: zs:(—l)”s’“’7 <T> <j> f(x+ ph,y + k).

p=0~=0 H

Define the double higher order Lipschitz classes Ay’ and the double higher order
lipshcitz classes A%, as follows:

7,8

NS = {f(x,y) € C(T?) : ||A™(f;2,y:h, k)| | = O (w(h, k), h>0,k>0},
£y ={f(z,y) € C(T?) : ||A™(f; 2, y;h, k)| = 0 (w(h, k), h>0,k>0}.
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Clearly, if r = s = 1, Ay reduces to the class HH®, and if r = s = 2, A reduces
to the double Zygmund class ZZ%, while if r = 1 s = 2, AY, is the Lipschitz-
Zygmund class HZ* (see [3] for the definitions of ZZ“ and HZ¥, they are gen-
eralizations of the multiplicative Zygmund class Zy (o, 8) and the multiplicative
Lipschitz-Zygmund class, respectively).

Our main purpose is to generalize Theorem 1-Theorem 3 to the double higher
Lipschitz classes Ay ; (see Theorem A-Theorem C below). Our results also generalize
some well known results considering single trigonometric series from Lipscitz class
and Zygmund class to the higher order Lipschitz classes.

2. MAIN RESULTS

In what follows, we always assume that {a,} is a double sequence of nonnegative
numbers satisfying (I). We first give a sufficient condition for f € A}

Theorem A. If

SN iR =0 (m’“nm <i, 1)) , 2)

j=1k=1 mon

m o0 . . 1 1

2 3 ran=o(mu(53)); @
o0 n ) . 1 1

then f € Ay
We have the following necessary conditions for f € Ay, :

Theorem B. If f € Ay then

where r* =

r r s odd,

r+1 riseven, s+ 1, s1s even,
s§* =
s, s is odd.

If w(d,n) satisfies some further conditions, we can obtain the necessary and
sufficient conditions for f € Ay .. In fact, we have the following:

Theorem C. (i). Ifr and s are all odd , w (%, %) satisfies

FLED-olb()

Jj=m

O_o% (_ )ZO(“(%%» ”)
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for allm,n=1,2, ..., then f € AY_ if and only if (2.1) holds.

7,8

(it). If r is even and s is odd, w (+, L) satisfies (2.5),(2.6) and

m’

SouG-ofnd). v

then f € Ay s if and only if (2.3) holds.
(iii). If r is odd and s is even, and w (=, 1) satisfies (2.5),(2.6) and

m’n

Sk <i, 1) e (nm <i, 1)) , 9)
m’j m’n
k=1
then f € Ay if and only if (2.2) holds.

(iv). If v and s are all even , w (=, L) satisfies (2.5)-(2.8), then f € A% if and
only if (2.4) holds.

Now, we give some useful corollaries of Theorem C.
Corollary A. Assume that there are p1,v1 (u1,v1 > 0) such that {m”lw (%, %)}
and {n”lw (%, %)} are almost decreasing on m and n respectively, then
(i). If r and s are all odd, f € Ay, if and only if (2.1) holds.
(it). Ifr is even and s is odd, and there is a jiz (0 < po < 1) such that {m2w (L, 1)}
is almost increasing on m , then f € AY . if and only if (2.3) holds.
(iti). Ifr is odd and s is even, and there is avy (0 < vy < s) such that {n"?w (=, 1)}
is almost increasing on n, then f € AY if and only if (2.2) holds.
(). Ifr and s are all even , and there are pg,vs (0 < pg < 7,0 < v3 < s) such that
{m“%u (%, %)} and {n”3w (%, %)} are almost increasing on m and n respectively,

then f € Ay if and only if (2.4) holds.

Corollary B. (i). Ifr and s are all odd, andw(8,m) = 6°n® (0 < a < 7,0 < B < 5),
then f € AY s if and only if

n

Z erksajk =0 (mrfo‘nsfﬁ) .

j=1k=1

(i3). If r is even and s is odd, and w(d,n) = §°n° (0 < a < r,0 < B < s), then
f e Ay, if and only if

7,8
o0 n
Z Z kfajr = O (m™n*7F).
j=m k=1

(i4i). If r is odd and s is even, and w(d,n) = 6°n° (0 < a < 1,0 < B < s), then
I €AY, if and only if

Z ZjTajk =0 (mT_O‘n_ﬂ) .

j=1k=n
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(iv). If r and s are all even, and w(8,m) = §°7°(0 < a < r,0 < B < s), then
€AY if and only if

Z Z ajr =0 (m_o‘n_ﬂ) .
j=m k=n

Remark. When ‘O’ is replaced by ‘o’, and A¥_ is replaced by A%, , the cor-

T,8 T8

responding results still hold. When r = s = 2, our results also generalize the
corresponding results in [4].

3. AUXILIARY RESULTS

Lemma 1. When r =2m,m = 1,2..., we have
Z(—l)r_j (T) sink(z 4+ jh) = 2™ (cos kh — 1) sin k(x + mh). (10)
; J

When r =2m —1,m =1,2..., we have

" . h kh
> (=1 <T> sin k(z + jh) = 2™ (cos kh —1)™ ! cos k(x +mh — o)sin=—-. (1)
. J
J=0
Proof. First, we have (Méricz ([2])) for m =1,2,..., t € R, that

2m—1

Som-1:= Y _ (1) (2m . 1)6“””” =2"" cost — 1) (e — 1), (12)
i=0 J
and
2m m
Som = (-1)]‘( , >ei<mj>t = 2™(cost — 1)™. (13)

When r = 2m, by (3.4), we have

i(—l)“j (;) sink(z + jh) = Im i(_l)rﬂ' (’”) pik(atih)

=0 =0 J
2m 2m,
—Im (_1)j( . >ei(m—j)(—kh)ei(mkh+km)

= 2"(coskh —1)™Im (ei(mkth’”))
= 2™(coskh — 1)™ sink(z + mh),

which prove (3.1).
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When r = 2m — 1, by (3.3), we have

i(—l)r_j (;) sink(z + jh) = Im i(—l)r‘j (;) eik(z+ih)

j=0 j=0
2m—1 1
=1Im Z < > i(m—j)(—kh) gi(mkh+kz)
§=0
=2""(coskh — 1)™ 1Im (( ( —kh) _ (kw+mh))
— gm— (cos kh — 1) m (e (kx—kh+mkh) i(kx+mkh))
— 2m—1(cos kh — )m 1 (COS(kiC —kh + mkh) — COS(kKC + mkh))
h kh
= 2" (coskh — 1)m71 cosk(z +mh — 5) sin o
which prove (3.2). 0

Lemma 2. Ifw (%, %) satisfies (@), (7), then for any 6 > r,n > s,

implies

Lemma 2 can be proved in a way similar to that of Lemma 3.1 in [4].

Lemma 3. If w(L1,1) satisfies (8) and (@), then, for any 6 > r,n > s, (3.8)
implies (8.5)-(3.7).

Proof. Let M and N be integers for which 1 < m < M,1 < n < N, by Abel’s
transformation, we conclude that

m n m n N
.5 .
g Z] a”—z E (7 = (G = 1)" E a;; —n' E Qij
i=1 j=1 i=1  ji1=1 j=j1 j=n+1
n m
n—1 } :} : 5
S 77.71 ? azg
Jji=1 Jj=j1 i=1
n N m
n—1 .
= E njy E E (1§ — (i1 — 1)° E aij —m° E a;j
ji=1 j=j1 \i1=1 =11 i=m+1

<> il 12&?122%

Ji=1 =Jj1 1=11
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Letting M and N tend to oo, by (3.8), we have

which proves (3.5).
By Abel’s transformation again, we have

ZZ’L'(;CLZ'J'S : <Z(’L ’Ll—l Za”

’L‘lfl 1= ’Ll

which proves (3.6).
In a similar way to the proof of (3.6), we have (3.7).

i i i’a;; = O (mér i iI_lw(%, l))

Analogue to Lemma 3, we have the following lemmas.

Lemma 4. Ifw (=, 1) satisfies (@) and (@), then, for any § > r,n > s {I3) implies

n

(L), [8) and (7).

Lemma 5. If w (L, 1) satisfies (7), @), then, for any
(Z4), 13 and (7).

Remark 2. When ‘O’ is replaced by ‘o’, the corresponding results of Lemma

2-Lemma 5 still hold.

0 >r,n>s, (I0) implies
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4. PROOF OF THE THEOREM

Proof of Theorem A. Write m := [%} ,n = {ﬂ for given § > 0,1 > 0. Direct
calculations yield that

|A™(f 2,5 0,m)] = Zzajk

S

- () sinite -+ 0) 3o(-1 () sty + )

~7=0

o0 o0
< Z ajkeijw (1 _ eijé)r ciky (1 _ eikn)s
j=1k=1
oo 00 ]5 r k’l] s
r+s . JO . RN
<2 ;;aﬂc S 5 sin 5

T

By @) and (), we have

Sy < 2°6" Z Z jrajk =0 (w(57 77)),

j=1k=n+1
and
Sy <2 Y Y kag, =0 (w(5,m)),
j=m+1 k=1

respectively. Finally, by (@), we have

Sy < orts Z Z Qjk = 0 (w(67 77))

j=m+1 k=n+1

Combining all the above estimates, the proof of Theorem A is complete.

Proof of Theorem B. We prove the result by considering the following many
cases.

Case 1. r and s are both odd, say r = 2mg—1 for some mg = 1,2, ..., s = 2ng—1
for some ng =1,2,.... Since f € A¥_, by (3.2), there exists a constant C such that

.87

(A7 (s, 6| =2 ST g (1= cos j8) ™ (1= coshn) ™| x
j=1k=1

i (2 ) cons (2 (mo— 38 (2 ost (- (a5 )

<Cw(é,n), 0>0,n>0.
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Noting that f is uniformly convergent (due to (I)), we can integrate both sides
of the above inequality with respects to & on (—mgd, — (mo — %) d) and y on
(—=nom, — (no — 4) n) to obtain that

5k mo-3) <no—l)n
2(mo+no) ZZ 4k gi2mo 10 o ’7 V ’ A" (f5 2, y; 6, m)dxdy
ji=1k=1 mod —non
~(mo-4)s (i
S/ / | A" (fi2,y;0,m)| dedy
mod —non
(mo—%)s  p—non+n
< C/ / w(d,n)dzdy
mod —non
< Conw(d,n), 0>0,7>0. (18)
By using the well known inequality
2t T
int > — 0<t< = 19
sint > —, st g (19)

and (I8)), we obtain

27TL() 277,0
m0+n0)zz a]k ( ) (%) §C577w((5,77), 6>0,77>07

jlkl

where m := [%] ,N = [%] Hence,
szrk,sa]k _ (anSW (l, l)) ,
o et m'n

which proves Theorem B in the case when r and s are all odd.
Case 2. r is odd, s is even, say r = 2mg — 1 for some my = 1,2, ..., s = 2ng for
some ng = 1,2,.... Since f € A, by Lemma 1, there exists a constant C' such that

|A™S(f; 2,93 0,m)| =2m0tmo Z Zaﬂk (1 —cosj6)™ " (1 — cos kn)™

j=1k=1
] 1
sin <]§) cos j (:1: + (mo — §> 5) sink(y + 71077)‘
<Cw(é,n), 6>0,n>0.

By integrating both sides of the above inequality with respects to « on (—mgd, — (mo — %) J)
and y on (—ngn, —nen + 1), we have

0o oo k 7(m0*l)5 —non+n
92(mo-+no) Z > Lk n2mo L2 gin2not? 777: V 2 / A" (fix,y:6,n)dady
: k=1

—mod —non

0—* —non-+n
é/ / A (fr,y:6,1m)] dedy
m06 —non
(mo—2%)8  p—non+n
< / / w(6,n)dzdy
—non
< Cénw(d,n), d>0,n1>0. (20)
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By (4.2) and (I?III), we have

(], 5 2mo k 2no+2

Jj=1 k=1
where m := [%] ,n = [%] Hence,
35 it = 0 (e (1. 1),
j=1k=1 men

which proves Theorem B in the case when r is odd and s is even.

Case 3. riseven, s is odd. By similar discussion to Case 2, we see that Theorem
B holds in this case.

Case 4. r and s are both even, say r = 2my for some mg = 1,2, ..., s = 2ng for
some ng = 1,2, .... Since f € A¥_, there exists a constant C' such that

T,87

|A™5(f; 2, y;0,n)] =2m0tmo Z Z ajr (1 —cos j§)"™ (1 — coskn)"™ sin j(x + mod) sin k(y + non)
j=1k=1

oo o0

j k
—92(mo+no) Z Z ajk sin2mo 22 s' 2no 777 sin j(z + mod) sin k(y + non)
j=1k=1

<Cuw(d,7n), 6>0,n>0.

By integrating both sides of the above inequality with respects to x on (—mgd, —mgd+
) and y on (—non, —nen +n), we have

2(mo+mno) ZZL 2m0+2] 2n0+2 77 /
22T 5 ° s

—mod+0 —non+n
S N N
non

m05

mod+0o —non+n
< C/ / w(d,n)dzdy

mod non
< Conw(6,n), 0>0,n>0.
(21)

mod+0o —non+n
[ A s ey
non

By (4.2) and (2IJ), we have

2mo+2 2no+2
2(mo—+no) ZZ ik (J(S) (%) < Conw(é,n), 6>0,n7>0,

jlkl

330 (s (.0))
m n

which proves Theorem B in the case when r and s are both even.
We prove Theorem B by combining the results of Case 1-Case 4.
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Proof of Theorem C. (i) The necessity follows from Theorem B, while the
sufficiency follows from Theorem A and Lemma 2 (with § = r,n = s).
(ii) The necessity follows from Theorem B and Lemma 2 (with § = r + 1,7 = s),
while the sufficiency follows from Theorem A and Lemma 5 (with 6 = r,n = s).
(iii) The necessity follows from Theorem B and Lemma 2 (with 6 = r,n = s + 1),
while the sufficiency follows from Theorem A and Lemma 4 (with 6 =r,n = s).
(iv) The necessity follows from Theorem B and Lemma 2 (with § = r+1,n = s+1),
while the sufficiency follows from Theorem A and Lemma 3 (with 6 = r,n = s).

Proof of Corollary A. (i) If there are 1, v1 (p1,v1 > 0) such that {m"'w (£, 1)}
and {n”lw (m )} are almost decreasing on m and n respectively, then

S )

Jj=m

I
3
E
&
7N
3 |-
S|
N———
<
|
d
E

which implies (@).
Similarly, we have ().
Therefore, the result follows from (i) of Theorem C.
(ii) If there is y1p (0 < p2 < ) such that {m"2w (£,1)} is almost increasing on m,

then
B ()£ (-(0)

j=1
1 1
=0 M2 r—1l—ps
m w(nﬂn)§:j

Jj=1

Thus, the result follows from (ii) of Theorem C.

Similarly, (iii) and (iv) of Corollary A follow from (iii) and (iv) of Theorem C,
respectively.
Proof of Corollary B. Set
w (u,v) = u®v?, a,B > 0.

Then w (u,v) satisfies the conditions of Theorem C under assumptions of Corol-
lary B on the parameters «, 3. Therefore, Corollary B follows from Theorem C
immediately.
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