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(COMMUNICATED BY MARK AGRANOVSKY)

IVAN GATICA ARAUS, JOSEFA LORENZO RAMIREZ

ABSTRACT. In this paper we present a fixed point theorem for mappings de-
fined in an N-polygonal cone metric space. Some generalizations of fixed point
theorems for S-Kannan and S-Chatterjea contractive mappings on cone metric
spaces will be also shown. In these results the underlying cone metric space is
considered over a Banach space ordered by a normal cone.

1. INTRODUCTION AND PRELIMINARIES

After the extension of Banach Contraction Principle for contractions on vector-
valued metric spaces by Perov in 1964 ([21]), the notion of cone metric space over
an ordered Banach space (also called K-metric space) has been used as a natural
framework for proving useful fixed point theorems in the theory of differential equa-
tions (see [1], [7], [9], [19], [20] and [22]). For more information on this topic we
refer the reader to [23] and the bibliography therein.

Recently, from a paper by Long-Guang and Xian [I5] many authors have taken up
the question of the existence of fixed points for mappings satisfying some contractive
conditions in cone metric spaces (see [2], [8], [I1], [16] and [I8]).

Motivated by two recent papers on rectangular cone metric space ([2] and [16]),
we unify various results deal with generalizations of the Banach’s Contraction Prin-
ciple. On the other hand, we present a fixed point result for a S-Hardy-Rogers cone
contraction following some ideas from [I2]. Among other consequences we obtain
an extension of the well known Kannan fixed point theorem appeared in [§].

It is worth pointing out that in the above-mention papers it is usually required
the cone to be normal with nonempty interior. Last condition on the cone is very
restrictive, for example, the positive cone of the space of functions L; and the
positive cone of the space of sequences ¢, (1 < p < oco) have empty interior. We
emphasize that in our approach just a normality assumption is imposed on the cone.
Furthermore, we deal with a class of contractive mappings for which the constant
of contractiveness is replaced by a positive operator in the spirit of the papers [9]
and [23].
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Let (V,|| - ||) be a Banach space. A set K C V is called a cone if and only if:
(1) K is nonempty and K # {0y }.
(2) If o, € K and a,b € R, then aa + bB € K.
(3) Kn(=K)={ov}.

For a given cone K C V, we can define a partial ordering < with respect to K
by a < fif and only if 5 — a € K. We will refer (V,]| ]|, K) as an ordered Banach
space.

The following definitions relate the norm || - || with the cone K:

e The cone K is called normal if there exists a number A > 1 such that for
all a, 8 € V, Oy < a < § implies ||a|| < A||B]|- The least positive number
satisfying above is called the normal constant of K.

e The cone K is called closed if K is closed with respect to the topology
induced by the norm.

Definition 1.1. Let X be a set and di : X x X :(— K a mapping. We say that
dg 1s a cone metric, if for all x,y,z € X, one has

(1) di(2,y) =0y <z =y;

(2) di(z,y) = dk(y, @);

(3) di(z,y) < dg(z,2) + dk(2,).
The pair (X, dk) is said to be a cone metric space (CMS).

Example 1.2. Let X =V = L,[0,1] such that
K,={fe€Ly0,1]:0< f e.c.t}.
We define dg : L,[0,1] x L,[0,1] — K, such that
dx(f,9) = f —gl-

It is clear that dg is a cone metric.
The proof of the following lemma easily follows from the definition of cone metric.

Lemma 1.3. Let (X,dk) be a cone melric space over an ordered Banach space
(V| - ||, K) such that K is a normal cone with normal constant A. Then the
function D : X x X — [0,00) defined by D(z,y) = ||dk (x,y)|| satisfies the following
properties:

(1) Da,y) =0z =y,

(2) D(l‘,y) = D(y, ‘77);

(3) D(z,y) < A[D(z,2)+ D(z,y)] for all x,y,z € X.

Recently, M.A. Khamsi [I7] introduced the concept of a metric type space: for an
arbitrary set X, the pair (X, D) is called a metric type space if D : X x X — [0, 00)
is a function satisfying properties (1), (2) and (3) in the above lemma. Defining
a topology on this class of spaces, he obtained some metric and topological fixed
point theorems (see [I8]). However, it is worth pointing out that this definition of
D corresponds to the concept of quasi-metric and the pair (X, D) is called a quasi-
metric space in the literature. If (X, D) is a quasi-metric space then the topology in
X induced by D, is canonically defined by means of the theory of uniform structures.
The balls B(z,r) = {y € X : D(z,y) < r} for r > 0 form a basis of neighbourhoods
of z for the topology induced by the uniformity of X. This is a metric topology
since the uniform structure associated to D has a numerable basis (we refer the
reader to Chapter 8 in [10]). Therefore, a sequence {x, }nen converges to z in X,
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if lim D(z,,,2) = 0 and X is complete if every Cauchy sequence is convergent in X.
n

This fact suggests that many fixed point results proved in cone metric spaces do

not need full structure because they could follow by using the real valued function

D. However, this approach does not work in order to prove certain fixed point

theorems [§].

Example 1.4. Let (Q,%, u) be a positive measure space. For every 1 < p < oo
consider the Banach space X = L,(f2).
Define D : X x X — [0,+00) by

D(fag)Z/Q\f—glpdm f.g€ X.

Then D trivially satisfies properties (1), (2) in the above Lemma. Now take f,g,h €
X. Since p > 1, it is well known that

[ 1r=gr a2 (/ If—hl”du+/|h—g”du>7
Q Q Q

which means
D(f,9) <2°7'[D(f,h) + D(h, g)]-
Therefore D is a quasi-metric on X .

Concerning example and the concept of ”quasi-metric space” (which is called
in some paper b-metric space), it is worth to notice that several examples of quasi-
metrics (including example and some fixed point results in this framework are
given in [3], 4], [5], [6], and the references therein.

Following some ideas from [2] next we introduce a class of spaces including cone
metric spaces.

Definition 1.5. Let X be a set and dx : X x X :— K a mapping. We say that
dg is a N-polygonal cone metric, if for all x,y € X and for all distinct points
z1,29,---,2N € X, each of them different from x and y, one has

(1) di(z,y) =0y &z =1y;

(2) dK(wv y) = dK(y7 x);

(3) dr(x,y) < dr(w,21) +dr(21,22) + -+ +dr(2n-1,28) + dr (28, ).
The pair (X, dr) is said to be a N-polygonal cone metric space, Nyp-CMS for short.

If N =1 the pair (X,dk) is a cone metric space. The concept of 2-polygonal
cone metric space is referred in [2] as cone rectangular metric space. It is clear that
a cone metric space is a N-polygonal cone metric space, for all N > 2.

Example 1.6. Let X =N, (V,||-||) = (R%, || - ||) with ||a|| = /o2 + a2 and
K= {(0[1,042) Ly, Qg Z 0}
We define dig : X x X — K as follow:

(0,0) - if T =1y,
dr(z,y) =< (3a,3) :if xze{l,2}Aye{l,2}Ax#y,
(a,1) :4f (ze{l,2}cvye{l,2})Az#y.
with a € (0,00). Then di is a rectangular cone metric but it is not a cone metric
because it lacks the triangular property:

di(1,2) = (3a,3) > d(1,3) + dx (3,2) = (24, 2).
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From the definition of N-polygonal cone metric we can easily deduce the following
lemma.

Lemma 1.7. Let (X,dg) be a N,-CMS over an ordered Banach space (V,||- ||, K)
such that K is a normal cone with normal constant A. Then the function D :
X x X — [0,00) defined by D(x,y) = ||di (x,y)|| satisfies the following properties:
(1) D(z,y) =0z =y;
(2) D(x,y) = D(y,x);
(3) D(xay) < )\[D('Tazl) + D(Zl,Zg) +oee At D(ZN_l,ZN) + D(ZNay)] fO’I” all
distinct points z1, 2z9,...,2n € X, each of them different from x and y.

Given a N-polygonal cone metric space (X, dk ), the concept of sequence will be
the usual. We next define convergence and completeness.

Definition 1.8. Let (X,dk) be a N,-CMS over an ordered Banach space (V]| -
||, K) such that K is a normal cone, x € X and {zp}nen C X. We say that
{zn}nen converges to x in X, if lim D(z,,z) = 0. We write x,, — x to denote that

the sequence {x,}nen is convergent to x, that is,
Tp = < D(xy,z) = 0.

In general, for a N-polygonal cone metric space with N > 2, the uniqueness of
the limit of a sequence does not hold (see Example 1.6 in [16]). However, the limit
is unique for a convergent Cauchy sequence as we show below.

Definition 1.9. Let (X,dk) be a N,-CMS over an ordered Banach space (V|| -
||, K) such that K is a normal cone and {x,}nen a sequence in X. We say that
{zn}nen is a Cauchy sequence, if for every positive real number a, there exists
N € N such that for all n,m > N, we have that D(zy,zm) < a.

Next Lemma is a extension of Lemma 1.10 presented in [16].

Lemma 1.10. Let (X,dk) be a Np-CMS over an ordered Banach space (V, |||, K)
such that K is a normal cone with normal constant A and {x, }nen be a sequence in
X. If {xn}nen is an Cauchy sequence, such that satisfies the following conditions:

(a): Bz,ye X)(xp >z ANzpH > Y),
(b): AN eN)Y(n,m >N = 2p # T ATy T ATy 1Y),
then x = y.

Proof. Suppose {x,}nen is an Cauchy sequence satisfying conditions (a) and (b).
For all n > N we have

D(z,y) < AD(x;2n) + D(Tni1; Ent2) + -+ D(@ngn-1,9)]-
Taking limit as n — oo, we obtain D(z,y) = 0 and hence x = y. O
Definition 1.11. Let (X,dk) be a N,-CMS over an ordered Banach space (V|| -

|, K) such that K is a normal cone. Then X is called a complete N-polygonal cone
metric space, if every Cauchy sequence is convergent in X .

Finally, we recall some definitions and facts about positive operators.

Definition 1.12. Let (V, K) be an ordered vector space and Q) : V' — V an operator.
We say that

(1) Q is positive if Q(K) C K.
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(2) Q is monotone non-decreasing if for all a, 8 € V such that f —a € K,

then Q(8) — Qo) € K.

It is clear that every linear positive operator is monotone non-decreasing.

Lemma 1.13. Let (V,||-||, K) be an ordered Banach space such that K is a normal
cone with normal constant A and QQ : V. — V be a linear positive operator. If
[|Q™(a)|| = 0 for « € K — {0y}, then Q(a) —a ¢ K — {0y }.

Proof. Consider o € K—{0y } such that ||Q™(«)|| — 0. Suppose that Q(«)—« € K,
that is @ < Q(«). Since @ is a linear and positive operator we have that o« < Q™ («)
for all n € N. Hence [|af|] < A||Q™(«)|] for all n € N. Taking limit as n — oo we
have ||a|| = 0, and so @ = 0y which is a contradiction. O

In the sequel we shall use the following notation:
e BT(V)={Q:V — V/Q is a positive bounded linear operator }.
o [1Qllo = sup{l|Q()[| : v € V; [[]| < 1}.

2. FIXED POINT THEOREMS FOR GENERALIZED CONTRACTION

In this section we present an adaptation from classical Banach Contraction Prin-
ciple for generalized contraction on N-polygonal cone metric spaces.

Theorem 2.1. Let (X,dk) be a complete N,-CMS over an ordered Banach space
V-, K) such that K is a normal cone with normal constant A and T : X — X
be a mapping. If for all x,y € X we have that

(x) dx(Tz,Ty) < Q(dk(z,y)),

where Q € BT(V) and 377 [|Q™]|o < o0, then T has a unique fized point z* in X.
Moreover, the iterative sequence x, = T"xy converges to x* for any initial point
xg € X and one has the following estimation:

dic(zn,2*) < Q"I — Q) (dk (w0, Twp)).

Proof. Take any point zg € X such that dg (zo, Txo) € K — {0y} and consider the
sequence {z,}52, C X given by 1 = T'zo, 22 = T?xg,..., n = T"xy. From the
assumption (x), we have that

dic (w1, 2) = dg (T, T?x0) < Q(dk (w0, 21)),

di (z2,m3) = di (T?w0, T?x0) < Q(di (21, 72)),
and
A (T, Tpg1) = dg (T 20, T 10) < Qdi (T—1,0)),
for all n > 1. Since @ is monotone non-decreasing it follows that, for any n € N,

di (xpn, Txy) < Q"(dx (xo, Txo)).
Now, we will show that x,, # x( for all n € N. Suppose that there exists n € N
such that z; = xg, then

dK(£U07T£C0) = dK(fL'ﬁ, T(Eﬁ) S Qﬁ(dK(xo,Txo)).
Therefore, 7 = dg (z9, Txg) € K — {0y} and Q™(r) —r € K. On the other hand,
since > 7, ||Q™[|o < oo, we can apply Lemma to the operator Q™ to get a
contradiction.

We proceed to prove that T has a fixed point by dividing the proof into two
cases.
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(Case a): Suppose that x,, = x,, for some n,m € N such that 1 < n < m,
that is T"xg = T™xg. If we define yo := T"xo we have that yo = T yg where
s =m —n > 1. Therefore, we obtain

di (Y0, Tyo) = dx (T*y0, T*yo) < Q°(di (yo, To)).

Letting s — oo, in view of Lemma we must have dg (yo, Tyo) = Oy and yp is
a fixed point of T'.

(Case b): Assume that x,, # x,, for all n,m € N such that n # m. Using
N-polygonal property (3) and by definition of T we have that,

dK(LU(),TNl‘o) < dK(.%'o,T.%‘Q) + dK(T.rQ,TQSC()) + -+ dK(TN_2w07TN_1.’L'O)
+dK(TN_1a:0, TN+1.’EQ) + dK<TN+1JJ0, TNl‘o)

ST +Q+-+QN)(dk (0, Txo)) + QN (dk (w0, T?x0))
+QN (dk (o, Txo)).

Hence

N
dic(zo,on) < T+ Q+---+ Q) (Z dK(xOJci)) .
i=1
Similarly we obtain

di(vo,on+1) < T+ Q4+ -+ QN)(dk (w0, 21))
N
<T+Q++QY) (ZdK(xo,xi)>,
=1
and
dic(zo,xn) < +Q+ -+ QN ") (dk (w0, 21)) + QN (dk (20, 1))

N
<T+Q+--+QM) (ZdK(fo,l‘z’)>,

for any 1 € {2,...,N}.
In the same way, for [ = 1,--- ;N we have that

di(®o,zan+1) <+ Q4+ + Q>N Ndk(xo, 1) + Q*N (d(z0, 1))

N

=1

Continuing this process, we get for each k € Nand [ € {1,...,N}

N
di (xo, zen 1)< (T +Q + -+ Q™) (Z dx (o, xi))
=1

It is clear that for any p € N there exist k € NU {0} and | € {1,2-,-,-, N} such
that p = kN + [. From the above we obtain

N
dK(l‘o,.Tp)S (I + Q 4+ -+ QkN) <Z dK(Z‘o,l‘i)> .
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In particular

N
dK(l‘o,l‘p)S (I+Q++QP) <Zd}(($o,$z)>

Let n,p € N. From above we have

(#%) di (Tn, Tnip) = dg(T"wo, T Pxo)
< Q™(dx (20, TP0))
<Q" ( ;;:0 Q]) (Zil dK(xo,xi)) .

Now, we apply the normality of the cone to get

[e'S) N
[l (T, Tntp)l] = D(@n, Tntp) < A|Q™|[o Z Q1o <ZD(m0awi)>-
§=0 i=1

Letting n — oo we conclude that {z,}nen is a Cauchy sequence. Since X is
complete, there exists * € X such that T"zy — x*.

We shall now show that T'z* = z*. Without any loss of generality, we can assume
Trxg # x* and T"xg # Tx* for all n € N. Therefore, since T"xy # Tz for all
n,m € N such that n # m, we obtain

dg(z*,Tx*) <dg(z*,zpt+1) + drx(Tnt1, Tnt2) + - + dx(TnaeN_1, TntN)
+dK(l‘n+N,T$*)

<(Q "+ QM4+ QN (dk (20, 1))+
dK<.’17*, -rnJrl) + Q(dK(anerla .’L’*))

= (Q" o W)(dk(x0,21)) + dr (z*, Tpt1) + Qdr (TpiN—1,2%)),
where W = (Q + Q2+ --- + QN ~1). Thus,

D(z*,Tz") < M(Q" o W)(dk (x0,21)) + di (2%, Zns1) + Qdi (Tnin-1,27))|
S MRl WlloD(o, 1) + D(2*, 2ng1) + Q|0 D(2ngn—1,77)).

It is clear that D(z*,z,) — 0 and ||Q™||, — 0, therefore D(a*,Tx*) = 0. Hence
Tx* =x*.
In addition, letting p — oo in (xx) we get

oo N
di(zn,2") Q" | Y Q) (Z dK($0,$i)> = Q"(I = Q)" (dx (o, Tx0)).
=1

Jj=0

Uniqueness: Suppose that 2* is not a unique fixed point of 7. That is, there
exists y* € X such that z* # y* and Ty* = y*. Since z* # y* then di(z*,y*) €
K — {0y} and

di(z*,y") = dg (Tz", Ty") < Q(dx (z",y")).

Therefore there exists r = dx (z*,y*) € K — {0y } such that Q(r) —r € K which is
a contradiction by Lemma [T.I3] We conclude that z* = y*.
(]
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It is easy to prove that lim (||Q"[|o)"™ = inf{(||Q"||,)*/™ : n =1,2,...}. Thus
n—roo
the series 3.7 ||Q"||, converges if and only if lim (]|Q"[|,)*/™ < 1. As a conse-
n— oo

quence we can formulate the following corollaries.

Corollary 2.2. Let (X,dk) be a complete N,-CMS over an ordered Banach space
V- N, K) such that K is a normal cone with normal constant A and T : X — X
be a mapping. If for all x,y € X we have that

where Q € BY(V) and li_>m (||Q"||o)1/" < 1, then T has a unique fixed point in X .

Corollary 2.3. Let (X,dk) be a complete N,-CMS over an ordered Banach space
(V|- II, K) such that K is a normal cone with normal constant X and T : X — X
be a mapping. If for all x,y € X we have that

where Q € BT (V) and ||Q||o < 1, then T has a unique fized point in X.

Since a rectangular metric space is a 2-polygonal cone metric space, we obtain
the following consequence.

Corollary 2.4. ([2]) Let (X,dk) be a complete rectangular cone metric space over
an ordered Banach space (V|| - ||, K) such that K is a normal cone with normal
constant A > 1 and T : X — X be a mapping. If for all x,y € X we have that

where k € [0,1] is a real constant. Then T has a unique fized point in X.

3. FIXED POINT THEOREMS OF S-KANNAN AND S-CHATTERJEA CONE
CONTRACTIVE MAPPINGS

We begin this section with a more general definition of S-Hardy-Rogers contrac-
tion than that from [I2], in order to obtain some news fixed point results on cone
metric spaces.

Definition 3.1. Let (X,dk) be a CMS over an ordered Banach space (V,|| -], K)
and S,T : X — X two mappings. We say that T is a S-Hardy-Rogers cone
contraction, if there exists {Q;}2_; C BT(V) with 2?21 [|Qillo < 1 such that for
all x,y € X we have

di(STz,STy) < Qi(dk(Sz,5y)) + Qa2(dk (Sz,5Tx)) + Q3(dk (Sy, STy))

+Q4(di (Sz,STy)) + Qs(dx (Sy, STx)).
In particular, if
(1) Q2=Q3=Q4= Q5 =0, then T is a S-Banach cone contraction;

(2) Q4= Q5 =0, then T is a S-Reich cone contraction;
(3) Q1 =Q4 =Q5 =0, then T is S-Kannan cone contraction;
(4) Q1 = Q2 =Q3 =0, then T is S-Chatterjea cone contraction,
where © is the null operator.

If we put in the previous definition S = Id, (X, dk) a metric space, and @Q;(a) =
a;a where a; > 0 such that Z?:1 a; < 1, we have that T is a Hardy-Rogers
contraction (see [14]).
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Example 3.2. Let V = C([0,1]), K = {f €V : f >0}, X =R and dg :
X x X — K defined by dx (z,y) = |x —ylet, where et € V.. Then (X,d) is a cone
metric space. We consider the functions S,T : X — X defined by Sz = i + 2
and Tx = 3z. Obviously, T is not a cone contraction but it is a S-Banach cone
contraction from the following:

Ly
_ 6y|e
Example 3.3. Let V =C([0,1]), K={feV:f>0}, X =Randdg : X xX —
K defined by di(z,y) = |z — ylet, where e® € V. Then (X,dk) is a cone metric
space. We consider the functions S,T : X — X defined by Sz = 22 and Tx = 5
Then

1 1 1
di(STx,STy) = |STx — STyle' = |6—x = §|Sx — Syle! = gdK(Sx,Sy).

2 2
di(STx,STy) = |STx— STyle' = r

IN

[|Sx — STx| + |Sy — STyl €'

W =

1
< 3 [di (Sz,STz) + dr (Sy, STy)].

Therefore T is a S-Kannan cone contraction but, it is easy to see that it is not
a Kannan contraction. Moreover, it is not difficult to show that T is besides a
S-Chatterjea cone contraction.

Definition 3.4. Let (X,dk) be a CMS over an ordered Banach space (V,|| -], K)
and S : X — X a mapping. We say that:

(1) S is a sequentially continuous mapping, if for all sequence {xy, }nen in
X, such that x,, — x* then Sz, — Sz*;

(2) S is a sequentially convergent mapping, if for all sequence {x, }nen in
X, such that Sx,, — x* then there exists y* € X such that x,, — y*.

Our main result requires the following lemma.

Lemma 3.5. Let (X,dk) be a CMS over an ordered Banach space (V,||-]|, K) such
that K is a normal cone, {xy tnen a sequence in X and x* € X. If dg(zp,2*) = 0,
then for all y € X dg(xn,y) = dx(z*,y).

Proof. Suppose that di (z,,2*) — 0 and let y € X. By triangular inequality for
di we have

—di (Tn,2") < dg (Tn,y) —dr (2", y) < dg(2n,2"), Vn e N.
Since K is a normal cone, we may apply Theorem 1.1.1 of [I3] to obtain
||dK(‘xn7 y) - dK(:C*, y)” -0,
that is, di (zn,y) = dr(z*,y). O

Theorem 3.6. Let (X,dr) be a complete CMS over an ordered Banach space
(Vo |-1l, K) such that K is a normal cone with normal constant A and S, T : X — X
two mappings, such that T is a S-Hardy-Rogers cone contraction. Then

(1) For all xg € X, {ST"xo}nen is a Cauchy sequence.

(2) There exists x* € X such that ST™zq — x*.
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(3) If S is one to one, sequentially continuous and sequentially convergent,
then there exists a unique y* such that Ty* = y* and for every xo € X, the
sequence {T™xg}nen converges to y*.

Proof. Let xy € X. We consider the sequence {x,}neny C X such that zy = T,
29 = T%x0,..., Ty = T"2¢ and dg (w9, Tzo) € K —{0y }. It is clear that z,, 41 = Tx,
for all n € N. Since T is a S-Hardy-Rogers cone contraction, we have the following

dK(SJ?l, S]Jg) = dK(STxo, ST$1)

< Qi(dx(Szo,S71)) + Q2(dK (ST0, ST70)) + Q3(dK (S21, ST'21))
+Q4(dx (Sxo,STx1)) + Q5(dr (Sx1, STx(0))

< Qui(dr(Swo, Sw1)) + Q2(di (S0, S21)) + Q3(dK (S21, ST2))
+Qua(dr (Szo,S21)) + Qa(dK (S11, S22)),

because Q4 € BT(V) and Q5(dk (Sz1,Sz1)) = Oy. Therefore
I — Q3 — Qu4](dr (Sz1,S22)) < [Q1 + Q2 + Qu](dr (Szo, Sx1)).
Also
di(Sxe,St1) =dg(STx1,STxo)

< Qi(dg(Sz1,8%0)) + Q2(dr (Sz1, STx1)) + Q3(dx (Szo, STx0))
+Qu(dK (Sr1,ST20)) + Q5(dK (S0, ST71))

< Qu(dk(Sz1,520)) + Qa2(dk (S1, S22)) + Q3(dK (S0, S71))
+Q5(dk (S0, S71)) + Q5(dK (Sz1, S712)),

that is
[ — Q2 — Q5](dK (Sx2, S21)) < [Q1 + Q3 + Qs5](dK (Sz1, S70)).
Thus
2] —Q2—Q3—Q4—Q5)(dx (Sx1, S2)) < [2Q1+Q2+Q3+Q4+Qs](dk (Sxo, S11)).
If we put W :=[21 — Q2 — Q3 — Q4 — Q5] ' 0 [2Q1 + Q2 + Q3 + Q4 + Qs], then
di (Sx1,Sze) < W(dk(Sxo, Sx1)),

which implies that
D(Sl‘h SJZQ) S )\HWHOD(Sxo, 5.231)
On the other hand,

dK(SIL’Q,SI‘g) :dK(ST.’El,STﬂ'JQ)

< Qu(d(S71,8%2)) + Q2(di (Sw1, ST21)) + Qs(dk (Swa, STx2))
+Q4(dK(S$1, ST%‘Q)) =+ Q5(dK(S$2, STxl))

< Qu(dk(Sz1,822)) + Qa2(dik (S1, S72)) + Q3(dK (S72, S73))
+Q4(d[((5$1, Sl’g)) =+ Q4(dK(SfE2, S:L’g))

Hence

[I — Q3 — Qu](dr (Sz2, Sx3)) < [Q1 + Q2 + Qu](dr (Sz1, Sx2)).

Also we have
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dK(S.Tg7 S.’EQ) = dK(ST.’L'Q, ST.’El)

IN

Q1(di (Sr2,S21)) + Q2(dk (Sx2, STx2)) + Q3(di (Sx1,STx1))
+Qa(dx (Sz2,STx1)) + Q5(dK (S71, STT2))

< Quldk(Sz2, Sx1)) + Q2(dk (S22, S73)) + Q3(dK (S71, 572))
+Q5(dK(S.I1, ng)) + Q5(dK(SJJ2, ng))

By symmetry of dx, we have

[l — Q2 — Qs](dk (Sw3, Sx2)) < [Q1 + @3 + Q5](dk (Sw2, S71)).
Thus
dic(Sx,Sxs) < W(dg(Sz1,S22)) < W?(dg (S0, S21)),
Following the above reasoning we obtain
dr (S, Stpy1) < W"dg (Sxo, St1),

for all n € N.
Given R € B*(V) notice that if ||R||, < 1, then there exists [ — R]~! and

1
I - R, < TR Also, if Q € B(V) such that there exists Q~!, then for

1 -1
all k € R, [kQ]™* QT and |[[kQ] Y| = w Take in to account these
facts we proceed as follows.

Denote by R := @2 Qs er Q1+ Cs and J := 2[Q1+R]. Thus W = [2[[-R]] 1o

[J]. Tt is clear that ||R||, < 1, because Z?Zl [|Qillo < 1. Therefore there exists
1
[[—R]™', in consequence there exists [2[[—R]]~* and ||[2[I — R]] ™|, < SR,
Hence :
Wllo < [112l1 = R~ Hloll/1]o
[1/1]o
— 2= 2[Rl

_ |12@1 4+ Q24+ Q3+ Q4+ Qsllo
2—[|Q2+ Q3 + Qs+ Qslo

< 20@ulo +[1Q2llo + [1Qslo + [|Qallo + 1Qsllo _
T 2 [Q2llo = [1Qs]lo — | Qallo = 11@5]l

because Zle [|Qillo < 1. We next prove that {Sxz, }nen is a Cauchy sequence. For
each m > 1 we have

L,

A (STpn, STpim) < dg(STpn,STni1)+ dr(STpy1,STpyo)+---
R dK(Sl'nerflv S$n+m)]

< (Wn+ wntl L4 W”""’”_l)dK(SIO, Sx1).

Hence
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D(Sxn, Songm) < A([WII5 + W[5+ + [[W[5T™ 1) D(Swo, Sa1)]
< AWIRIA+[Wlo + -+ + WG + -+ ) D(Swo, Sz1)]
= 7)\HWHZ D(Sxo le)
1= [[Wllo ’
Therefore, D(Sx,, SZpim) — 0 as n — oo, hence { Sz, }nen is a Cauchy sequence.
Since X is complete, there exists z* € X such that Sz, — x*.

Proof of (3) Suppose that S is one to one, sequentially continuous and sequen-
tially convergent mapping. Since Sx,, — z*, there exists y* € X such that x,, — y*
and it must be the case that Sx,, — Sy*. Therefore Sy* = x*. We first show that
Ty* =y*.

For each n > 1

di (STy", Sy*) < dx (STy", Szn) + di (Szn, Sy*).
We observe that
di (STy*,Sxy,) =di(STy*,STx,_1)

< Q1(dk (Sy*, Swp-1)) + Q2(dk (Sy*, STy"))
+Q3(dx (Szn—1,57,)) + Qu(dx (Sy*, Szn))
+Q5(dr (Szp—1,STy*)).

‘Which implies
I — Q2 — Qs](dx (STy*, Sy*)) < dr(Szy,Sy*) + Q1(dx(Sy*, Stn_1))

+Q3(dK(Smn—17 Szn)) + Q4(dK(Sy*a an))
+Q5(dx (Szy—1,STyY*) — d (STy*, Sy*)).

Hence
dg (STy*,Sy*) <[ — Q2 — Q5] (dx(Szn, Sy*) + Q1(dx (Sy*, Szp_1))

+Q3(dr (Sxn—1,52,)) + Qa(dx (Sy*, Szy))
+Q5(dx (Szn—1,STy*) — dx (STy*, Sy*)))-

[|dx (STy*, Sy*)|| = D(STy*, Sy*)
< M = Q2 — Qs M I|di (S, Sy*) + Q1(di (Sy*, Szn_1))

+Q3(dr (Sxp_1,57,)) + Qa(dx (Sy*, Szy))
+Q5(dx (Szp—1,STy*) — dx (STy*, Sy*))l|

IA

AN = Q2 = @s]HI[D(Szn, Sy*) + [|Qu]|oD(Szn—1, Sy*)
+|Qsl[oD(Szn—1, 52n) + [|Qallo D(Szn, Sy*)
+Qsllolldx (Szn—1, STy*) — dx (Sy™, STy")|].

Denote by € := D(STy*, Sy*), an, := D(Sx,, Sy*), b, := A|[W||"D(Sxzo, Sz1)
and ¢, = ||dg (Sxn, STY*) — dx(Sy*, STy*)||. Thus

e <A = Q2 = Q5] lllan + [|Q1lloan—1 +1Qsllobn-1 + [|Qalloan + [|Qs]locn—1].

It is clear that a,,b, — 0 as n — oco. On the other hand, by Lemma [3.5| we have
¢n — 0 as n — oo. Thus, D(STy*, Sy*) = 0. This fact implies STy* = Sy*, and
from the injectivity of S it follows that Ty* = y* .

We shall show that y* is the unique fixed point of T'. Suppose that there exists
another z* € X such that Tx* = z* and z* # y*. Hence, from the injectivity of
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S we get di(Sx*, Sy*) € K — {0y }. Applying that T is a S-Hardy-Rogers cone
contraction, we have that

dg(Sz*, Sy*) = d(STz",STy")

< Q1(dg(Sz*,Sy*)) + Q2(di (Sz*, STx*)) + Q3(dk (Sy*, STy*))
+Q4(dg (Sz*, STy*)) + Qs (dx (Sy*, STx*)).

= [Q1 + Q4 + Qs](dx (Sx*, Sy*)),

which is a contradiction by Lemma [[.13] Therefore y* is the unique fixed point of
T and the proof is complete.
U

Taking Sz = x in the above theorem, the conditions Q2 = Q3 = Q4 = Q5 = O
yields Banach’s fixed point theorem, while Q1 = Q4 = Q5 = O yields Kannan’s
fixed point theorem and @1 = Q2 = @3 = © yields Chatterjea fixed point theorem
in the context of cone metric spaces.

Corollary 3.7. Let (X,dk) be a complete CMS over an ordered Banach space
V- 1|, K) such that K is a normal cone and T : X — X be a mapping. If for all
z,y € X we have that

dK(va Ty) < Q(dK(xa y))v
where Q € BY(V) and ||Q||, < 1, then T has a unique fized point in X.

Corollary 3.8. ([8]) Let (X, dk) be a complete CMS over an ordered Banach space
(V|| - 1], K) such that K is a normal cone. If T is a self-mapping on X such that

dg (Tx, Ty) < Q(dk (x, Tx)) + R(dxk (y, Ty)),

for all z,y € X, where Q,R € BT(V) and ||Q||o + ||R||o < 1, then T has a unique
fixed point in X.

Corollary 3.9. Let (X,dk) be a complete CMS over an ordered Banach space
V- I, K) such that K is a normal cone. If T is a self-mapping on X such that

dg (Tz, Ty) < Q(dk (x, Ty)) + R(dk (y, Tx)),

for all z,y € X, where Q,R € BT (V) and ||Q||o + ||R||o < 1, then T has a unique
fixed point in X.
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