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ABSTRACT. Recently, Lal [9] has determined the degree of approximation
of function belonging to Lip o and weighted classes using Product C1. N,
summability with non-increasing weights{pn }. In this paper, we determine the
degree of approximation of function f, conjugate to a 2m-periodic function f
belonging to Lip (€ (t), r)—class using semi-monotonicity on the generating se-
quence {pn} with proper set of conditions. Few applications of approximation
of functions will also be highlighted.

1. INTRODUCTION

The method of summability considered here was first introduced by Woronoi
[20]. Summability techniques were also applied on some engineering problems like,
Chen and Jeng |3] implemented the Cesaro sum of order (C,1) and(C, 2), in order
to accelerate the convergence rate to deal with the Gibbs phenomenon, for the
dynamic response of a finite elastic body subjected to boundary traction. Chen et
al. [2] applied regularization with Cesaro sum technique for the derivative of the
double layer potential. Similarly, Chen and Hong [1] used Cesaro sum regularization
technique for hyper singularity of dual Integral equation.

The degree of approximation of functions belonging to Lip o, Lip (v, r), Lip (£(¢), )

and weighted classes by Norlund (N,) matrices and general summability matrices

has been proved by various investigators like Govil [5], Khan [7], Qureshi [18], Mo-
hapatra and Chandra |15], Leindler [§], Rhoades et al. [19], Guven and Israfilov

[4] and Mishra et al.[[10]-[12]]. Here, Lal [9] has assumed monotonicity on the
generating sequence {p,} to prove their theorems.

The approximation of function ]7, conjugate to a periodic function f € Lip (§(¢), r) (r > 1)
using product (C’l . Np) — summability has not been studied so far. In this paper,
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we obtain a new theorem on the degree of approximation of function f, conjugate
to a periodic function f € Lip(£(¢t), r) (r > 1) — class using semi-monotonicity
on the generating sequence {p,} and a proper set of the conditions.

Let .2, a, be a given infinite series with the sequence of n'" partial sums {s,}.
Let {p,} be a non-negative sequence of constants, real or complex, and let us write

Pn=Zpk7$O Yn>0,p.1=0=P_j;and P, — ccasn — c0.
k=0

The sequence to sequence transformation ¢ = E::O Dn—vSy/P, defines the
sequence {tﬁ] } of Norlund means of the sequence {s,,}, generated by the sequence
of coefficients {p,} . The series Y7, a, is said to be summable N,, to the sum s
if lim t) exists and is equal to s. In the special case in which

O R e H

The Noérlund summability N, reduces to the familiar C“ summability. The product
of C' summability with a N, summability defines C'. N,, summability.

Thus the C!. Nymean is given by t§V = %_H E;zoPglzﬁzo Pk Sy . If
t&N — s as n — oo then the infinite series Y. 7 a, or the sequence {s,} is

said to be summable C*. N, to the sum s if lim ¢S5 exists and is equal to s.
n — o0

Sn = 8 = Np(sp) =t = P> (pn_vsy = s, asn — oo, N, method
is regular,

= CY(N,(sn)) = t§N — s, asn — oo, C' method is regular, = C'. N,
method is regular.

Let Lo, be the space of all 27- periodic and Lebesgue integrable functions over
[—7T, 7T].
Then the Fourier series of f € Lo, at x is given by

F(x) ~ % + 3 (ancos x + by sinnz) = > Ay () (1.1)
n=1 n=0

with n'* partial sum s,(f; ), where a,, and b,, are the Fourier coefficients of f.
The conjugate series of Fourier series is given by

oo

Z (bn, cosnx — ap sinnx) Z B, (z). (1.2)

n=1 n=1

A function f(z) € Lipaif | f(x +t) — f(z)|=O0(|t|") for 0<a <1, t>0and

Fla) € Lip (o, ), [7] for 0 2 < 2m,if | fo+1) = F@) |, = (J& | o+ ) — f(a)| )
o(t™), O0<a<l, r>1,t>0.
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A signal f(x) € Lip(&(t), r) if
1/r

27
|f($+t)—f(I)IT—</O If(x+t)—f(x)lrdx> —0(EW). r21, t>0,

If £(t) = t™ then Lip (£(t), r) class coincides with the class Lip(a, r) and if r —
oo then Lip(ca, r) reduces to the class Lip a.
Thus, we observe that

Lip(&(t), ) g(t)—:;fa Lip(a, r) = Lipafor0<a <1, r>1, t>0.

Loo- norm of a function f : R — Risdefined by || f| = sup {|f(z)| : z € R}.

L,- norm of a function is defined by [|f]| , = (f02 Tf(@)|" d;v) l/r, r>1.

The degree of approximation of a function f : R — R by trigonometric poly-
nomial ¢, of order n under sup norm || || is defined by ([21]) ||t, — f|. =
sup {|tn (x) — f(z)| : * € R} and E,(f) of a function f € L, is given by
E,(f) = min || t, — f|,. The conjugate function f(x) is defined for almost ev-
ery z by !

f(a:)——%/oﬂw(t) cott/2dt = hhin (—i/};dj(t) cott/2dt>.

0 27

We note that ¢and ¥ are also trigonometric polynomials of degree (or order)
n.

Abel’s Transformation: The formula

n—1

Z Uk Ve = Z Uk(vk—vkle)—Umfl’Um—FUn’Un, (13)
k=m k=m

where0 < m < n, Uy = ug + u1 +us +....+ug, ifk > 0, U_1 = 0, which can
be verified, is known as Abel’s transformation and will be used extensively in what

follows. If vy, Uy 41, ..., Un are non-negative and non-increasing, the left hand side
of (1.3) does not exceed 2 vy, mat | Uk| in absolute value. In fact,
m—1<k<mn

n
E Uk Vg

k=m

n—1
< maz | Uy | { Z (Vk — Vg4+1) + Um + vn}

k=m

= 20, maz |Ug| . (1.4)
We write throughout ¢ (t) = f (z +t) —2f(x)+ f(zx — 1),

n k
1
”n: § P71 E 1 v — Pv—-1]1,
271'(71"—1) k=0 y y:O(V+ )|p P 1|

n k
- 1 _ cos(k —v+1/2)t
J(n,t) = ——— P! v 1.5
()= o T D kz_o k UZ::OP sint/2 (15)
T = [1/t] , where T denotes the greatest integer not exceeding 1/t. Furthermore, C

denotes an absolute positive constant, not necessarily the same at each occurrence.
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2. MAIN THEOREM

It is well known that the theory of approximations i.e., TFA, which originated from
a well-known theorem of Weierstrass, has become an exciting interdisciplinary field
of study for the last 130 years. These approximations have assumed important
new dimensions due to their wide applications in signal analysis [16], in general
and in Digital Signal Processing [17] in particular, in view of the classical Shannon
sampling theorem. Mittal et. al.

([[13], |14]]) have obtained many interesting results on TFA using summability
methods without monotonicity on the rows of the matrix T: a digital filter.

Broadly speaking, signals are treated as functions of one variable and images are
represented by functions of two variables. But till now, nothing seems to have been
done so far to obtain the degree of approximation of conjugate of a function using
C'. N, product summability method of its conjugate series of Fourier series.

Therefore, the purpose of present paper is to establish a quite new theorem on
degree of approximation of a function f (z), conjugate to a 27— periodic function
[ belonging to Lip (£(t), 7), (r > 1)— class by C'. N, means of conjugate series
of Fourier series using semi-monotonicity on the generating sequence {p,}and a
proper set of conditions. We prove

Theorem 2.1. If f (x) ,conjugate to a 2w — periodic function fbelonging to Lip (£(t), 1)
class, then its degree of approzimation by C'. N, means of conjugate series of

Fourier series (1.2) is given by
_ 1/2r 1
=0 <(n) § (—71)) : (2.1)

provided {py} satisfies the

~N ~
SN —f

W, < C, (2.2)
and & (t) satisfies the following conditions: { (t)/t} is non-increasing in
"t (2.3)

([ a) o0 e

n _ . 1/r
([ () o). e

where § is an arbitrary number such that s(1—38)—1>0,rt4+st1=1 1<r<
oo, conditions (2.4) and (2.5) hold uniformly in x.

Note 2.2. & (%) <m¢ (ﬁ) , for (\/Lﬁ) > (ﬁ)
Note 2.8.  Condition W,, < C = np, < CP,, ([6]).

Note 2.4. The product transform C*. N, plays an important role in signal theory
as a double digital filter [10] and theory of Machines in Mechanical Engineering
10].

/
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We need the following lemmas for the proof of our theorem:
Lemma 3.1. ‘j(n,t) =0][1/t] for 0 <t <m/y/n.

Proof. For0 <t <7/y/n, sin(t/2) > (t/7) and |cosnt| < 1.

- - cos(k —v+1/2)t
t =
’J("’ )‘ 27 (n + 1) z:: Z sint/2

v=20

n k
1 _ |cos (k —v+1/2) ¢
< — p! v
D PV p |sint/2|

IN
[\v]
o~
3
+
Z
?T'3
o
|
-
<
Il
)
bS]
<

This completes the proof of Lemma 3.1.

Lemma 3.2. Let {pn} be a non-negative sequence and satisfies (3.2), then
‘j(n,t)’ =0(r)+ 0O (%) (ZQZTPgl Zf;lo |Ap, |) uniformly in
0<t<m. (3.1)

Proof. We have

n k
- 1 cos(k —v+1/2)t
ty=m ——
T (1) 27 (n + 1) k;) g sint/2

= " cos(k —v+1/2)t
- n—i—l <Z+ Z) g smt/2

say,
where

T—1 k
1 _ cos(k —v+1/2)t
> pit 3w

Amd| = [
‘ 1 (1) 27 (n + 1) = sint/2

v=20

T—1 T—1

k
1 _ |cos (k —U+1/2)t| 4
P! v P v
2 Py ) p [sint/2 = 5 n+1 Z Zp

_27T(n+1) k=0 v=20 v=20

and using Abel’s transformation and sin (¢t/2) > (t/n) , for 0 <t < 7, we get

n k
1 _ cos(k —v+1/2)t
- - p1 y
27 (n + 1) kz:; k UZ P sint/2

=0

‘jg (n,t)‘ =
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1 n B k—1 v
< m I;P kl {v¥0|Apu| ‘(;()COS(/{ —’y—|—1/2)t> ‘

k

+ (Zcos(k—’y—i—lﬁ)t) pk}
=0

ot i = A -
7’L—|—1 ZT Z| pu| + Z k Pk

v=0 k=1

by virtue of the fact that Y }'_ \ exp (—ikt) = O (t7') ,0< A < k < p.
72 - =l k
5 _ —1
‘Jg(n,t)‘—O((n+1)> <];Pk z:: |Ap,| + Z—;Pk pkk>
k-1
B 1 n+1)
—0(n+1)<ZP > 18p] )

o k—1
—0(r) +0 ( n+1) ZP 1Uz::0|Apu :
}Jg(n,t)}ZO( ( ) ZP 1;2::1|Apy (3.4)

in view of note 2.3. Combining (3.2), (3.3) and (34) yields (3.1).
This completes the proof of Lemma 3.2.

Proof of Theorem 2.1: Let 8, (f; =) denotes the partial sum of series (1.2), we

have 2
cos (n+1/2)¢
Salf @ 27T/ vl sint/2 “emipp
Denoting C'. N,, means of s, (f; ) by t$%, we write
k—v+1/2)t
SN (z P cos dt
/ Vit 27r (n+1) Z VZO sint/2
T 5 w/ﬁ I 5
:/ ¢ (t)J (n,t) dt = / +/ ¥ (t)J (n,t) dt
0 0 w /v

=1 + I7 (say). (4.1)
Clearly, [¢ (z +t) =9 ()] < [f(u +2 + 1) = flu+2)|+|f(u -2 — 1) = f(u—-2)],

Hence, by Minkowski’s inequality,
2w 1/r 27 1/r

{[Tiwe+o-venral <{[Twrero-rurore)

1/r

{1 -a -0 s -myra) =o€,
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Then f € Lip (§(t),r) = 3 € Lip (£(t), r). Using Hlder’s Inequality, ¢ (t) €
Lip (£(t), r), condition (2.4) , sin (¢/2) > (t/7) , for 0 <t < m, Lemma 3.1, note
2.2 and Second Mean Value Theorem for integrals, we have

| < [/O’T/ﬁ ( Ié/f((tt; |>T dt]w Voﬂ/ﬁ (et)] T 1) |) Sdt]
@

: {§<W>W;“<>dﬁl
:o(( )2 ( ) =1 (4.2)

Using Lemma 3.2, we have

[ won,
Tr/ﬁ t
=0 (121) + O (122).

Using Hlder’s Inequality, conditions (2.3) and (2.5), note 2.2 and Second Mean
Value Theorem for integrals, we have

™ ) r 1/r . . 1/
= [ () o] [ ()
1/s s 1/s
:o((x/ﬁ)é) l/:/ﬁ (fg?l)sdt] / =o{(ﬁ)6} [/lf/w (gy(;/lll)) %}
o G 17 )]

—o((vm™¢(=)) (W)‘: - 1<w>6s+1>”5

o ()

Similarly, as above conditions (2.2), (2.3), (2.5), note 2.2 and Second Mean Value
Theorem for integrals, we have

22| < [/C;\/ﬁ (E:ié%;fll)Tﬂd%

1/s

~ | =

|Io] = O +0

[t & 5m) ]

v=20

1/r
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i N o1 s 1/s
[ (e 5

SN T B 1 s -1/s
_o<(\/f)> //f (tfgl <2Pk1 3 (u+1)|p,,|>> dt

N T oar N X s 41/s
:o<(\/f)> //f (tfgi)l (Zpkl 3 (u+1)|p,,|>> dt

~0 ((n)”?g (%)) . (4.4)
Collecting (4.1)-(4.4), we have
i -jl=o(m e (=))- (45)

Now, using the L ,-norm of a function, we get

=7 = (e -l ey
~0(7 (002 () )

o< () ()
oo ()

This completes the proof of Theorem 2.1.

Sl
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3. APPLICATIONS

Some interesting applications of the Cesaro summability can be seen [|1], [2], [3]].
The following corollaries can be derived from Theorem 2.1.

Corollary 5.1. If&(t) = t%, 0 < a < 1, then the class Lip ({(¢), r) , r > 1,

reduces to the class Lip (a, ), % < a < 1 and the degree of approximation of

a function f(:z:), conjugate to a 2m— periodic function f belonging to the class
Lip (o, 1), is given by

E,?N_ﬂ:o((n)*a/“l/”). (5.1)

Proof. Putting {(t) =t“, 0 < o <1 in Theorem 2.1, we have

Jex-7), ={[TEr @-Tw rdx}l/r—o ("2 ¢ (/vm)
—o(m /e

Thus we get

‘ESN—H g{/oh N (2) — T (x) rdx}l/TZO((n)—a/2+r/2)7 -

This completes the proof of corollary 5.1.

Corollary 5.2. If £ (t) = t*for 0 < a < land r — oo in (5.1), then f € Lipa. In
this case, using (5.1), we have

| F@) = i@ =0 (m™?). (5:2)

oo

Proof. For r — oo, we get

| f@) - @] = sw |fl@) - V@)

oo 0< z< 27w

-0 ((n)*a/ 2).

T

This completes the proof of corollary 5.2.

4. CONCLUSION

Various results concerning to the degree of approximation of periodic signals (func-
tions) belonging to the Lip (£(t), r), (r = 1)-class by Matrix Operator have been
reviewed and the condition of monotonicity on the weights {p,} has been relaxed
(i.e. weakening the conditions on the filter, we improve the quality of digital fil-
ter). Further, a proper (correct) set of conditions have been discussed to rectify the
errors. Some interesting application of the operator (C'. N, ) used in this paper
pointed out in Note 2.4.
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