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Q) MEANS OF CONJUGATE TRIGONOMETRIC FOURIER
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ABSTRACT. Very recently, Sonker and Singh [21] determined the degree of ap-
proximation of the conjugate of 27-periodic signals (functions) belonging to
Lip(o,7)(0 < o« < 1,7 > 1)-class by using Cesaro-Euler (C,1) (E,q) means of
their conjugate trigonometric Fourier series. In the present paper, we general-
ize the result of Sonker and Singh [21] on the generalized weighted Lipschitz
W(Lr,&(t)), (r > 1)- class of signals (functions) by product summability (C,1)
(E,q) transform of conjugate trigonometric Fourier series. Our result also
generalizes the result of Lal and Singh [6]. Few applications and example of
approximation of functions will also be highlighted.

1. INTRODUCTION

The degree of approximation of functions belonging to Lipa, Lip(c, r), Lip(€(t),r)
and W(L,,&(t)), (r > 1) - classes by general summability matrices has been proved
by various investigators like Govil [1], Khan [3-5], Mohapatra and Chandra [19],
Mittal et al. [8-9], Mittal and Mishra [7], Mishra et al. [10-17] and Mishra and
Mishra [18]. Recently, Sonker and Singh [21] discussed the degree of approximation
of the conjugate of signals (functions) belonging to Lip(a,r) class by (C,1)(E,q)
means of conjugate trigonometric Fourier series. But nothing seems to have been
done so far to obtain the degree of approximation of conjugate of signals belonging
to the generalized weighted Lipschitz W (L,,&(t)), (r > 1) class by (C,1) (E, q)
product summability transforms. Weighted W (L,,£(t)), (r > 1) Lipschitz - class
is generalization of Lipa, Lip(«,r) and Lip(&(t),r) - classes. In the present pa-
per, an attempt to make advance study in this direction, a theorem on the degree
of approximation of conjugate of signals (functions) belonging to the generalized
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weighted Lipschitz W(L,,&(t)),r > 1 class by product summability (C,1) (E, q)
transform of conjugate series of Fourier series has been established.

Let Lo, be the space of all 27 - periodic and Lebesgue-integrable functions over
[—7, w].Then the Fourier series of f € La, at x is given by

f(z) ~ % + Z(akcos kx + bgsin kx) = Z Ag(x), (1)
k=1 k=0
with n'* partial sums s,,(f; ), called trigonometric polynomial of degree (or order)
n, of the first (n 4+ 1) terms of the Fourier series of f , ar and by are the Fourier
coeflicients of f .
The conjugate series of Fourier series (1) is given by
Z(bkcos kr — agsinkzx) = Z Bi(x). (2)
k=1 k=1
Let Y7, un be a given infinite series with sequence of its n'" partial sums {s,}.
Hausdorff matrix H = (hy, k) is an infinite lower triangular matrix defined by

(DA P, 0<k<n,
e = { Oiﬂ k>mn,

where A is the forward difference operator defined by Au, = pn — pin+1 and
ARy, = AF(Apy). If H is regular, then {1, }, known as moment sequence, has
the representation

1
0

where y(u) known as mass function, is continuous at © = 0 and belongs to BV]0,1]
such that (0) = 0,v(1) = 1; and for 0 < uw < 1, y(u) = [y(u + 0) + v(u — 0)]/2.
The Hausdorff means of conjugate Fourier series of f are defined by

n
Hn(f,;v) = Zhn,kgka n > 0.
k=0
The conjugate Fourier series is said to be summable to s by Hausdorff means, if
H,(f;x) — s, as n — oo. For the mass function 7 (u) is given by

/0, 0Zfu<a,
() = 1, a<u<l,

where a = 1/(1 4 q),q > 0, we can verify that uz = 1/(1 + ¢)*, and

n n—k
hn i = (k)%’ 0<k<m,
' 0, k> mn.

Thus Hausdorff matrix H = (hy, ) reduces to Euler matrix (E, q) of order g > 0.
One more example of Hausdorff matrix [y(u) = u for 0 < u < 1] is the well known
Cesaro matrix of order 1 (C,1).

The (E, q) transform is defined as the n*" partial sum of (E, ¢), ¢ > 0 summability
and we denote it by EZ. If

1 n
EZ:WZ(Z)q”kskﬁs,asn%oo, (3)
k=0
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then the infinite series > u, is summable (E, q) to a definite number s [2]. If

1 O
Tn:SO+Sl+82+ ton Sk — §,a8M — 00, (4)
n+1 n+1e—

then the infinite series ) ° ju, is summable to the definite number s by (C,1)
method. The (C,1) transform of the (E, q) transform defines (C,1) (E, q) product
transform and denote it by E4CL. Thus if

1

n k
O%Eg_n+12(1+q)kz< ]Z )qk”svﬁs,asn—)oo, (5)
k=0 v=0

then the infinite series Y~ ;uy is said to be summable by (C,1) (E, q) method or
summable (C,1) (E, q) to a definite number ’s’.

If CLE4 — s as n — oo then the infinite series > .- u, or the sequence {s,} is
said to be summable (C,1) (E, q) to the sum s if lim,, o, C}} B¢ exists and is equal
to s.

3

1 - n —k .
Spn—=>s = (F,q)(spn)=Fl=—— "Fsr — s,asn — oo, (E, q) methodis regular,
B aon) = B = g 3 () (5.0 g

= (C,1)(E,q)(sn)) = CLEY — s, as n — oo, (C, 1) method is regular,
= (C,1)(E,q) methodisregular.
A signal (function) is said to belong to the class Lipa, if
|f(z+1t) = fx)] =0(tY]) for 0 <a<1,¢t>0. (6)
and f(x) € Lip(a,r), for 0 <z <27, if

Ieri-s@l. = [ " |f<x+t>—f<w>|rdx)3‘ o) ocasirz1 >0
)

For a given a positive increasing function &(t), f(x) € Lip(&(t),r) if

0=l = [ st -swra) =o(sw).r21 >0 ®

Given positive increasing function £(t), an integer r > 1, a signal (function) f is
said to belong to the generalized weighted Lipschitz W (L, (£(t)))-class ([5]), if

o+ 0) = lsin® (2/2) - o(et).520.050 )

If B = 0, then the generalized weighted Lipschitz W (L., (£(t))) class coincides with
the class Lip(&(t), r), we observe that

W (L, (&(t)) ﬂ Lip(&(t),r) M Lip(a, ) REmAsN Lip(a) for0<a<1,r>1,t>0.

(10)

The L,- norm of signal f is defined by

27 T
||f||r—</0 |f<x>|’“dx> J(1<r<oo) and |fle= sup |f@]. (1)

x€[0,27]

A signal (function) f is approximated by trigonometric polynomials 7,,(f) of order
n and the degree of approximation F, (f) is given by [22]
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En(f) = min [ f(z) = 7(f;2)], (12)

in terms of n, where 7,,(f; x) is a trigonometric polynomial of degree n. This method
of approximation is called Trigonometric Fourier Approximation (TFA) [8].

We note that E4 and C} E4 are also trigonometric polynomials of degree (or order)
n.

The conjugate function f(x) is defined for almost every = by

~ 1 (7 1 ["
flz) = ——/ P(t)cost/2dt = lim <— —/ P(t)cost/2 dt> (see [22, p. 131)).
2 Jo h—0 2 J,
(13)
We use the following notations throughout this paper

P(t) = ha(t) = fz+ 1) = flz—1),

n

cos(v+1/2
o=t [ 5 (¢ >Q’”S§n(+t/2))t

2. KNOWN THEOREM

In a recent paper, Sonker and Singh [21] have studied the degree of approximation
of functions belonging to Lip(«,r) - class using (C,1) (E, q) summability means of
its conjugate Fourier series. They proved the following theorem:

Theorem 2.1. Let f(x) be a 27- periodic, Lebesque integrable function and belong
to the Lip(a,r) - class with r > 1 and ar > 1. Then the degree of approximation of
f(z), the conjugate of f (x) by (C,1) (E, q) means of its conjugate Fourier series is
given by

|C2EL — i, = 0<n-a+1/r), n=012 .. (14)

([ (52 0 =owenr w

(/7;(%1) <t_6|w1t#>rd’f)i =0((n+1)"), (16)

where 6 is an arbitrary number such that (a+68)s+1 <0 andr~t+s~ 1 =1 for r >
1.

provided

3. MAIN THEOREM

Approximation by trigonometric polynomials is at the heart of approximation
theory. The most important trigonometric polynomials used in the approximation
theory are obtained by linear summation methods of Fourier series of 27 -periodic
functions on the real line (i.e. Cesaro means, Norlund means and Product Cesaro-
Nérlund means, Product Ceasro-Euler means etc.). Much of the advance in the
theory of trigonometric approximation is due to the periodicity of the functions.
Recently, Mishra et al. [14] have studied the degree of approximation of functions
belonging to W (L,,£(t)) - class through (E,q)(C, 1) means of conjugate Fourier
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series. In this paper, we use the (C,1)(E, q) means of conjugate Fourier series of
f e W(L,,£&(t)) to determine the degree of approximation of the conjugate of f,
which in turn generalizes the result of Sonker and Singh [21] and Lal and Singh [6].
More precisely, we prove

Theorem 3.1. If f(x), conjugate to a 2w - periodic function f belonging to the
generalized weighted Lipschitz W (L., &(t)), (r > 1) - class then its degree of approx-
imation by (C,1) (E, q) product summability means of conjugate series of Fourier
series is given by

ICEL - 7l =0 { (vt he( = ). a7)

provided &(t) satisfies the following conditions:

(7 () o) " =o(5).

([ (™) @) ol )

t . . . .
and # is non-increasing in t’

where § is an arbitrary number such that s(1—6+8)—1 > 0, %—i—% =1, 1 <r <o,

conditions (18) and (19) hold uniformly in z and CLE} is (C,1)(E,q) means of the
series (2) and

flz) = —% /077 P(t)cost/2dt. (20)

Note 3.2 5(%) < wg(%) for (ﬁ) > (%)

Note 3.3.The product transform (C,1) (E, q) plays an important role in signal the-
ory as a double digital filter [13] and theory of Machines in Mechanical Engineering

[13].

4. LEMMAS

For the proof of our theorem, the following lemmas are required:

5

t v

Lemma 4.1. |G,(0] = O(}) + (0 + 1) for0 <t < % <
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Proof. For 0 <t < =, sin

< T > % and |cosnt| < 1.

t
2

n cos(v+1—1/2)t

- 5T Z(qu)kg( : )qk_v <Sm<t/2) ) ‘
cos (U T 1)tcos (t/2) + sin (v T 1>tsin (t/2)
sz’n(t/2) ‘
cos <v + l)tcos (t/2) + sin<v + 1>tsin<t/2) ‘

IN

(nil)i<1+1q>ki< . )qu

k=0 v_0< ) sin(t/2>
- e (1) [e(f) wo(smee )
r n n k
- 0_<ni1>t,§<1iq>k§(ﬁ)q’“‘” o <ni1>kz_0(1+1q>k§(i)qm(““)t
. O-(nil)t(n—kl)]+O[(ni1)(n+1)(n+1)t]
- o:ﬂ+0[(n+1)t],
inviewofsin(v—l—l)tﬁ(v+1)tfor0§t§%S%.
This completes the proof of Lemma (4.1) O

Sk

Lemma 4.2. |G, (t)| = O(%) +O(1) for
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Proof. For 0 \if \% <t<m szn% > % and |cosnt| < 1.
1 n k cos<v—|—1/2>t
Gult)] < S () ——
2r(n+1)| = 1+q s sin(t/2>

1 n k ) cos(v+1—1/2)t
_ k—v
- 2w(n+1)z:: 1+q ;(v)q ‘

k=0 sin <t/2)
s <v + l)tcos (t/2) + sin <v + 1>tsin <t/2) ‘
sin(/2)
cos (v-+ 1 Jacos((1/2) + sin v+ 1) sin1/2)
sin(1/2) ‘

IN
£)
4+ =
=
NE
=
+| =
2
=
W
7N
N—

= 0 —] +o[,

in view of |sin(v+ 1)t <1for 0 <t <
This completes the proof of Lemma (4.2). O

5. PROOF OF THEOREM 3.1

Let 5, (z) denotes the partial sum of series (2), we have

cos(n+1/2
Sn(x) — 277/ p(t) S§n<t/2>) dt.

Therefore, using (2) the (C,1)transform C} of 3, is given by

n cos (n + 1/2)
C, dt.

1 fw) = nH/w ) Sm(m)
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Now denoting (C,1)(E, q) transform of 5, as (CLE%), we write

n

(CLED) — fla) = 2ﬁ<n1+1>[,§<1+1q)k OW %ZZ: (k>qk COS(HZ)W]
[ uwe
[/OW/ﬁJF/ﬂjﬁ}iﬁ(t)én(t)dt

L + I, (say). (21)

We consider,

/R ~
L) < / |w<t>|\an<t> dt

Using Lemma 4.1, Holder’s inequality, Minkowski’s inequality and condition 18, we

have
[ (5 ] " (58 ]
()L ()
r pm/v/n s 1/s
- oG (i + ) o
(=) o ( ;@;)Sdt] - cowm| [ e (if;)sdt} " ash o0

Since £(t) is a positive increasing function and using second mean value theorem
for integrals, we have

IN

|11]

0

) o e ) T O P e
O{%w&<%) } Uhﬁ/ﬁtﬁs%dt} " + 0<\/ﬁw§<%>> [/hﬁ/ﬁtﬁsdt] 1/57 ash — 0.
Note that

)=(s)

nl = o] —=¢( o= )P vole = )warn ]
- k(3o

Now, we consider,

L] < [T, he0)]|Ga
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Using Lemma 4.2, Holder’s inequality, Minkowski’s inequality and condition 19, we

have
[/w/f (t 5&”5%2 [y(t )|> dt} 1/’”[/7;\/R <%)Sdt} 1/s
— O{ 5} . (t ssmgtt/)Zl)sdtr/S
< ‘5) N (t—5+1i(;),b[3t/2 + t_éfi(;zstm)sdt} 1/s
)l

= o) [ (F8=) ) [ (%) )]

Now putting ¢t = 1/y,

< o) [ (GRA) ) [ (G))]

£1/y)
1/y

12|

IN

= 0

Since £(t) is a positive increasing function so is also a positive increasing

function and using second mean value theorem for integrals, we have

G ) ([ )]

/T 1/7

(oo
e
(w2 [ o],

<
<
<

] = O

| I
Q Q

I
Q

PR

¢ )) [(\/ﬁ)féfl/erﬁJréJrl + (\/ﬁ)féfl/swfl%ﬂ},

<
¢( ~ 42
(

)) [(\/ﬁ)ﬁﬂ/r n (\/ﬁ)flJrﬁJrl/r} il
(2 )omr ) )

= ofe( gz ). (23)

Combining I; and I yields

= 0

= 0

S

—_~—

cBt - 7l = ofwvar+ire( =) | (24)
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Now, using the L, -norm of a function, we get

— 2~ 1/r
CB -, = { [ 1CiE - firas
0

oL () )
oz ["))
o(var()

This completes the proof of Theorem 3.1.

6. APPLICATIONS

The theory of approximation is a very extensive field, which has various applica-
tions. As mentioned in [20], the L,-space in general, and Ly and Lo, in particular
play an important role in the theory of signals and filters. From the point of view
of the applications, Sharper estimates of infinite matrices are useful to get bounds
for the lattice norms (which occur in solid state physics) of matrix valued functions,
and enables to investigate perturbations of matrix valued functions and compare
them. The following corollaries may be derived from Theorem 3.1.

Corollary 6.1. If£(t) =t*,0 < o < 1, then the weighted class W (L,,&(t)), r > 1
reduces to the class Lip(a,r),(1/r) < a < 1 and the degree of approximation of
a function f(:v), conjugate to a 2w - periodic function f belonging to the class
Lip(a, 1), is given by

—_~—

CIBL - 71, =0 ( e ) (25)

Proof. Putting f=0,£(t) =t*, 0 < a <1 in Theorem 3.1, we have

—— . 27 _ 1/r
\CoES — T, = { |G ) - f(wwdx}

o(varre(=))={ " \CRE (fi) f<a:>|rda:}w

om-{ [ T \CAE (i) - f<:c>|fdx}lﬁo(m,

since otherwise the right hand side of the above equation will not be O(1). Hence

_ o((%)aww) = O(W%>

This completes the proof of Corollary 6.1 O

or,

or

’ —

CLEL(f;z) — f(x)
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Corollary 6.2. If£(t) =t*,0 < a <1 and r — oo in corollary 6.1, then f € Lipa

and
o))

Proof. For r — oo in corollary 6.1, we get
1 «
=0(|— .
()

ICLES — flloo = sup |CLEL(fi) — f(z)

0<z<27

Thus, we have

CiEMfio) - )| < |Gl - Tl
= swp |CLE(fi2) - J()
z€[0,27]
- o((v7) )
This completes the proof of Corollary 6.2. O

7. AN EXAMPLE

Since Hausdorff matrices commute, therefore it is very easy to find an example
of a positive non-convergent sequence which is (C,1) summable. Let us consider
an infinite series

o0

Z(—l)"(Qq—l— 1)"cosnx (27)

n=0

The n'" partial sums s,, of series (27) at x =0 is given by

Sp =

|
M=

(—1)"(2¢ + 1)"cosrz

(=)

(1) 1y
- 2(1+q)

Since lim,,—, 0 S, does not exist. Therefore the series (27) is non-convergent.
Now, the (F,q) transform of (27) is given by

n

1 n —k
Bl = — " 0

k=0
L &0 ok (1= (=D (2¢ + 1)
= @mngk)q < 20 +q) )
1 14+2¢)(g—1-2q)"
2(1+q) 21+ q)(g+1)"
1 (14+2¢)(-1)"
2(1 + q) 2(1+q)

\
+
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Here, lim,,_,o, EZ not exist. Hence the series (27) is not summable.

Now,
1 n 1— (_1)k+1(2q + 1)k+1
part n+1]§)< 2(1+4q) )
1 (1+2q) =

T lvg 20+t > D2+ 1)

B 1 (14 2q) n

T 2 +q) +4(1+q)2(n+1){1+(2q+1) )
1 N (1+2q) (1 +2¢)"+2

2(1+q) 40+ ¢)2(n+1) 40+ ¢)2(n+1)

Here, lim,, o 0} does not exist, the series (27) is not (C,1) summable.

In
n n—Fk
> ()
k=0
Change the variable of summation by j = (n — k) to get

Zoj<nﬁj)qj—zn:<?)qj—(l+q)”-

Q
3~
Il
3
+ | =
—_

Y2l

Ea
IN

n=0

Now integrate both sides from 0 to x to get

i n LI+l B (1+q)n+1 x_ (1+x)n+l -1
Jj)i+1 n+1 0_ n+1 '

Jj=0
Zn:< ”) N O ) s
= J)j+1 z(n+1)
Finally, the (C, 1) (E, q) transform of (27) is given by

1 - n
gl n—k _1
Fac (Hq)"z( G >q o

k=0

Thus

L & n Y oo 1 (1+2¢) (14 2¢)"+2
<1+q>nkz_0( k )q <2<1+q> IR ETECES +4<1+q>2<k+1>)
B 1 (1+2¢) “(n\ " (1+29)? <[/ n)\ ¢°F
 2(1+¢q) * 4(1 4 q)nt? _kz_;)< k ) (k+1) * 4(1 4 )" t? k_o( k ) (k+1)
B 1 (1+29) [(1+q)”+1—1} (1 +2q)? [(1+q)"+1—1]
2049 40+t (n+1)g A1+ 2 | (n+1)g
B 1 (1+2q) B 1 (14 2q)? a 1
20+q)  Al+qn+ 1y [1 @ +q>n+l] I+ om+ e {1 @ HW} |

EiCt — ﬁ as n — oo, the series (27) is (F, ¢)(C, 1) summable.
Therefore the series (27) is neither (F,q) summable nor (C,1) summable but it
is (F,q)(C,1) summable to ﬁ. Thus the product summability (E,q)(C,1) is

more powerful than (F,q) and (C,1). Consequently (E,q)(C,1) gives the better
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approximation than the individual methods (E,¢q) and (C,1).
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