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POSITIVE SOLUTION OF SYSTEM OF THIRD-ORDER
BOUNDARY VALUE PROBLEM WITH THREE-POINT AND
INTEGRAL BOUNDARY CONDITIONS

(COMMUNICATED BY DOUGLAS R. ANDERSON)

ROCHDI JEBARI

ABSTRACT. This paper is concerned with the nonlinear third-order boundary
value problem
wl’ () + fi(t,ur (t), oy un(t), ul (8),...,ul, () =0, 0<t <1

with three-point and integral conditions

1
“i(o):/O hi,i(s,u1(s), ..., un(s))ds

uf(0) =0 )
0cuf(1) = Brs(m) + | B a(s,un(5) ()

where for i € {1,..,n}, a; > 0, B > 0, 1 > n; > 0, 20 > Bin?, fi :
[0,1] x R® x R™ — R, for all k € {1,2}, hy; : [0,1] x R® — R are continuous
functions. By using Guo-Krasnosel’skii fixed point theorem in cone, we discuss
the existence of positive solution of this problem. We also prove nonexistence
of positive solution and we give some examples to illustrate our results.

1. INTRODUCTION

Third-order ordinary differential equations arise in a variety of different areas
of applied mathematics and physics, in the deflection of a curved beam having
a constant or varying cross section, a three-layer beam, electromagnetic waves or
gravity driven flows and so on [I]. The main propose of the present paper is to
investigate sufficient conditions for the existence of positive solution of following
problem:

w'(t) + fi(t,ur(t), ooy un(t), ul (t),...;un(t) =0, 0<t <1 (1.1)
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with three-point and integral conditions

1
i(O):/O B (5,01 (5), oot (5)) s
ui(0) = 0 1

(1) = Brus(n) + [ Bl (5o ()
where for i € {1,...,n}, for k € {1,2}, a; > 0, B; > 0, 1 > n; > 0, 2c; > Bin?,
fi [0, 1] xR"xR™ — R, hg; : [0,1]xR™ — R are continuous functions. The integral
conditions has physical significance such as total mass, moment, etc. Sometimes it
is better to impose integral conditions to get a more accurate measure than a local
condition see [9].

Various types of boundary value problems were studied by many authors us-
ing fixed point theorems on cones, fixed point index theory, upper and lower
solutions method, differential inequality, topological transversality and Leggett-
Williams fixed point theorem [2-8,12]. In [2], Yao and Feng used the upper and

lower solutions method to prove some existence results for the following third-order
two-point boundary value problem:

o (t) + f(tu(t) =0, 0<t <1 (1.3)
u(0) = u/(0) = /(1) = 0. (1.4)
In [3], Sanyang Liu and Yugiang Feng used the upper and lower solutions method

and a new maximum principle to prove some existence results for the more general
third-order two-point boundary value problem:

u”(t) + flt,u(t), v/ (1) =0, 0 <t <1 (1.5)
u(0) = u’'(0) = /(1) = 0. (1.6)

In [8] Guo, Sun and Zhao, considered the third-order three-point boundary value
problem

U

(1.2)

u () +a(t)f(u(t) =0, 0 <t <1 (1.7)

u(0) =u'(0) =0, u'(1) = au/(n) (1.8)

where 0 <np<landl<a< %, f:]0,1] xR — R is given function. The existence

of at least one positive solution for (1.7)-(1.8) was proved when f was superlinear or

sublinear. By the use of some fixed point theorem in cones, A. Guezane-Lakoud et

al. [12], investigated the existence of positive solutions for the following third-order

eigenvalue problem

o (t) + ftu(t),u'(t) =0, 0<t<1 (1.9)

u(0) = u'(0) = 0, /(1) = Bu(n) (1.10)

where oo € R%, 8 € R}, 0 < n < 1, by Guo-Krasnosel’skii fixed point theorem in

cone the author studied the existence of least positive solution of (1.9)-(1.10) when

2ac > fBn? and f(t,u(t),u'(t)) = a(t)g(u(t),v'(t)). In [7], Sun et al considered the
following third-order boundary value problem:

u 4 at)f(tu(t) =0, 0<t<1 (1.11)

u(0) =« (0) = 0,4/ (1) — a’(n) = A (1.12)

by employing the Guo-Krasnosel’skii fixed point theorem and Schauder’s fixed point

theorem, the author studied the existence and nonexistence of positive solutions
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to the third-order three-point nonhomogeneous boundary condition (1.11)-(1.12).
For more knowledge about the boundary value problem, we refer the reader to
(see [13-21]). Our aim is to use the Guo-Krasnosel’skii fixed point theorem to
prove the existence of least one positive solutions of our problem. For this, we
formulate the boundary value problem as the fixed point problem. The particularity
of our equation (1.1)-(1.2) is that the boundary condition involving three-point
boundary condition and integral condition which leads to extra difficulties. To the
best of our knowledge, no one has studied the existence and nonexistence of positive
solution for nonlinear differential equation (1.1) jointly with conditions (1.2). Our
work is new and more general than [2, [8| [12], for example our problem reduces
to the problem (1.9)-(1.10) in the case n =1, h11 = hg1 =0, a1 = «, /1 = S,
Filtun(8), uh (1)) = F(Eu(t), 1 (1)):

This paper is organized as follows. In Section 2, we present some preliminaries
that will be used to prove our results. In Section 3, the study the positivity of
solution is based on a Guo-Krasnosel’skii fixed point theorem. In Section 4, the
nonexistence of positive solution is studied. Finally, we shall give two examples to
illustrate our main results.

2. PRELIMINARIES AND LEMMAS
The cartesian power of C'1([0,1];R) can be defined as:
E = CY[0,1R)"
= C'([0,1];R) x ... x C*([0,1]; R)

n times

n

equipped with the norm ||u||g = Z |lus || where ||u; || = max(]|wil|cos [|2:] o), |tilloo =
i=1

max_|u;(t)| and v = (uq,..,u,) € E. The space E is a Banach space. We denote

te(0,1]
n

by for x € R™, ||z|; = Z |4
i=1
Definition 1. We give the following definitions:
(1) The function v = (uy,..,uy) is called nonnegative solution of the system
(1.1)-(1.2) if and only if, u satisfies (1.1)-(1.2) and for all i € {1,...,n},
u;(t) >0 fort € [0,1].
(2) The function u = (uy,..,un) s called positive solution of the system (1.1)-
(1.2) if and only if, u satisfies (1.1)-(1.2) and for alli € {1,...,n}, u;(t) >0
fort €]0,1].

Lemma 2.1. Leti € {1,...,n}, k € {1,2}, gx; € C([0,1];R),h; € C([0,1];R), then
the problem

u;(0) = [ g1i(s)ds
u(0) = 00 (2.1)
a;uwi(1) = Biui(n;) +/0 g2,i(s)ds
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has an unique solution

/Hts s)ds + p(t)

where u(t) = (uy(t),...,un(t)), @) = (p1(t), ..., on(t)),

1
/H(t,s) dS—/H1t8h1 /H (t, 8)hn(s)ds)
0

with

H;(t,s) = G(t,s) + t*K;G(n;, 5) (2.2)

L[ (1-s)t? ifo<t<s
)=3519 (_ 2 .
2| (—s+2t—t°)s ifs<t<1

= [Ki/o gl,i(s)ds—&-C’i/o gg,i(s)ds]t2+/0 g1.i(s)ds (2.4)

K; = %
2&1 - 51771

1
_ . 2.
Ci= 5— G (2.6)

Proof. Let i € {1,...,n}, integrating the equation (2.1), it yields

I 1
uz(t) = —5 A (t — S)th(s)ds + 50171'12 + 0277;15 + Cg,i.

1
From the boundary condition u;(0) = / 91.i(s)ds, u;(0) = 0 we deduce that Cs3 ; =
0

1 1
/ g1.i(s)ds and Cs; = 0. From the condition a;u}(1) = Biui(n;) —|—/ g2,i(s)ds,
0 0
we have
—Bi " !
Cri = g [ = 9Phi(s)ds + | = omisas

20éi
2a; — Bim; 20 — Bin? Jo

28 /1 2 /1
+ g1,i(s ds+ —— g2,i(s)ds.
2a; — Bin? Jo (%) 2a; — Bin? Jo (®)
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Therefore
(1) L /t<t o)2hi(s)ds + D j—Pi /( o) hi(s)ds
Uj = -5 - i~ i
2 )y 2 20, — Bin? L
20@ 1 261 1
21— s)hi(s)ds + —— A(s)d
i / (1= )hu(s)ds + 5y / g1.4(s)ds

1 thz
= —= t—s)? ds—&——/ 1—s)h ds—|—
2/( /81771

2ﬁi ! 2 1 t2 1
i [W/ O ot / srie)is + [ vl

tQBz
/Gts ds+ e Gm, (s)ds + P;(t)

= / G(t,s)hi(s )derKitz/ G(ni, 8)hi(s)ds + @i (t)

0

= /Hts s)ds + @i (t)

where G(t,s), H;(t,s), Pi(t), K; and C; are given by (2.2), (2.3), (2.4), (2.5) and
(2.6) which achieve the proof of Lemma 1. O

Lemma 2.2. Leti € {l,...,n}, k€ {1,2}, hy; € C([0,1] x R™;R), f; € C([0,1] x
R"xR™ R). Thenw is a solution of (1.1)-(1.2) if and only if for all, T'(u)(t) = u(t).
Where T(u) = (T1(u), ..., T, (u)) and for all t € [0,1], for all i € {1,...,n}

Ty(u)(t) = Pi(t) + / Hi(t, 5) fi(s, u(s), o/ (s) )ds

with H;(t,s) is given by (2.2)-(2.4) and

1 = [K; /0 b i(s,u(s))ds + C /0 o o(s, u(s))ds]E + /0 I o5, u(s))ds

3. EXISTENCE OF POSITIVE SOLUTION

In this section, we will give some preliminary considerations and some lemmas
which are essential to establish sufficient conditions for the existence of least one
positive solution for our problem. We make the following additional assumption.

(H1) For all i € {1,...,n}, k € {1,2}, f; € C([0,1] x R" x R",Ry), hy; €

C([0,1] x R™,R4).

Lemma 3.1. For allt € [0,1], s € [0,1], we have
(1) 0< Gt s) < @(s)
oG(t,
(2) 0= 25 < 20(s)

where p(s) = %
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Proof. Tt is easy to see that, if t < s, G(t,s) = (1 —s)t> > 0
and G(t,s) = £(1—s)t? < @
If s <t, G(t, s) 12t —t2—s)s=1[(1-s)—(1-t)?s>0
and G(t,s) < (1—8)(1—14—8):%(1—8)8
then the proof of (1) is complete.

0G(t,s) [ (1—s)t f0<t<s (3.1)
o | (1—19)s ifs<t<1 :
Ift <s, 29030 — (1 — )t < (1 - s)s.
If s <t, then —¢ < —s this implies that aca(z S — (1 —t)s < (1—s)s.
We deduce that proof of (2) is complete. O

Lemma 3.2. Let a €]0,1[ and b €]0,1[, then for all (t,s) € [a,b] X [a, D]
(1) G(t,5) = wi(s)

where w1 (s) = £(1 — s)a*
(2) 25 > wi(s)
where ws(s) = $(1 — b)a.

Proof. Let a €]0,1[ and b €]0, 1], then for all (¢, s) € [a,b] X [a,b].
Ift<s,

G(t,s) = %(—s + 2t — t%)s
= S=9 -1
= (=9 = (1= s)s
> %(1 — 5)s?
> %(1 — 5)a’.
Ift>s,
L 2
G(t,s) = 5(1 —8)t
> —(1-s)a?
Then proof of (1) is complete.
Ift <s,
oG(t,s)
5 = (1-s)t
1—38)a

(AVARIYS
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Ift>s,
OG(t, s)
= (11—t
ot (I—t)s
> (1-1b)s
> (1-"bd)a.
Then proof of (2) is complete, and the proof of Lemma 3.2 is complete. |

Lemma 3.3. Suppose that (H 1) holds and let a €]0,1[, b €]0,1[, then the solution
u = (uy, ..., un) of the problem (1.1)-(1.2) is nonnegative and satisfies

min Y (u;i(t) +uj(t)) > v(a,b)|uf
t€la,b] =
where
% ab
oy = B D
y(a,0) = "
b
[ a(s) (o) s us) o (9)ds
’Yi(avb) = maX(A, B)
1
A = (1+ max Ki)/ o(s) fi(s,u(s),u'(s))ds + max Pi(1)+1
i€{l,...,n} 0 ie{l,...,n}
and
1
B = 2(1+ max KZ)/ o(s)fi(s,u(s),u'(s))ds + max P/(1)+ 1.
ie{l,...,n} 0 ie{l,...,n}

Proof. Suppose that u = (uq,...,u,) is a solution of (1.1)-(1.2), then from lemma
2.2, (H1) and G(t,s) > 0 for all (s,t) € [0,1] x [0,1], it is obvious that for all
i €{1,...,n}, for all ¢ € [0,1], u;(¢t) > 0. For all s € {1,...,n}, for all t € [0,1], we
have

|ui (1))

IN

/OHi(t,s)fi(s,u(s),u’(s))ds—|—Pi(t)
1
< UKD [ e ut).u(o)ds + P)

< (1+ max }Ki)/o o(s) fi(s,u(s),u'(s))ds + max }Pi(l).

This implies that, for all i € {1,...,n}
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For all i € {1,...,n}, for all t € [0, 1], we have

i (1)]

IN

1 8H¢(t,8) / ,
/O ) s, u(s), ol (5))ds + PL(1)

< 214K / o(5) fi(s,u(s), u/())ds + PL(1)

1
< 2(14+ max Kz)/ o(s) fi(s,u(s),u'(s))ds + max P(1).
ie{1,...,n} 0 ie{1,..,n}

This implies that, for all € {1,...,n}

1
Il <201+ max K) / o(8)fi(s,u(s), o ())ds + max _ PI(1).
i€{l,...,n 0 i€{1,...,n}

We denote by

1
A = (1+ max KZ)/ o(s) fi(s,u(s),v'(s))ds + max Pi(1)+1
i€{l,...,n} 0 i€{l,...,n}
and
1
B = 2(1+ max Kz)/ o(s) fi(s,u(s),u'(s))ds + max P/(1)+ 1.
ie{l,...,n} 0 i€{1,...,n}

Then for all i € {1,...,n},
[Juil] = max(||uillos, luflloc) < max(A, B).

Using lemma 3.2-(1) we have, for all i € {1,...,n}, for all ¢ € [a, b]

b
ui(t) > /wl(s)fi(s,u(s),u’(s))ds—|—Pi(t)
b
> /wl(s)fi(s,u(s),u'(s))ds
b
[ a(s) s us) ol (9)ds
b max(A, B) x max(A, B)
b
[ o) sits,uto). ' (s))ds
= max(A, B) sl

Then for all ¢ € {1, ...,n}

b
/wl(s)fi(s,u(s),u'(s))ds
min_u;(t) > =2

t€fa,b] max(A, B) il

67
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Similarly, using lemma 3.2-(2) for all i € {1,...,n}, for all t € [a,}]

b
wlt) > [ il 6)ds+ P
b
> /wg ) fi(s,u(s),u'(s))ds
b
/wg ) fi(s,u(s),u'(s))ds
> max(A, B) x max(A, B)
b
/ s)fi(s,u(s),u (s))ds
= max (A4, B) il

Then for all ¢ € {1,...,n},

b
[ als) il us) (s
trerf(%] ui (1) max(A, B)
Then for all ¢ € {1, ...,n},

Y

[

b
/ (w1 (s) + wa(s)) fils, u(s), o ())ds
min (ui(t) + ul(t) > e e

te(a,b]
= i, b)[lugl]

V

We deduce that

n

min Y (ui(t) +ul(t)) > Z%(a,b)lluill

t€la,b] Py
2 i(a,b) X ||u,;
= jef?f‘ffn}[%(& ) X lusll]
> max i(a,b) x max ||ujl|. 3.9
2 max (eb)x mex ful  (32)

We deduce that for all j € {1,...,n},

min » (us(t) +ui(t)) = max | %i(e,b) x flus

tea,b] Py P€{1,..0,m
Then
n {HllaX }%(a b) n
. ie{l,....,n
s, (0 + () > SR )
= (a,b)|ulle.
The proof is complete. O

Definition 2. We denote by E* the following set
ET ={u=(u1,...,u,) € B,u;(t) >0,t € [0,1],i € {1,...,n}}.

Definition 3. Let E be a Banach space, Con nonempty closed convex subset Con C
E, is called a cone if it satisfies the following two conditions:
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(1) = € Con, A > 0 implies Ax € Con
(2) z € Con, —x € Con implies x = 0.

Remark. For all a,b €]0, 1], the set defined by

n

Con(a,b) ={u € E", min, (ui(t) + ui(t)) = v(a,b)||ul s}
te|a, el

is a cone subset of E.

Theorem 3.4. (Guo-Krasnosel’skii fixed point theorem) [10]

Let E be a Banach space, and let Con C E be a cone. Assume €1 and Qo be two
bounded open subsets in E, with 0 € Qy, Q1 C Qs and let A : ConN(Q2\Qy) — Con
by a completely continuous operator such that:

(1) A < |lull, w € Con NI and ||A(w)|| > |jull, v € Con N 0N or
(2) |[A@)|| = lJull, v € Conn 09y and ||A(w)|| < ||lull, u € Con N INs.
Then A has a fized point in Con N (Q2\Q).

Now, we give the following assumptions
(H2) For all i € {1,...,n}, k € {1,2}, f; € C([0,1] x R} x R*",Ry), hi; €
C([0,1] x R? R,).
(H3) There exists ig € {1, ...,n} and there exists ¢y €]0, 1] such that f;, (to, z,y) >
0, for all (z,y) € R} x R™.

Theorem 3.5. Suppose that (H2) and (H3) hold. Then the problem (1.1)-(1.2)
has at least one nonnegative solution in the case:
For alli e {1,...,n},

im I 7fi(t,u,v) = +00
lulli vl =0 t€[0.1] [Jullr + [lv]l
and
fi(t,u,v)

lim max ———————— =
[ ul|1 + [[v]y = +oo t€l0.1]) [Jullr + [[v]l1
where u = (U1, ..., un) € R" and v = (vy,...,v,) € R™.
Proof. Step 1: From (H2) and (H3), there exists [a, 5] C]0, 1], such that ¢ € [«, ]
and for all t € [, 8], (z,y) € R xR"™ we have f;,(t,z,y) > 0. Then for all u € E™,
B B
/ w1 (8) fio(s,u(s),u'(s))ds > 0 and / wa(8) fio (8,u(s),u’(s))ds > 0.

This implies that

n

From Remark, Con(a,8) = {u € ET, H[liI,lB] (wi(t) + ui(t)) > v(, B)|ullg} is
tela,B] <
=1

a cone subset of E. By using Arzela-Ascoli theorem [II], T': Con(a, ) — E is a
completely continuous mapping.
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We will show that T'(Con(a, 5)) C Con(a, 8). In fact, from (H2) and G(t,s) > 0
for all [0,1] x [0, 1], it is obvious that for all ¢ € {1,...,n}, for all t € [0,1], T;(u)(t) >
0. Using lemma 3.1-(1), for all ¢ € {1,...,n}, for all ¢ € [0, 1], we have

Tiw @) < / Hi(t, 5) fi(s, u(s), u(5))ds + Pi(t)
< (14K / o(5) fi(s,u(s), w/())ds + (1)
< (1+i€$§§n}Ki)/() gp(s)fi(s,u(s),u’(s))ds+ieg1’?§n}1%(1).

This implies that for all ¢ € {1,...,n}

1
[Ti(u)]loe < (14 max Kz‘)/ p(s)fi(s,u(s), v/ (s))ds + max  Pi(1).
i€{l,...,n} 0 i€{l,...,n}

Using lemma 3.1-(2), for all ¢ € {1,...,n}, for all ¢ € [0, 1], we have

1 ) s
Tl < [ SR ) ushds + P)
< 21+ K) [ el flous). ui)ds + P
< 2+ max K [ a0 _max PO)

This implies that for all ¢ € {1,...,n}

1
ITi(uw) oo <2(1+ max Ki)/ o(s)fi(s,u(s), u'(s))ds + max P/(1).
i€{l,....,n 0 i€{l,...,n}

We denote by

1
A = (14 max Kz)/ o(s) fi(s,u(s),u'(s))ds + max Pi(1)+1
ie{l,...,n} 0 i€{1,...,n}
and
1
B = 2(1+ max K,)/ o(s)fi(s,u(s),u'(s))ds + max P/(1)+1.
ie{l,...,n} 0 ie{l,...,n}

Then for all i € {1,...,n},

IT: ()l = max([|T:(u)lloo, [ Ti(1)'[loc) < max(A, B).
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Using lemma 3.2-(1), we have for all 7 € {1,...,n}, for all ¢ € [a, (]

B
Ti(u)(t) > / w1 (8) fi(s,u(s), v (s))ds + P;(t)
B
> / w1 (8) fi(s,u(s), v (s))ds
B
/ w1 (8) fi(s,u(s),u'(s))ds
> za max (A, B) x max (A, B)
B
/ w1 (8) fi(s,u(s),u'(s))ds
> 1]
Then for all i € {1,...,n},
B
. / w1(8) fi(s,u(s), v (s))ds
tér[l;%]ﬂ(u)(t) > max(A, B) [ Ti ().

Similarly by use lemma 3.2-(2), we have for all i € {1,...,n}, for all ¢t € [a, §]
B
(0 = [ sl (5)ds + P(0)

> / wa(s) fi(s,u(s),u'(s))ds

> max(A.B) x max(A, B)
B
/wg(s)fi(s,u(s),u'(s))ds
> i ]

Then for all ¢ € {1,...,n},

B
. / / wa(s) fi(s,u(s),u'(s))ds
t»g[l(i%]ﬂ(u) (t) > max(4, B) 175 (w)]-

We deduce that

B
| | [ )+ (o) s, uls) ' (5))ds
i (T()(0) + Ti(w) (1) > W]

= 7ile, B Ts(w)]]

17 (us )|

where
B
[ o)+ wao) s, u(s) o (5)ds
max(A, B)

’Yi(oﬁﬂ) =
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we deduce that

in ST +Tiw' () 2 Z% AT )|
=1
> ; T
> je?fja_’fn}[ ;i (e, BT (w) ]
> ; T; .
= el W, TR
This implies that for all j € {1,...,n},
min » (Ti(u)(t) + T;(u)'(t)) > max yi(a,b)||T;(u)].
tE[Ot,ﬁ] i—1 'Le{la ’n}
Then
n {HllaX }’Yz( n
. ie{l,....n
min ¥ (Ti(u)(t) + T;(u)'(t)) > > T ()
t€[a,p] = n —
= (., B)|IT(u)l e
fi(t,u,v)

Step 2: Let i € {1,...,n} we have
all M >0, 3R; ;1 > 0 such that

i filtyu,0) 2 M([[ully + [[oll1), for [lully + [Jvfly < Rix.

This implies that, for all M > 0 3R; 1 > 0 such that for all ¢ € [0, 1],
itu0) 2 i it 0) > Ml + ol or full -+ ol < Ri,

iHl mm ———
llulls vl —0t€[0,1) [|ull1 + [Jv]|1

we choose

1
(e 5) min

B

5 .
r()ds, [ wn(s)ds)
Let €1 be the bounded open set in E defined by 1 = {u € E, |Jul|lg < {I{lin
1€l,...m
Then for all u € Con(a, 5) NIy, it yields, for all s € [«, 5],

n

Z(ui(s) +ui(s)) > v(a,8) min R;;.

pot ie{l,...n}
Then for all i € {1,...,n}, s € o, 8],
i) (5)) 2 M(fuls) 1+ () = M 2 (0, 8) _min R,
This implies that, for all ¢ € {1,...,n}, t € [0,1]

B
|T;:(u)(t)| > M wi(s)ds y(a,8) min  R;;
« ie{l,...,n}

and for all ¢ € {1,...,n}
min Ri,l
i€{L,...,n}

ITi ()| = [ Ti(w)][oo = "

We deduce that
T(w)| > min R;1 = |lullg.
ie{l,...,n}

,,,,,

= +00. Then for

}RM}.
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fi(t,u,v)

lim ' - —={. Then
l[ull+l[oll—+o0 t€[0,1] [Jul|1 + [Jv]l1

Step 3: Now, let i € {1,...,n} we have

for all & > 0, IR{" > 0 such that

max fift.0) < (lul + o) for fuly+ ol > B

This implies that, for all € > 0, EIR(J;" > 0 such that for all ¢ € [0, 1],

Filtyu,v) < masc filt u,v) < e(fJully + Jlvll) for flufy + flvflx = R{'.

From (H2), there exist three constants M ;, M3 ; > 0 such that, for k € {1, 2},

|he,i (t,u(t))| < My ;, for each t € [0,1].

We choose
1
€= T .
dn(l+ max KZ)/ o(s)ds
iE{l,.‘.,n} 0
Let
Ry = max{2 min Ri,l» max R£1,2n max [KiMl,i +CiM2’i+M1’Z‘+1]
i€{l,...,n} i€{l,...,n} ie{l,...,n}
, 2n glax }[Z(KiMM + CiMs,;) + 1]}
i€{l,....,n

and €2 be the bounded open set in E defined by Qs = {u € E, ||u|]|g < Rz}. Then
for all u € Con(a, 8) N 0N, we have for all i € {1,...,n} for all s € [0,1]

fi(s,u(s), v/ (s)) < Juax, fi(s,u(s),u'(s)) < e(flus)ll + 1w/ (s)]1) < eRa.

Using lemma 3.1-(1) we have, for all ¢ € [0, 1]

1
Tw)(®)] < / Hi(t,5) (s, u(s), o/ ())ds + P(t) + 1

IN

1
€ Ry (1+ max Kl)/ o(s)ds
ie{l,...,n} 0

.....

=+ max [K;M; + CiMs,; + M ; +1]

ie{l,...,n}

Ry Rs
< =4
- 4n+2n
<

n

Then, for all ¢ € {1,...,n},

Ry
E [e%e] < —.
1Tl < =
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Using lemma 3.1-(2) we have, for all ¢ € [0, 1]

ITi(w)' (t)]

/ %@f*&“(s)ﬂ(s))ds + Pl(t) +1
0

1
< eRy(1+2 fnax }KZ-)/ o(8) fi(s,u(s), v (s))ds
1€1,...,m 0
+ max [2(K1M1,z + CiMQ’Z') =+ ].]
i€{l,...,n}
Ry Ry Ry
-~ 2n + 2n n
Then for all ¢ € {1,...,n},
Ry
Ti ! 00 < —.
T oo < &
Therefore R
T < 22,

We deduce that
IT(w)le < Re = ||ulle-

Step 4: Let u € Q; then |ju/| < min Ri1 <2 min R;; < Ry. This implies
ie{l,...,n} ie{l,...,n}

that [Jul| < Ry, then u € Qy. We deduce that Q; C Q. By theorem 3.4, T has at
least one fixed point in K N (22\Q1). Then (1.1)-(1.2) has a least one nonnegative
solution wu. g

Theorem 3.6. Under assumptions of theorem 3.5 and adding the following condi-
tion:

For alli e {1,...,n}, there exist to,; €]0,1[ such that f;(tos, z,y) >0  (3.3)
for all z € R, for all y € R™.
Then the problem (1.1)-(1.2) has at least one positive solution.

Proof. Consider the nonnegative solution u for problem (1.1)-(1.2) whose existence

is guaranteed by theorem 3.5. Notice that u; satisfied for all i € {1,...,n} u;(t) =
1

/ H;(t,s)fi(s,u(s),u(s))ds + P;(t). From (H2) and condition (3.3)), there exist
0
[, Bi] C]O, 1], such that, for all t € [ay, 3] and x € R}, y € R", fi(t,z,y) > 0.
Then for all ¢ € {1,...,n} and for all ¢t €]0, 1],
1 Bi
ui(t) = / Hi(t,s) fi(s,u(s),u'(s))ds + Pi(t) = [ Hi(t,s) fi(s,u(s),u'(s))ds >
0

(623

0. The proof is complete. (I

4. NONEXISTENCE RESULTS
In this section, we give some sufficient conditions for the nonexistence of pos-

itive solutions. We define the constants B; = (1 + Ki)/ o(s)ds and C(a,b) =
0

/ i (s)ds,

Theorem 4.1. Suppose that (H2) holds. There exists ig € {1,...,n} such that for
all t €]0,1[, for all z;, €]0,+00[, for alli € {1,....n}\{io}, x; €R



SYSTEM OF THIRD-ORDER BOUNDARY VALUE PROBLEM 75

(1) (Kio =+ l)huo(t,xl, vy Lig s ,ZEn) < %

(2) Ci0h2,i0(t7x17"'7mi07“'7x1’b) < %

(3) Big fio(byT1y ooy Tigsoey Ty Y1y ooy Yn) < x;‘)
Then the problem (1.1)-(1.2) has no positive solutions.

Proof. Assume, to the contrary, that u(t) is a positive solution of (1.1)-(1.2
note by u(s) = (u1(s), ..., iy (8), -, un(s)) and v'(s) = (uy(s), ..., uj, (s), .-
Then for all s €]0, 1[ we have

S
3
oL
P

it us) () < “o)

Then for all ¢ € [0,1] and for all s €]0, 1] we have

Ui (S)Bi; 1
—
Multiplying this by H;,(t, s) and integrating on [0, 1] we deduce that

Hio (t7 s)fio (tv u(s)v ’U/(S)) < Hio (t> 8)

| e fuftuts) o) < o
/uio(s)ds
< 0
= 3

Since, for all t € [0, 1]

P (t) < Cio/o hgyio(&u(s))ds—i—(Kio—i—l)/o hi,io (s, u(s))ds

1 1
/uio(s)ds /uio(s)ds 9 1

< 20 + =0 = /uio(s)ds.
0

3 3 3

/01 U, (8)ds

9 1 1
u, () < 7/ Ujy (s)ds + =———— :/ u;, (8)ds.
3 Jo 3 0

Then for all ¢ € [0, 1]

1
By mean value theorem there exists so €]0,1[ such that / Uiy (8)ds = w4y (s0)
0

which is a contradiction. The proof is complete. [

Theorem 4.2. Suppose that (H2) holds. There exists iy € {1,...,n}, there exists
a,b €)a,b] such that for allt € [0, 1], for all z;, €]0,+o0[, for alli € {1,....,n}\{io},
z; €R

C(a,b) fio (t, T1y ooy Tigy ooy Ty Y1y oo Yn) > T - (4.1)
Then the problem (1.1)-(1.2) has no positive solutions.
Proof. Assume, to the contrary, that u(¢) is a positive solution of (1.1)-(1.2). We de-
note by u(s) = (u1(8), .., Uiy (8), s un(s)) and u'(s) = (u)(8), ..., u (8), s Uy, (8))-
Then for all s €]0, 1] we have

Fio (8,u1(8), ooy iy (8), ooy U (8), U (), vyl (8)) > gy (5)C(a, b) ™
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Then for all ¢ € [0,1] for all s €]0, 1] we have
H;, (t,8) fi, (t,u(s),u'(s)) > Hy, (t, s)ui, (s)C(a,b) 1.
Multiplying this by H;, (¢, s) and integrating on [0, 1] we deduce that

/mmwmmwmmw8>cmw*/mw@%@w
0 0

1
> / sy (8)ds.
0

(Ammwmwwﬂwmw+mw

Then for all ¢ € [0, 1]

Wig (t)

1
zAHW@mmmﬂ@m

1
> / u;, (8)ds.
0

1
By mean value theorem there exists sy €]0,1[ such that / iy (8)ds = g, (S0)
0

which is a contradiction. The proof is complete. (I

Example 1. Consider the following system of boundary value problem.

3
uf(t) + St e = 0
uf/ (t) + et /Tur (O] + Tub (0] + e=® =0
u1(0) = uz(0) =1 (4.2)
u1(0) = u5(0) =0
ui(1) = 2u1(%) +3
U/Q(l) = 2’UQ(§) + 1.
We have f1(t, z1,72,v1,Y2) = \Z% + e %2
. [tz 2o, m1,20) )
min =e

t€(0.1] (lz1] + |2] + [y2] + ly2l)
fl(tamla T2, ylayQ)

lim min = 400
(1| +lw2 ] +ly2 +ly2 =0 te[0,1] (|z1] + |z2| + |y2| + |y2|)
t 2
max fl( 7x17x2,y17y2) _ +€712 then
tef0,1] (|z1| + |z2] + [ya| + [y2]) Y21
. filt,z1, 22, y1,Y2)
1m max ==
(1 |+ |+ya | +lya ) >+oo t€(0,1) (|z1] + w2 + |y2| + y2])
f2(tax17x27y1ay2):e_t |J,‘1|—|—|J,‘2|—|—6_y2
t,x1,T2,Y1, _ _
min Jat, 21, 22,91, y2) =e ! |z1| + |y2| + 72
tef0.1] (|z1| + 22| + |y2| + |y2|)
t? b
then fz( T1,%2,Y1 y2) = 400

lim m
(|21 [+l2|+lyal +ly2) -0 t€(0.1] (Jo1] + |2z2| + |y2| + |y2])
t’x 73;‘ b b -
ax fo(t, @1, 22, 41,92 — VT + Jya] + e
tef0.1] (|z1| + 22| + |y2| + |y2|)
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. fa(t, 1, 22, Y1, Y2)
im max

(|21 [ +]@a|+|y2|+ly2l) = -+o0 t[0.1] (|21] + |2] + [y2| + [y2])
By using Theorem 3.6 the problem (4.2) has no positive solution.
Example 2. Consider the following system of boundary value problem.

1)+ (1 -+ 12Le O)2 4 fu (1) + (4 (1)) = 0
2 0) 4 (1) P = 0

_ / jus(s)]ds
o Jur(s)[+1

we denote by fi(t, 1,22, y1,52) = (1 + 18%™)? + |23 + 97, a = §, b =

! b
1 )
/0 o(s)ds = B and C(a,b) —/a wi(s)ds = 020"

5((14 1024 w12 2
C(a7b)[fl(t7xla$25y17y2)] = (@ iogl toalty; > T

By using Theorem 4.2 the problem (4.3) has no positive solution.

» B =

N|—=
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