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OSCILLATION CRITERIA FOR EVEN-ORDER NONLINEAR
NEUTRAL DIFFERENTIAL EQUATIONS OF MIXED TYPE

(COMMUNICATED BY IOANNIS P. STAVROULAKIS)

ETHIRAJU THANDAPANI, SANKARAPPAN PADMAVATHI AND SANDRA PINELAS

ABSTRACT. This paper deals with oscillation criteria for even order nonlinear
neutral mixed type differential equations of the form

!
(al))(@(®) + ba(t = 71) + ca(t +72) "D ) +p(B)2° (t—o1) +a()a® (t+02) =0,
where t > tgp and n > 2 is an even integer, « > 1 and 8 > 1, are ratios of odd
oo
positive integers. The results are obtained both for the case [ a~1(t)dt = oo,

oo
and in case [ a~!(t)dt < co. Some examples are given to illustrate our main
results.

1. INTRODUCTION

In this paper, we study the oscillatory behavior of the following even order
nonlinear neutral mixed type differential equation of the form

/
(a(t)(:v(t) bt — 1) + ca(t + Tz))<"*1>) p(1)2 (t—0 ) g ()2 (tow) = 0, £ > to,
(1.1)

where n > 2 is an even integer. We set z(t) = x(t) + bx(t — 71) + cx(t + 72).
Throughout this paper, we assume that

(C1) a € C([to,),R), a(t) > 0 and a'(t) > 0 for all ¢t > t;

(C2) p,q € C([to,00),R), p(t) >0 and q(t) > 0 for all ¢ > to;

(C3) b and c are positive constants,my, 72, 01, 02 are nonnegative constants and «

and [ are ratios of odd positive integers.

]}t) . 12

to

We shall consider the two cases:
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and

/L < 0. (1.3)

to

Differential equations with delayed and advanced arguments (also called mixed
differential equations or equations with mixed arguments) occur in many problems
of economy, biology and physics (see for example [3] 6, O] 10, [16]), because differen-
tial equations with mixed arguments are much more suitable than delay differential
equations for an adequate treatment of dynamic phenomena. The concept of delay
is related to a memory of system, the past events are importance for the current
behavior, and the concept of advance is related to a potential future events which
can be known at the current time which could be useful for decision making. The
study of various problems for differential equations with mixed arguments can be
seen in [Bl [8 15, 17, 19, 24]. It is well known that the solutions of these types of
equations cannot be obtained in closed form. In the absence of closed form solu-
tions a rewarding alternative is to resort to the qualitative study of the solutions of
these types of differential equations. But it is not quite clear how to formulate an
initial value problem for such equations and existence and uniqueness of solutions
becomes a complicated issue. To study the oscillation of solutions of differential
equations, we need to assume that there exists a solution of such equation on the
half line.

In [20] the authors established some oscillation results for the nth order (n > 1)
differential equations of mixed type

k
- Zp?y(t —nT;) Z (t+no;)=0 (1.4)
i=1

and
k l

Y™ (t) + Zp?y(t —nr) + Z qjy(t+noj) =0 (1.5)

i=1 j=1

where p;, 7,t = 1,2,...,k and gj,0;5,7 = 1,2,...,1 are positive constants..
n [25] the author established some oscillation results for the solutions of the
neutral equations of mixed type

k

jt( (t) + cx(t — 1)) +sz Ti)—i-qu:v(t—i—oj):O (1.6)
=1 ]
and
d k l
a(x(t)—l—cx(t—r))—z z(t +75) Z z(t—0;=0 (1.7)

where ¢ € R,r € (0,00),p;,q; € (0,00) and 75,0, € [0,00) for i = 1,2,....k,j =
1,2,...,L

Grace[I1] obtained some oscillation theorems for the odd order neutral differen-
tial equation

(z(t) + pra(t — 1) + pox(t + 7)™ = qa(t —oy) + @a(t +03), t >ty (1.8)
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where n > 1 is odd. In [I3] the authors established some oscillation criteria for the
following mixed neutral equation

(x(t) + prz(t — 1) + pax(t + 1)) = qa(t — o1) + @zt + 02), t > to (1.9)

with ¢; and ¢ are nonnegative real valued functions.
Zhang et al.[30] studied the even order nonlinear neutral functional equations

(() +p()z(r(t)™ + q(t) f(z(o (1)) = 0, ¢ = to, (1.10)

where n is even, 0 < p(t) < 1. The authors established a comparison theorem for
(1.10) and obtained results which improved and generalized some known results.

In 2011, Zhang et al. [29] studied the oscillatory behavior of the following higher
order half quasilinear delay differential equation

(r(®) ("D (0))*) + a(t)2” (7(t) = 0, t > to, (1.11)

under the condition [ —-dt < co. The authors obtained some sufficient conditions,
to L
which guarantee that every solution of (1.11) is oscillatory or tends to zero.
In 2012, Y.B.Sun, Z.L.Han, S.R.Sun, Ch.Zhang [26] studied the oscillation cri-

teria for even order nonlinear neutral differential equations
(r()(@(t) + p()z(r() ") + q(t) f(x(0(t))) = 0, t > to, (1.12)

o0 o0

where [ r71(t)dt = oo, [ 71 (t)dt < 0o, 7(t) < t,o(t) < t,0 < p(t) < py < oo. The
to to

authors obtained some oscillation theorems, which guarantee that every solution of

equation (1.12) is oscillatory. For the particular case when n = 2, equation (1.1)
reduces to the following equation

(r(®)(@(t) + p()x(7(1)))) + () f(x(o(t))) =0, t > to. (1.13)
Han et al.[14] established the oscillation criteria for the solutions of (1.13), where
JrmH(t)dt = oo, 7(t) < t,o(t) < t,0 < p(t) < po < 0.
to

In [28] the authors obtained several sufficient conditions for the oscillation of
solutions of second order neutral differential equation of the form

(a®)([z(O)+b(t)z(t=01)+e(t)a(t+02)]%) ) +q(t)a” (t=T0)+p(t)a” (t+72) = 0, E ¥ B
1.1

o0

where [a™!(t)dt = 00,0 < b(t) < b,0 < ¢(t) < ¢ and p and g are nonnegative
£

continugus real valued functions.

Motivated by the above observations, in this paper we establish some sufficient
conditions for the oscillation of all solutions of equation (LI when the condition
([C2) or (L3 is satisfied.

In Section 2, we establish some preliminary lemmas and in Section 3, we present
sufficient conditions for the oscillation all solutions of equation (II]). Examples are
provided to illustrate the main results.
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2. SOME PRELIMINARY LEMMAS

In this section, we present some useful lemmas, which will be used in the proofs
of our main results.

Lemma 2.1. [[23]] Let u € C™([ty,00),RT). If u(™(t) is eventually of one sign
for all large t, then there exists a t, > t1, for some t1 > tg, and an integer I,
0<1<n, withn+1 even for u(™ (t) >0 orn+1 odd for u(")(t) < 0 such that
1 > 0 implies that u® (t) >0 for t > t,, k=0,1,...0 — 1, and | < n — 1, implies
that (=) Fu® () >0 fort > t,, k=1,1+1,...,n— 1.

Lemma 2.2. [/ Let u be as in Lemma 2.1. Assume that u'™(t) is not identically
zero on any interval [tg, 00), and there exists a ty > to such that u(™= D (t)u(™ (t) < 0
for all t > t1. If tlggou(t) # 0, then for every A, 0 < A < 1, there exists T > t1,
such that for all t > T,

A
(n—1)!
Lemma 2.3. Assume that condition (I2) holds. Furthermore, assume that x is

an eventually positive solution of equation ([I1). Then there exists t1 > tg, such
that

tnflu(nfl) (t)

u(t) >

2(t) > 0,2'(t) > 0,27 (t) > 0 and 2™ (t) <0, for all t >t,.
The proof is similar to that of Meng and Xu [[22],Lemma 2.3] and so omitted.
Lemma 2.4. [[2I]] Assume that o € (0,00) and ¢ > 0 and d > 0. Then
A HdY > (c+d)Y if0<a<],
and
c* +d* >

1
5o (c+d)* if a>1.

Lemma 2.5. [[27]] Assume that for large t
q(s) #£0 for all s € [t, t7],
where t* satisfies o(t*) =t. Then
' (t) + q(t)[z(o(t)]* = 0, t = to,
has an eventually positive solution if and only if the corresponding inequality
' (t) + q(t)[x(o ()] <0, t > to,
has an eventually positive solution.
In [7 12} 18, B0], the authors investigated the oscillatory behavior of the following
equation
(1) + q()[x(a(t)]* =0, t > 1o, (2.1)
where g € C([to,00),R"), 0 € C([to,0),R), o(t) < t, tlim o(t) = oo and a € (0, 0)
— 00

is a ratio of odd positive integers.
Let « € (0,1). Then it is shown that every solution of the sublinear equation
1) oscillates if and only if

o0

/q(S)dS = oo. (2.2)

to
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Let aw = 1. Then equation (21)) reduces to the linear delay differential equation
2 () + q()a(o(8) = 0, ¢ > to, (2.3)

and it is shown that every solution of equation (23] oscillates if

¢
. 1
htlgggf / q(s)ds > o (2.4)
o(t)
Let a € (1,00) and o(t) =t — 0. Then equation (23] reduces to
2'(t) + q(t)x*(t — o) =0, t > to, (2.5)

for which the following results was obtained: If there exists A € (¢! Ina, c0) such
that
lign infq(t)exp(e™*) > 0, (2.6)
—00

then every solution of equation ([2.3]) oscillates.

3. OSCILLATION RESULTS
In this section, we state and prove our main results. Define for all ¢ > ¢y,
R(t) = P(t) + Q(t),

where

P(t) = min {p(t), p(t — 1), p(t + 72)},
and

Q(t) = min {q(t), q(t — 71), q(t + 72)}. (3.1)
Theorem 3.1. Assume that condition (I.2) holds and 1 < a < B. If

/R(t)dt = o0, (3.2)

then every solution of equation (L)) is oscillatory.

Proof. Suppose, on the contrary, x is a nonoscillatory solution of equation (ITI).
Without loss of generality, we may assume that there exists a constant t; > to,
such that z(t) > 0, for all ¢ > ¢;. From the definition of z, we have z(¢) > 0 for all
t > t1. From the equation (III), we obtain

(a(®)2""D (1) = ~(p()2®(t — 01) + q(t)a’ (t +02)) <0, t > 1.

Therefore, by Lemma 23] a(t)z(" =D (t) is a positive decreasing function. Further-
more, we have

(a(®)z"D (@) + pt)a(t — o1) + q(t)a” (t + 02) = 0, (3.3)
ba(a(t—Tl)Z(n_l)(t—Tl))/—l—bap(t—Tl)J]a(t—Tl—0’1)+baq(t—7'1)$’8(t—7'1+02) =0,
(3.4)

and

Ca(a(t+T2)Z(n71)(t+T2))/—|—Cap(t—|—7'2)$a(t+7'2 —01)—|—c°‘q(t—|—72)3:ﬁ(t—|—7-2—|—02) =0.
(3.5)
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Combining B3), B4), B5) and using Lemma 24 and [B]) we obtain for ¢ > ¢4,
(a(t)z" V@) + 0% (a(t — 1) 2"t = 11)) + ¢ (alt + 12) 2"Vt + 7))
1 « 1 (o3
But z(¢) > 0 and increasing, we have

(a(®)z" () +b%(alt — )2Vt — 1)) + (alt + 12) 2"V (E+ 7))

+

4a71R(t)Za(t — 01) S 0, t 2 tl. (37)

Integrating (B7) from ¢ to t, we have
t t
/(a(s)z(”fl)(s))’ds + /bo‘(a(s — 1)z V(s — 1)) ds
t1 t1
¢

¢
1
—i—/co‘(a(s + 1)z (5 4+ 7)) ds + / To R(8)z%(s —01)ds <0, t > tq,
ty

t1

again we get
t

! /R(s)zo‘(s —o1)ds < — /(a(s)z("_l)(s))’ds

4o¢71
ty

—b™ /(a(s — 7'1)2(”71)(5 —71))ds — c* /(a(s + Tg)z(”*l)(s + 7)) ds
<a(t)z" VY (t) —a(t)z" V(1)

+b (a(tl — )2Vt — 1) —a(t — 1)zt - 7'1))

+c* (a(fl +72)20 N (4 m) —alt+ 7))z (E+ 72)) : (3.8)

Since 2’(t) > 0 for t > t1, we can find a constant M > 0 such that z(t —o1) > M for
all t > t;. Then from (Z8) and the fact that a(t)z("~1(t) is positive, we obtain

/R(s)ds < 00,
t1

which is in contradiction with (8:2)). This completes the proof. O

Theorem 3.2. Assume that condition (I.2) holds. Further assume that o = land
o1 > 7. If either

R(s)(s — 1)1 (I+b+¢c)(n—1)

lim inf .
5 a(s —o1) s > Aoe 7 (39)
t—(o’l—Tl)
or
t
R — o)t 1+ - 1!
lim sup (5)(s = o) ds > (1tb+on-1) (3.10)

t—s00 a(s —oy) Ao 7
t*(dlle)



OSCILLATION CRITERIA FOR EVEN-ORDER NONLINEAR DIFFERENTIAL EQUATIONSI5

for some Ao € (0,1),then every solution of equation ({I1l) is oscillatory.

Proof. Suppose, on the contrary, x is a nonoscillatory solution of equation ([LTI).
Without loss of generality, we may assume that there exists a constant ¢; > to,
such that z(t) > 0, for all ¢ > t;. Proceeding as in the proof of Theorem B we
have (B1). By Lemma 22 and (B1), for every A\,0 < A < 1, we obtain

(a()2" "D (1) +b*(a(t — 1)zt = 7)) + ¢ (alt + 12) 2"V (E + 7))

R(t) A n—1_(n—1) “

Let y(t) = a(t)z(™=Y(t) > 0. Then for all ¢ large enough, we have

(y(t) +0%y(t — 1) + cy(t + 72))'

4&1;(3((?_ Ul) ((n i\ 1)|(t - Ul)n_l> ya(t - Ul) <0, t>t. (311)

Next, set
w(t) =yt) + byt — 1) + Cy(t + 72).

Since y is decreasing, it follows that

w(t) <1+ + Myt —m1), t >t;. (3.12)
Combining (B11)) and BI2), we get
R(t) A 1\
! _ n—1 afy <
OF T et e (o) ((n— it~ o) ) wit=ortn) <0

Hence for a = 1, we have

/ R(t) A
COr T T et =y ((n—l

I (t — 01)"1> w(t—o1+7)<0. (3.14)

Therefore, w is a positive solution of (8I4). Now, we consider the following two
cases, depending on whether [3.9)) or (B.I0) holds.

Case (i):It is easy to see that if (30) holds, then we can choose a constant 0 <
Ao < 1, such that

- / R(s)(s — o0)"—1 |
htlglogf / a(s —o1)(n— D1 +b+c) ds > e (3:15)

t—(o’l—Tl)

But according to the Lemma 28 B.I5) guarantees that ([BI4) has no positive
solution, which is a contradiction.
Case (ii): Using the definition of w and (B1), we obtain

w'(t) = y'(t) + 07y (t = 1) + ™Y (t + 72)
< (a(®)z7 V(@) + 0% (a(t = 1)t = 1)) + e (alt + 1)zt + 1))

Noting that « = 1 and o7 > 71, there exists t; > t1, such that
w(t —o1+71) > w(t),t > ts. (3.17)
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Integrating (BI4) from ¢t — o1 + 71 to t, we have

A / (s — )" LR(s)

w(t)—w(t—o1+7)+ w(s—o1+7)ds <0,

(14+b+c)(n—1) a(s —o1)
t—o1+71
wheret > to.Thus
t
A (s —01)" 1R(s)
t)—w(t— t— — —*ds <
wih)—wlt-ortm)+ g sm e totn) / oo ©=0

t—o1+71
where t > t5. From the above inequality, we obtain
t

w(t) A / (s —o1)" 1R(s)
-1 ——————=ds <0, t > 1.
w(t —o1+71) +(1+b+c)(n—1)! a(s —o1) = b=t
t—o1+71
Hence from (BI7), we have
¢
A (s —o1)" L1R(s)
— —"ds <1, t>t 1
(14+b+c)(n—1)! / a(s —o1) =0 2 (3.18)

t—o1+71
Taking the sup limit as ¢ — oo in ([BI8]), we get
t

R(s)(s — 1)1 (1+b+c)(n—1)!.

limsu ds < 3.19
t_)oop a(s —o1) - A ( )
t*(dlle)
If (BI0) holds, we can choose a constant 0 < Ag < 1, such that
¢
— n—1 — 1)
Jimn sup R(s)(s —01) ds > 1+b+c)(n 1).7
t—00 a(s —o1) A
t—(o’l—Tl)
which is in contradiction with (3I8]). This completes the proof. O
Theorem 3.3. Assume that condition (I.2) holds and 1 < 8 < a. If
/R(t)dt = 00, (3.20)
to

then every solution of equation (L)) is oscillatory.

Proof. The proof is similar to that of Theorem[3.Iland hence the details are omitted.
O

Theorem 3.4. Assume that condition (1.2) holds. Further assume that § = land
o1 > 7. If either
¢
— o)t 1+b —1)!
lim inf / Ris)s —o)"™ )0 A tbto)n =D (3.21)
a(s — o1) Aoe

t— o0
t—(o’l—Tl)

or
t

lim sup R(S)(S—Ul)"_lds> (I+b+c)(n—1)

00 a(s — o1) Ao ’
t*(dlle)

(3.22)
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for some Ao € (0,1),then every solution of equation ({I1l) is oscillatory.

Proof. The proof is similar to that of Theorem[B.2]and hence the details are omitted.
O

Corollary 3.5. Assume that condition (I3) holds, 01 — 1 > 0 and o € (1,00). If
there exists i € ((o1 — 1) ' lna, 00) such that

litrgiong(t) <a(t(t—_0i7)1()7:— 1)!) exp(e ) > 0, (3.23)

then every solution of equation (1)) is oscillatory.

Proof. According to Lemma 2.5 the condition (823) guarantees that [BI3]) with
a > 1 has no positive solution. Hence by Theorem [B.2] every solution of equation
(1D is oscillatory. This completes the proof. O

Corollary 3.6. Assume that condition (I.2) holds, o1 — 11 > 0 and 8 € (1,00). If
there exists v € ((o1 — 1)~ ' In 8,00) such that

— o n—1 B
liminfR(t) (a( (t=o1) )'> exp(e™"") > 0, (3.24)

t—o0 t— 0'1)(71 —1
then every solution of equation (I1]) is oscillatory.

Proof. According to Lemma 2] the condition (3:224)) guarantees that [BI3]) with
B > 1 has no positive solution. Hence by Theorem 3.2 every solution of equation
(1) is oscillatory. This completes the proof. O

Theorem 3.7. Assume that condition (L.3) holds and o1 —711 > 0. Suppose, further
that the first order differential equation

/ R(t) )‘0 _ n—1 “ afy _
w'(t) + 100+ )oan (i = o1) <(n_ 1)!(15 o1) ) w*(t—o14+7)=0
(3.25)
is oscillatory for some constant Ao € (0,1). If
t
. Loz gy o 0+ T
h?ligp/ [klR(s) ((n— 2)!(5 o1) ) 5(s) 4a(s—|—72)5(s)} ds = o0,
t1
(3.26)

for all constants ki > 0, then equation (L) is almost oscillatory.

Proof. Suppose, on the contrary, x is a nonoscillatory solution of equation (LTI
Without loss of generality, we may assume that there exists a constant t; > tg,
such that z(t) > 0, for all ¢ > ¢;. It follows from the equation (1)) and Kiguradze’s
Lemma 2.7] that there exist three possible cases:
(i) z(t) > 0,2'(t) > 0,2 V() > 0,2M(t) <0;

(i) z(t) > 0,2'(t) > 0,22 (t) > 0,2~V (t) < 0;

(iii) z(t) > 0,2'(t) < 0,22 (t) > 0,2" (1) < 0;
for t >ty > t1, t1 is sufficiently large. Assume that case(i) holds. From the proof
of Theorem we get

R(t) < Ao
40711 4+ b + c*)*a®(t —o1) \(n — 1)

w'(t) + !(t—al)”l) w(t—o1+711) <0.
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By [[12],Corollary 3.2.2], w is a positive solution of

/ R(t) Ao n— “ a —
w(t)+4a_1(1+b“+0“)“a“(t—01) <(n—1)!(t_"1) 1) w(t—o1+7)=0

for every A € (0, 1), which contradicts the fact that (3:20)) is oscillatory.
Assume that case (ii) holds. Define the function u by

. a(t + 7_2)2(71—1) (t + Tg)

ul(t) = = >t (3.27)

Clearly, u(t) < 0 for t > to. Noting that a(t + 72)2" V(¢ 4+ ) is decreasing, we
obtain

a(s+71)2" V(s + 1) <alt+7)z2" VDt +m), s>t >t (3.28)

Dividing (8:28) by a(s + 72) and integrating it from ¢ to (I > t), we have

l
d
2D (14 m) <2V (4 1my) +a(t+T2)z("_l)(t+T2)/TZ).

t
Letting | — oo, we get

0 <2 D(t) + alt + 1) 2"V (t + 7)d(t),
that is
a(t + )2V (t + 1)d(t)

—-1<
- 2(n=2) ()

Therefore, from ([B28)), we obtain
—1<u(t)o(t) <0, t>ts. (3.29)

Next, we define the function w as
, t >t (3.30)

Clearly, w(t) < 0 for t > t. Noting that a(t)z("~1(t) is decreasing, we have
a(t + 1)z (t 4+ 1) < at)2 "V (1),
then w(t) < w(t). Thus, by [B.30), we get
—1<w(t)i(t) <0, t > to. (3.31)
Next, define the function v as

a(t — Tl)z(”fl)(t —7)

o(t) = g >t (3.32)

Clearly, v(t) < 0 for ¢t > t5. Noting that a(t — 71)z(" 1 (¢t — ) is decreasing, we
have
a®)z2" V@) < alt — )2V (- 1),
then u(t) < w(t) < wv(t). Thus, by B32), we get
—1<o)d(t) <0, t > ts. (3.33)
Differentiating ([3.27)), we obtain

/ (a(t +m)e" Dt + 7)) uP(t)
) < 2(n=2)(¢) Calt+m) (3.34)
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Differentiating (330) and from (28], we obtain
W'(t) < (a®)z"" D) wi(t)

= 200 at+m) (3:35)
Differentiating (3:32) and from (B28]), we obtain
_ (n—=1)(4 _ / 2
() < LAtz ) vi(h) (3.36)

2(n—2) (t) CL(t + 7'2) '

Combining (3:34),[335) and (B.36]), we get

w! (8) + 670 (1) + ' (8) < —Z<n712>(t> (a(t)2" D) + b (a(t —7)=" "V (t — 7))
+c*(a(t + 1)z V(t + 1)) — T (W (t) + b2V () + c*u?(t)) - (3.37)

Therefore, by (31) and (337), we obtain

Za(t — 01)

/ ./ o, ! _
w'(t) + b’ (t) + c*u'(t) < 72(71_2)@)4&_1}3@)
1 2 2 2
- t) + b%v-(t us(t)) . 3.38
e (PO 10 + () (3.35)
On the other hand, by Lemma 2.2] we get
A
> n—2_(n—2) ) i
z(t) > D] 2)!t z (t) (3.39)

for every A € (0,1) and for all sufficiently large ¢. Then there exists a constant
M > 0 such that

R(t) 2%(t —o1) o1 z(n=2) (t—o1)

w' (t) 4+ %' (t) + *u'(t) < — (22 (t — oy))

40=T (z(=2)(t — gy)) 2(n=2)(¢)
1 2 o, 2 o, 2
—m (w (t) + b%v° (t) + c*u (t))
M ot A n—2 “ 1 2 a, 2 o, 2
S_<Z> R(t) (m(t—al) > —m(w (t) + b0 (t) + u?(t))

Multiplying the above inequality by () and integrating from t¢s to ¢, we obtain

S(E)w(t) — 8(t2)wits) + / _w) ey / %ds

Z a(s + 72) / a(s+ 72)
/ V(S / v2(s)0(s
o (- [ [
+c* (5(t)u(t)—5(t2)u(t2)+/a(;‘ﬁf)m +/ ((s)ég)ds)
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It follows from (B40), taking into account that —1 < w(t)d(t) <0, —1 < v(t)o(t) <
0 and —1 < u(t)o(t) <0,

S(t)w(t) — d(t2)ultz) + b (3(1)o(t) — 3(t2)o(t2))
e (O(ult) — (t)u <%) <n_2 ) / 5(s)R(3)(s — 01)2(=2) ds

¢
140"+ / 1 <o
4 a(s+72)d(s) —

ta

Therefore,

S()w(t) + b8(t)(t) + c@5(t)ult)

+/t [kl (ﬁ(s - Ul)n_z) “ RUs)0e) — = bz - a(s + ;)5(5) *

to
< 5(t2)w(t2) + baé(tg)’v(tz) + Caé(tg)’u,(tg).
From (8:26) and the above inequality, we get a contradiction to (3.29),[331) and

Assume that case(iii) holds. Similar to the proof of that of [[4],Lemma2], there
exists a constant £ > 0 such that

x(t) > kz(t). (3.41)
The conclusion of the proof is similar to that of case (ii) and we can obtain the
contradiction to ([3:26]), and so is omitted. This completes the proof. O

4. EXAMPLES
In this section we present some examples to illustrate the main results.
Example 4.1. Consider the even order nonlinear mized type differential equation
((t) + 2(t — ) + da(t +2m) ™) + 22(t — 37) + 20(t +7) =0, t > 0. (4.1)
Here a(t) = 1,p(t) = q(t) =2,b=1,c=4,11 = 7,72 = 27,01 = 3w, 00 = 7w and

a = B = 1. It satisfies all the conditions of the Theorem[32 Hence, every solution
of equation ({-1) oscillates. For, example, x(t) = sint is an oscillatory solution of

equation (4.1).

Example 4.2. Consider the even order nonlinear mized type differential equation
2(z(t) + z(t —n) + z(t + 7)) + 2t —27) + 2t +7) =0, t > 0. (4.2)

Here a(t) = 2,p(t) = q(t) = 1,b=1,c=1,11 = 7,72 = w,01 = 27,09 = 27 and

a = = 1. It satisfies all the conditions of the Theorem[3] Hence, every solution

of equation ({.2) oscillates. For, example, x(t) = sint is an oscillatory solution of

equation (4.3).

Example 4.3. Consider the fourth-order differential equation
1 "o
(E(x(t) +a(t—1) +z(t + 1))”’) + E(eﬁ +eNad(t —2)

+ w3(t+3) =0, (4.3)

£At+10
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wheret > 0. Here a(t) = 1/, p(t) = ﬁ,q(t) = ﬁ,b =c=1l,mm=m=1,01=
2,09 =3 and o = = 3. Then one can see that all conditions of Theorem[3.]] are
satisfied except the condition (3.2). Therefore all the solutions of equation ({.3)
not necessarily oscillatory. In fact x(t) = et is an oscillatory solution of equation

-3
Example 4.4. Consider the fourth-order differential equation

t—1/2 t—1 t
(et"(t)) + (%) 2(t—2) + 16—6;v(t F1)=0,t>2  (44)

where z(t) = z(t) + x(t — 1) + x(t + 1). We can see that all conditions of Theorem
[32 satisfied except the condition (I.3). Therefore all the solutions of equation ({-4))

not necessarily oscillatory. In fact x(t) = e=*/? is one such nonoscillatory solution,
since it satisfies the equation ([{-4)).

Example 4.5. Consider the fourth-order differential equation

1 1 1 1,1 1
<E(I(t) + gx(t —1)+ gz(t + 1))’”) +E(e +§e)x(t—2)+@x(t+l) =0,t>0
(4.5

Here a(t) = 1/e* p(t) = Z(? + 3e),q(t) = 32, b=c=1/3, =1, =1,01 =
2,00 =1 and a = = 1. Then one can see that all conditions of Theorem 3.4 are
satisfied except the condition (33). Therefore all the solutions of equation ({.7]) not

necessarily oscillatory. In fact x(t) = et is one such nonoscillatory solution, since
it satisfies the equation (4.2]).

~
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