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APPROXIMATION OF FUNCTION f(x, y) BELONGING TO

GENERALIZED LIPSCHITZ CLASS BY (N, pm, qn) METHOD OF

THE DOUBLE FOURIER SERIES

(COMMUNICATED BY HUSEYIN BOR)

SHYAM LAL AND ABHISHEK MISHRA

Abstract. In this paper, a new estimate for the degree of approximation
of a function f(x, y) belonging to generalized Lipschitz class Lip(ξ1, ξ2) by

(N, pm, qn) summability method of its double Fourier series has been deter-

mined.

1. Introduction

Alexits [1] proved:
Theorem A If periodic function f ∈ Lipα, 0 < α ≤ 1, then its degree of approxi-
mation by (C, δ)-means σδn(f) of its Fourier series is∥∥f − σδn(f)

∥∥
C

= O

(
1

nα

)
for 0 < α < δ ≤ 1

and ∥∥f − σδn(f)
∥∥
C

= O

(
ln n

nα

)
for 0 < α ≤ δ ≤ 1.

Generalizing the result of Alexits [1], the degree of approximation by Voronoi-
Nörlund means of a single variable function f ∈ Lipα is estimated by Siddiqi [10],
Chandra [3] and Qureshi [8]. The similar problems, in particular, for one variable
functions, are considered by Dzjadyk [2], Korneichuk [7], Stepantes [14],[13] and
others. Working in slight different direction for function of two and several variables,
Stepantes [12], P.V. Zaderei, N. M. Zaderei and others ( see also [2], [14] ) discussed
the degree of approximation for the class of functions that are defined by using the
Lipschitz condition and indicated the procedure to get estimates for two variables
functions from corresponding estimates for one variable functions. As regards the
first arithmetic means of Fourier series in the one-dimensional case, Yoshimitsu [6]
generalized Theorem A in the two-dimensional case as follows:
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Theorem B If a continuous function f(x, y) of period 2π with respect to each x
and y belongs to Lip(α, β), where 0 < α < 1 and 0 < β < 1, then

|σm,n(x, y)− f(x, y)| = O
(
m−α + n−β

)
uniformly in (x, y) as m and n tend to infinity independently of each other. If
α = β = 1, then

|σm,n(x, y)− f(x, y)| = O(m−1 logm+ n−1 log n)

uniformly in (x, y) as m and n tend to infinity independently of each other.
Motivated by such results, in this paper, a new estimate for the degree of approx-

imation a function f(x, y) belonging to the class Lip(ξ1, ξ2) by (N, pm, qn) method
of the double Fourier series has been determined.

2. Definitions and Notations

Let f(x, y) be a Lebesgue integrable function of period 2π with respect to each
variable x and y and summable in the fundamental square Q : (−π, π) × (−π, π).
The double Fourier series of f(x, y) is given by

f(x, y) ∼
∞∑
m=0

∞∑
n=0

λm,n [am,n cosmx cosny + bm,n sinmx cosny

+cm,n cosmx sinny + dm,n sinmx cosny]

(2.1)

with (m,n)th partial sums sm,n(f ; (x, y)) where

λm,n =

 1/4, for m = n = 0
1/2, for m > 0, n = 0 and m = 0, n > 0
1 , for m > 0, n > 0.

am,n = π−2
∫∫

Q

f(x, y) cosmx cosnydxdy

and similar expressions for bm,n, cm,n and dm,n.
Let pm and qn be two sequence of real constants and let

Pm = p0 + p1 + p2 + ...+ pm =

m∑
j=0

pj 6= 0, P−1 = p−1 = 0, p0 > 0

and

Qn = q0 + q1 + q2 + ...+ qn =

n∑
k=0

qk 6= 0, Q−1 = q−1 = 0, q0 > 0.

The double series

∞∑
m=0

∞∑
n=0

um,n with the sequence of the partial sum

sm,n =

m∑
µ=0

n∑
ν=0

uµ,ν

is said to be summable by double Nörlund method or summable (N, pm, qn) if t
(N)
m,n

tends to a limit s as m → ∞, n → ∞ where the (N, pm, qn) mean t
(N)
m,n is defined
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by

t(N)
m,n =

1

PmQn

m∑
µ=0

n∑
ν=0

pm−µqn−νsµ,ν

=
1

PmQn

m∑
µ=0

n∑
ν=0

pµqνsm−µ,n−ν .

The necessary and sufficient condition for the regularity of (N, pm, qn) method
of summability are

pmqn = O(PmQn)

and
m∑
µ=0

n∑
ν=0

pµqν = O (|Pm| |Qn|) , as (m,n)→∞

There are two important particular cases of (N, pm, qn) summability method:

(1) (C, 1, 1) summability [4] if pm = 1 ∀m and qn = 1 ∀n.

(2) (C, δ1, δ2) summability if pm =
(
m+δ1−1
δ1−1

)
, δ1 > 0 and qn =

(
n+δ2−1
δ2−1

)
, δ2 > 0.

A function f : R2 → R of two variables x and y is said to belong to Lip(α, β) class
[6] if

f(x+ u, y + v)− f(x, y) = O(|u|α + |v|β), 0 < α ≤ 1, 0 < β ≤ 1.

f(x, y) ∈ Lip(ξ1, ξ2) class if

f(x+ u, y + v)− f(x, y) = O (ξ1(u) + ξ2(v)) .

If ξ1(u) = uα and ξ2(v) = vβ , 0 < α ≤ 1, 0 < β ≤ 1 then Lip(ξ1, ξ2) class coincides
to Lip(α, β) class.
If capital order ‘O’ is replaced by little ‘o’ in the above definition then f(x, y) is
said to belong to lip(α, β) and lip(ξ1, ξ2).

The degree of approximation of a function f : R2 → R by a trigonometric
polynomial

tm,n(x, y) =

m∑
j=0

n∑
k=0

λm,n [aj,k cosmx cosny + bj,k sinmx cosny

+cj,k cosmx sinny + dj,k sinmx cosny]

of order (m+ n) is defined by

‖tm,n − f‖∞ = sup {|tm,n(x, y)− f(x, y)| : x, y ∈ R} .
We write,

∆pk = pk − pk+1, k ≥ 0.

φ(u, v) = (1/4)[f(x+ u, y + v) + f(x+ u, y − v)

+f(x− u, y + v) + f(x− u, y − v)− 4f(x, y)]

M (N)
m (u) =

1

2πPm

m∑
j=0

pm
sin
(
m− j + 1

2

)
u

sin u
2

,

K(N)
n (v) =

1

2πQn

n∑
k=0

qn
sin
(
n− k + 1

2

)
v

sin v
2

.
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3. Statement of the Result

The purpose of present paper is to extend Theorem B to establish a new esti-
mate for the degree of approximation of a function f(x, y) ∈ Lip(ξ1, ξ2) class by
(N, pm, qn) summability method of its double Fourier series in the following form:
Theorem Let (N, pn, qn) be a regular double Nörlund method defined by positive
sequences {pn} and {qn} such that

m−1∑
j=0

|∆pj | = O

(
Pm
m+ 1

)
, (m+ 1)pm = O(Pm). (3.1)

n−1∑
k=0

|∆qk| = O

(
Qn
n+ 1

)
, (n+ 1)qn = O(Qn). (3.2)

If f(x, y) is a 2π periodic function with respect to each variable x and y, Lebesgue
integrable in (−π, π) × (−π, π) and belongs to Lip(ξ1, ξ2) class then the degree of
approximation of f(x, y) by (N, pm, qn) summability means

t(N)
m,n =

1

PmQn

m∑
j=0

n∑
k=0

pjqksm−j,n−k

of double Fourier series (2.1) satisfies∥∥∥t(N)
m,n − f

∥∥∥
∞

= O
(
ξ1

(
1

m+1

)
log(m+ 1)π + ξ2

(
1

n+1

)
log(n+ 1)π

)
for m = 0, 1, 2, ... ; n = 0, 1, 2, ...

provided that ξ1 and ξ2 are positive monotonic non-decreasing functions such that(
ξ1(u)

u

)
,

(
ξ2(v)

v

)
are monotonic decreasing (3.3)

and ξ1

(
1

m+1

)
log(m+ 1)π → 0 as m→∞, ξ2

(
1

n+1

)
log(n+ 1)π → 0 as n→∞.

4. Lemmas

For the proof of our theorem, following lemmas are required:

Lemma 4.1. The estimates

M (N)
m (u) = O(m+ 1) for 0 < u ≤ (m+ 1)−1

and K(N)
n (v) = O(n+ 1), for 0 < v ≤ (n+ 1)−1

hold true.

Proof. For 0 < u ≤ 1/(m+ 1), sinmu ≤ mu and Jordan’s lemma, we have∣∣∣M (N)
m (u)

∣∣∣ =
1

2πPn

m∑
j=0

pm
sin
(
m− j + 1

2

)
u

sin u
2

≤ 1

2πPn

m∑
j=0

pm

(
m− j + 1

2

)
u

u/π

≤ (m+ 1)

2Pn

m∑
j=0

pm

= O(m+ 1).
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Similarly, K
(N)
n (v) = O(n+ 1), for 0 < v ≤ (n+ 1)−1.

Lemma 4.2. The estimates

M (N)
m (u) = O

(
1

(m+ 1)u2

)
, for (m+ 1)−1 < u ≤ π

and K(N)
n (v) = O

(
1

(n+ 1)v2

)
for (n+ 1)−1 < v ≤ π

hold true.

Proof. For (m + 1)−1 < u ≤ π, using Jordan’s lemma and Abel’s lemma, we
get

∣∣∣M (N)
m (u)

∣∣∣ =

∣∣∣∣∣∣ 1

2πPm

m∑
j=0

pj
sin(m− j + 1

2 )u

sin u
2

∣∣∣∣∣∣
≤ 1

2πPm

∣∣∣∣∣∣
m−1∑
j=0

(pj − pj−1)

j∑
ν=0

sin
(
m− ν + 1

2

)
u

sin u
2

∣∣∣∣∣∣
+|pm|

∣∣∣∣∣∣
m∑
j=0

sin
(
m− j + 1

2

)
u

sin u
2

∣∣∣∣∣∣


≤ 1

2πPm


m−1∑
j=0

|∆pj |+ |pm|

 max
0≤j≤m

∣∣∣∣∣
j∑

ν=0

sin
(
m− ν + 1

2

)
u

sin u
2

∣∣∣∣∣


≤ 1

2πPm


m−1∑
j=0

|∆pj |+ |pm|


(

1

u2/π2

)
=

1

2Pm

[
O

(
Pm

(n+ 1)u2

)]
, by Eq. (3.1),

= O

(
1

(m+ 1)u2

)
.

Similarly, K
(N)
n (v) = O

(
1

(n+1)v2

)
, for (n+ 1)−1 < v ≤ π.

Lemma 4.3. If f(x, y) ∈ Lip(ξ1, ξ2) then φ(x, y) ∈ Lip(ξ1, ξ2) and

|φ(x, y)| = O(ξ1(u) + ξ2(v)).

Proof. Clearly,

|φ(x+ u, y + v)− φ(x, y)| ≤ |f(t+ x+ u,w + y + v)− (t+ x,w + y)|
+ |f(t− x− u,w + y + v)− f(t− x,w + y)|
+ |f(t+ x+ u,w − y − v)− f(t+ x,w − y)|
+ |f(t− x− u,w − y − v)− f(t− x,w − y)|

= O(ξ1(u) + ξ2(v)).
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Then f(x, y) ∈ Lip(ξ1, ξ2)⇒ φ(x, y) ∈ Lip(ξ1, ξ2).

|φ(x, y)| =
1

4
|f(x+ u, y + v) + f(x+ u, y − v) + f(x− u, y + v)

+f(x− u, y − v)− 4f(x, y)|

≤ 1

4
[|f(x+ u, y + v)− f(x, y)|+ |f(x+ u, y − v)− f(x, y)|

+ |f(x− u, y + v)− f(x, y)|+ |f(x− u, y − v)− f(x, y)|]
= O(ξ1(u) + ξ2(v)) +O(ξ1(u) + ξ2(v))

+O(ξ1(u) + ξ2(v)) +O(ξ1(u) + ξ2(v))

= O(ξ1(u) + ξ2(v)).

5. Proof of Theorem

(j, k)th partial sum of the double Fourier series (2.1) is given by

sj,k(f ; (x, y))− f(x, y) =
1

4π2

π∫
0

π∫
0

φ(u, v)
sin(j + 1

2 )u

sin u
2

sin(k + 1
2 )v

sin v
2

dudv.

Denoting (N, pm, qn) transform of sj,k(f ; (x, y)) by t
(N)
m,n(x, y), we get

1

PmQn

m∑
j=o

n∑
k=0

pmqn (sm−j,n−k(f ; (x, y))− f(x, y))

=
1

PmQn

m∑
j=0

n∑
k=0

pmqn

 1

4π2

π∫
0

π∫
0

φ(u, v)
sin(m− j + 1

2 )u sin(n− k + 1
2 )v

sin u
2 sin v

2

dudv

 .

t(N)
m,n(x, y)− f(x, y)

=
1

4π2PmQn

π∫
0

π∫
0

φ(u, v)

m∑
j=0

n∑
k=0

sin(m− j + 1
2 )u sin(n− k + 1

2 )v

sin u
2 sin v

2

dudv

=

π∫
0

π∫
0

φ(u, v)M (N)
m (u)K(N)

n (v)dudv

=


1

m+1∫
0

1
n+1∫
0

+

1
m+1∫
0

π∫
1

n+1

+

π∫
1

m+1

1
n+1∫
0

+

π∫
1

m+1

π∫
1

n+1

φ(u, v)M (N)
m (u)K(N)

n (v)dudv

= I1 + I2 + I3 + I4, (say). (5.1)
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Using Lemma 4.1 and Lemma 4.3, we have

|I1| =

∣∣∣∣∣∣∣
1

m+1∫
0

1
n+1∫
0

φ(u, v)M (N)
m (u)K(N)

n (v)dudv

∣∣∣∣∣∣∣
= O

(m+ 1)(n+ 1)


1

m+1∫
0

1
n+1∫
0

(ξ1(u) + ξ2(v)) dudv




= O

(m+ 1)(n+ 1)

 1

n+ 1

1
m+1∫
0

ξ1(u)du+
ξ2

(
1

n+1

)
n+ 1

1
n+1∫
0

dv




= O

(m+ 1)(n+ 1)

 ξ1

(
1

m+1

)
(m+ 1)(n+ 1)

+
ξ2

(
1

n+1

)
(m+ 1)(n+ 1)


= O

(
ξ1

(
1

m+ 1

)
+ ξ2

(
1

n+ 1

))
. (5.2)

By Lemma 4.1, Lemma 4.2 and Lemma 4.3, we observe that

|I2| = O


1

m+1∫
0

π∫
1

n+1

(ξ1(u) + ξ2(v))
(m+ 1)

(n+ 1)v2
dudv



= O

(m+ 1

n+ 1

)
1

m+1∫
0

π∫
1

n+1

ξ1(u)

v2
dudv +

1
m+1∫
0

π∫
1

n+1

ξ2(v)

v2
dudv




= O

(m+ 1

n+ 1

)
1

m+1∫
0

ξ1(u)

(
(n+ 1)− 1

π

)
du

+(n+ 1)ξ

(
1

n+ 1

) 1
m+1∫
0

π∫
1

n+1

1

v
dudv


 by condition (3.3)

= O

(m+ 1

n+ 1

) (n+ 1)ξ1

(
1

m+1

)
(m+ 1)

+
(n+ 1)ξ2

(
1

n+1

)
(m+ 1)

log(n+ 1)π


= O

(
ξ1

(
1

m+ 1

)
+ ξ2

(
1

n+ 1

)
log(n+ 1)π

)
(5.3)
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Similarly,

|I3| = O

 π∫
1

m+1

1
n+1∫
0

(ξ1(u) + ξ2(v))
(n+ 1)

(m+ 1)u2
dudv


= O

(
ξ1

(
1

m+ 1

)
log(m+ 1)π + ξ2

(
1

n+ 1

))
(5.4)

Also, using Lemma 4.2 and Lemma 4.3, we get

|I4| = O

 π∫
1

m+1

π∫
1

n+1

(ξ1 + ξ2)
1

(m+ 1)u2
1

(n+ 1)v2
dudv


= O

(
ξ1

(
1

m+ 1

)
log(m+ 1)π + ξ2

(
1

n+ 1

)
log(n+ 1)π

)
(5.5)

Combining equations (5.1) to (5.5), we have∥∥∥t(N)
m,n − f

∥∥∥
∞

= O

(
ξ1

(
1

m+ 1

)
log(m+ 1)π + ξ2

(
1

n+ 1

)
log(n+ 1)π

)
.

This completes the proof of the main Theorem.

6. Corollaries

Following corollaries can be derived from the main theorem:

Corollary 6.1. If pm = 1∀j and qn = 1∀k, then the degree of approximation of

f(x, y) ∈ Lip(ξ1, ξ2) by (C, 1, 1) means t(C)
m,n =

1

(m+ 1)(n+ 1)

m∑
j=1

n∑
k=1

sj,k of double

Fourier series (2.1) is given by∥∥∥t(C)
m,n − f

∥∥∥
∞

= O

(
ξ1

(
1

m+ 1

)
log(m+ 1)π + ξ2

(
1

n+ 1

)
log(n+ 1)π

)
for m = 0, 1, 2, ... ; n = 0, 1, 2, ... .

Corollary 6.2. If we take ξ1(u) = uα

(log πu )
γ for 0 < γ < α < 1, 0 < u < π and

ξ2(v) = vβ

(log πv )
δ , for 0 < δ < β < 1, 0 < v < π, then the estimate of the main

theorem becomes∥∥tNm,n − f∥∥∞ = O

((
log(m+ 1)π

(m+ 1)α(log(m+ 1)π)γ

)
+

(
log(n+ 1)π

(n+ 1)β(log(n+ 1)π)δ

))
.

Corollary 6.3. If f(x, y) is a 2π periodic function with respect to each variable x
and y, Lebesgue integrable in (−π, π)× (−π, π) and belongs to Lip(α, β) class then

the degree of approximation of f(x, y) by (N, pm, qn) summability means t
(N)
m,n of

double Fourier series (2.1), such that conditions (3.1) and (3.2) holds, satisfies

∥∥∥t(N)
m,n − f

∥∥∥
∞

=



O
(
(m+ 1)−α + (n+ 1)−β

)
,0 < α < 1, 0 < β < 1

O
(

(m+ 1)−α + log(n+1)π
(n+1)

)
, 0 < α < 1, β = 1

O
(

log(m+1)π
(m+1) + (n+ 1)−β

)
, α = 1, 0 < β < 1

O
(

log(m+1)π
(m+1) + log(n+1)π

(n+1)

)
, α = β = 1
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Corollary 6.4. If f(x, y) is a 2π periodic function with respect to each variable x
and y, Lebesgue integrable in (−π, π)× (−π, π) and is belonging to Lip(α, β), 0 <
α ≤ 1, 0 < β ≤ 1, class then the degree of approximation of f(x, y) by (C, 1, 1)

summability means t(C)
m,n =

1

(m+ 1)(n+ 1)

m∑
j=0

n∑
k=0

sj,k of double Fourier series

(2.1), satisfies

∥∥∥t(C)
m,n − f

∥∥∥
∞

=



O
(
(m+ 1)−α + (n+ 1)−β

)
,0 < α < 1, 0 < β < 1

O
(

(m+ 1)−α + log(n+1)π
(n+1)

)
, 0 < α < 1, β = 1

O
(

log(m+1)π
(m+1) + (n+ 1)−β

)
, α = 1, 0 < β < 1

O
(

log(m+1)π
(m+1) + log(n+1)π

(n+1)

)
, α = β = 1

for m = 0, 1, 2, ... ; n = 0, 1, 2, ... .
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