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A NEW APPLICATION OF GENERALIZED ALMOST
INCREASING SEQUENCES

(COMMUNICATED BY EBERHARD MALKOWSKY)

HIKMET SEYHAN OZARSLAN

ABSTRACT. In the present paper, a general theorem dealing with |A, pn;d|x
summability factors of infinite series has been proved by using almost increas-
ing sequence. This theorem also includes some known and new results.

1. INTRODUCTION

Let > a, be a given infinite series with partial sums (s,), and let A = (ay,) be
a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then
A defines the sequence-to-sequence transformation, mapping the sequence s = (s,,)

to As = (A,(s)), where
An(s) = i: OnpSy, m=0,1,...
v=0
The series ) a, is said to be summable |A|, ,k > 1, if (see [10])
ink_l |AAn(s)|k < 00,
n=1

where
AA,(s) = An(s) — Ap_1(s).

Let (py) be a sequence of positive numbers such that

n

Pn:ZpU—H)o as n—o0, (P_;=p_;=0,i>1).

v=0
The sequence-to-sequence transformation

1 &
On = P vasv
" v=0
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defines the sequence (o,) of the Riesz mean or simply the (N,p,) mean of the
sequence (s,,), generated by the sequence of coefficients (p,) (see [3]). The series
>~ ay is said to be summable | N, p, |, k > 1, if (see [2])

[e%s} k—1
> <P"> | Ao,y |F< o0, (1.5)

n=1 n

and it is said to be summable |A, p,; 0|, k > 1 and 6 > 0, if (see [7])

o s p N\ Okl

> (”) |AA,(s)* < co. (1.6)
n=1 Pn

If we take an, = %:l and § = 0, then |A, p,;d|, summability reduces to |N,py|x
summability. Also, if we take § = 0, then |A, p,,; §|, summability reduces to | A4, p, |k
summability (see [9]). In the special case § = 0 and p, = 1 for all n, |A, pn; |k
summability is the same as |A[, summability. Furthermore, if we take a,, = 5,
then |A, p,; 6|, summability is the same as |V, p,,; 6| summability.

Before stating the main theorem we must first introduce some further notations.
Given a normal matrix A = (a,,), we associate two lover semimatrices A = (Gn,)

and A = () as follows:

n
Apy = E Qngy, TN,V = 0717“- (17)
i=v
and
Ggo = Qoo = G0, Onpy = Gny — Gn-1,0, N =1,2,... (1.8)

It may be noted that A and A are the well-known matrices of series-to-sequence
and series-to-series transformations, respectively. Then, we have

An<5> = ianvsv = idnvav (19)
v=0

v=0
and

AA,(s) =

v

o Q. (1.10)

M=

0

2. KNOWN RESULT

In [3], Bor has proved the following theorem for |J\7 ,Pn |, summability factors of

infinite series.

I

Theorem 2.1. Let (X,,) be a positive non-decreasing sequence and let there be
sequences (B,) and (A,) such that

| Ay [< B, (2.1)
Bn—0 as n— oo, (2.2)
> n | Ay | X, < oo, (2.3)

n=1
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If

|t [*
=0(X,) as n— oo, (2.5)

NE

v
1

[~
Il

where (t,) is the nth (C,1) mean of the sequence (nay), and (p,) is a sequence such
that

then the series > o | an F;jp’\" is summable | N,p, |, k > 1.

n

3. MAIN RESULT

The aim of this paper is to generalize Theorem for |A, pn; d|r summability
by using almost increasing sequence. For this we need the concept of an almost
increasing sequence. A positive sequence (b,) is said to be almost increasing if
there exist a positive increasing sequence (¢,) and two positive constants A and B
such that Ac,, < b, < Be, (see [I]). Obviously every increasing sequence is almost
increasing. However, the converse need not be true as can be seen by taking the
example, say b, = ne(~1",

Now, we shall prove the following theorem.

Theorem 3.1. Let (X,,) be an almost increasing sequence. The conditions —

and (@- of Theorem and the conditions

m P ok—1
Z <p"> ltal® = O(X,) as m — oo, (3.1)
n=1 n
m+1 Sk Sk—1
Z <Pn> |Aylny| = O { (P,;) } as m — 00, (3.2)
Pn Pv
n=v+1

where (t,) as is in Theorem 2.1, are satisfied. If A = (any) is a positive normal
matriz such that

=1, n=01,.., (3.3)

an—1,0 > Apy, fOT n>uv+ 13 (34)
Dn

=05 |, 3.5

=0 (%) @5)

an,v—l—l ‘: O(’U | Av(anv) |)7 (36)

then the series Y .| an 12‘;‘" is summable |A,pp;dlk, k> 1 and 0 < § < 1/k.

We need the following lemmas for the proof of Theorem [3.1]
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Lemma 3.2. ([0]) If (X,,) is an almost increasing sequence, then under the condi-

tions — we have that

nXnBa = O(1), (3.7)
> BuXn < 0. (3.8)
n=1

Lemma 3.3. ([3]) If conditions (2.6) and are satisfied, then we have

() -o(2)

Lemma 3.4. ([3]) If conditions (2.1)-(2.) are satisfied, then we have that
An = O(1), (3.10)

AN, =0 (i) : (3.11)

4. PROOF OF THEOREM [B.1]

Let (I,,) denotes A-transform of the series Y - ; %. Then, we have by (1.9)
and (1.10)

z”: avP)\

Applying Abel’s transformation to this sum, we get that

- Vg Py Ay
AIn = nv —
Za o

- ZA <amP)\ )Zrar annP)\ Zrar
r=1 r=1

nv )‘ nnPn)\n
= ZA <a Py )(v+1)tu+a2(n+1)tn

n"pPn
AnnPnn, (v —|— 1) Py,
= Dty Ay Yty
nzpn n * Z 2
n—1 . n—1
I (v+1) R P,
+ Z o ANty 2 + Z Qn w1 Ao+1 0 @ ty(v+1)
v=1 v=1
= [n,l +In,2 +In,3 +In74-
Since
ot + Iz + Ing + Inal® < 45 (1L l” + ool + 115l + Tnal®)
to complete the proof of Theorem it is sufficient to show that
o/ p N\ Sktkel
> (") | Iy |F< 00,  for r=1,2,34. (4.1)
Pn

n=1
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First, by using Abel’s transformation, we have that

m

X

Sk+k—1
P,
) T |*
Pn

by 1), 49, 2.6), B1

Now, using the fact that P,

m+1 Sk+k—1
) L |*

>

-

P

Dn

Now, applying Holder’s inequality with indices k and k', where k > 1 and %—i— % =

as in I, 1, we have that

m—+1 Sk+k—1
) Lol

D

n=2

Py

G

n

m Sk+k—1 k k
P P, [t
= 0(1 = ar, <> P
<>;<pn) L2 el
m P dk—1
= oY (B e
n=1 pn
m Pn dk—1
- 0wy ) SWITHG
el Pn
m—1 n P Sk—1 Sk—1
— o) Amz(pr) 61k 4001 MZ( ) ¥
n=1 r=1 "
m—1
O(1) S~ 1AM X + O(1) A X
n=1
m—1
O(1)'S™ BuXn + O(1) A | Xom
n=1
O(1) as m — oo,
.63, G, (

:o(

o>

o)

o(1)

o(1)

13

3.10) and ( -
) by 1.’ we have that

m+1 Sk+k—1 /n—1
) (Zm ()| ol o]

-

P,

Dn

)

m+1 Skt+k—1 /n—1 k
Z(p”) (Zm DAt |>
n=2 n
mAl g\ Shth—1 (-l
Z(p") (Zm Dl |’“>><
n=2
m—+1
P,
Z(p) (ZIA Dl e ’f)
n=2 n
m-+1 P ok
ZM it S ( ) 1A ()]
n=v+1 Pn
m Pv dk—1
Z() PG
v=1 v
as m — 0o,

1 k-1
(Z IAv(&m)>
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by 1), 4). B1). B2). B3). B4, B, BF) and B.11).

Now, using Hoélder’s inequality, we have that

mAl p o\ Skthl . mAl g\ Shth—1 (-l
Z() L omz(p) (meﬂnm It |)

n

n=2 n=2
m+l o\ Skth—1 /n—1 n—1 k—1
= oy (p) (vav(am)wm) x (ZmAv(am)m)
n=2 n v=1 v=1
m+1 P
- oy (p) (Zm DIBults |k)
n=2 n
m—+1 P ok
_ va Y ( ) 1A ()|
n=v+1 Pn
m dk—1
— oY w1
) Do
m—1 v P dk—1 m P dk—1
— o) A(vmz(r) |tr|’“+0<1>mﬁmz(“) 6
v=1 r=1 Pr v=1 Do
m—1
= 0(1) A (vBy) Xy + O(1)mBm X
:V)L:—ll m—1
= 01 (v+1)|AB|X, +0(1 ZBUX +O(1)ymBnX
v=1

= O(1) as m— oo,

by 1), @3), 26). 1), -2, B3, B6), B.7) and B3).

Finally, since A ) =0 (vlz) by Lemma as in I,, 1, we have that

v2pv

m+1 P Sk+k—1 m—+1 P Sk+k—1 /n—1 |t |
Z () |In,4|k 0(1) Z <> (Z |an ’U+1||)\’U+1| >
n=2 Pn n=2 Dn
mtl o p N Skthel fn-1
- omy. (1) (Zm bl o I |>
n=2 n
mtl ;o p o\ Sk+k—1 /n—1 n—1 k-1
= oY <p) (Dmammﬂwka) x (vaamo
n=2 n v=1 v=1
m—+1 P ok [/n—1
- omy. <) (Z |Avam|Au+1|k|tv|k>
n=2 Pn v=1
m m+1 P ok
= oW Y Ml el 3 () 1)

v=1 n=v+1 Pn

m ok—1
= 0(1) Z <Pv> Aorl[tol® =O(1) as m — oo,

v=1 v
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by 21), 4), 25). B-0. B2). B3). B and B.1I).

Therefore we get

m P Sk+k—1
Z <n> | L., *=0(1) as m — oo, for r=1,234.
Pn

n=1

This completes the proof of Theorem [3.1

If we take an, = %> and § = 0, then we get a result of Bor [4] for IN, Dl

summability factors. Also, if we take § = 0, then we get a result of Ozarslan [§]
for |A, pn|r summability factors. Furthermore, if we take (X,,) as a positive non-
decreasing sequence, then we get a new result dealing with |A, p,,; d|x summability
factors.
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