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ON THE HYPERGEOMETRIC MATRIX k-FUNCTIONS

G. RAHMAN, A. GHAFFAR, S. D. PUROHIT, S. MUBEEN, M. ARSHAD

ABSTRACT. The hypergeometric functions with the matrix arguments are con-
sidered to be important as they have many applications described by a number
of researchers. In this present paper, we deal with the study of the hypergeo-
metric k-functions i.e., Fi (P, Q; R; z) with the matrix arguments P, @ and R
and these matrix arguments satisfy the matrix differential equation in terms
of the new parameter k£ > 0 which is the improved version of generalization
of classical hypergeometric matrix functions. Further, we obtain an integral
representation of Fy (P, Q; R; z) for the case where @, R and R—Q are positive
stable matrices with the property that QR = RQ by using the definitions of
gamma and beta matrix k-functions recently defined by the researchers.

1. INTRODUCTION

Most of the special functions encountered in physics, engineering, analytic func-
tions and probability theory are special cases of hypergeometric functions ([12]
19],[26]-[29]). A function of matrix argument is a real or complex valued func-
tion of the elements of a matrix. Special matrix functions appear in the literature
related to Statistics [I], Lie groups theory [11], and more recently in connection
with matrix analogues of Laguerre matrix polynomial and system of second or-
der differential equations for matrix arguments, orthogonal matrix polynomial and
second order differential equations, Hermite and Legendre differential equations
and the corresponding polynomial families (see [13]-[16]). Also, many researchers
([8]-]10],[17, [18]) have defined matrix computation, Bessel function of matrix ar-
guments, ordinary differential equation of matrix arguments, properties of gamma
and beta matrices and hypergeometric matrix arguments. Apart from the close
relationship with the well-known beta and gamma matrix k-functions, the emerg-
ing theory of orthogonal matrix polynomials ([4]-[6]) and its operational calculus
suggest the study of hypergeometric matrix k-functions.

The paper is organized as follows: In section 2, we deal with the study of new
properties of the beta and gamma matrix k-functions. We are mainly concerned

2000 Mathematics Subject Classification. 33B15, 33C15, 33B20, 33CO05.

Key words and phrases. Gamma matrix k-function, beta matrix k-function, hypergeometric
matrix k-function.

(©2016 Universiteti i Prishtinés, Prishtiné, Kosové.

Submitted May 30, 2016. Published December 22, 2016.

Communicated by Huseyin Bor.

98



ON THE HYPERGEOMETRIC MATRIX k-FUNCTIONS 99

with the matrix analog of the formula

ING)
(P +Q)

and may be regarded as a continuation of [25]. In Section 3, the Gauss hyperge-
ometric matrix k-functions Fy(P,Q; R;z) is introduced as a matrix power series.
Conditions for the convergence on the boundary of the unit disc are treated. In
section 4, we define some results of an integral representations of hypergeometric
matrix k-functions. Recently the researchers have worked on special k-functions
(see [20]-[22],[24]). Mubeen et al. [23] defined the solution of hypergeometric k-
differential equations. In this paper, we also prove that if matrices @ and R com-
mutes and are positive stables (where positive stable means if every eigenvalue of
the matrix has positive real part), then Fj (P, Q; R; z) is a solution of the differential
equation

By (P, Q) (1.1)

kz(1 — kz)w"” — kzPw' + (R — (Q + kI)kz)w' — PQw = 0.

If P is an arbitrary matrix in C"*" and R is an invertible matrix whose eigenvalues
are not negative integers then we prove that equation

kz(1 — k2)w” — kzPw' + (R+ (n — k)kI2)w' — nPw =0

has matrix polynomial solutions of degree n for all integer n > 1.

Finally in Section 4, we define an integral representation of the hypergeometric
matrix k-functions. Throughout in this paper, for a matrix P in C"™*" and its
spectrum o(P) denotes the set of all the eigenvalues of P. The 2-norm of P will be
denoted by || P || and it is defined by

P
| P = sup LEZ ]2
240 || T2

(1.2)

where for a y in C™*", | Y ||2= (yT'y)? is the Euclidean norm of y. Let us denote
o(P) and B(P) the real numbers

a(P) = max{Re(z): z € o(P)}, B(Q) = min{Re(z) : z € o(P)}. (1.3)

Let f(z) and g(z) be two holomorphic functions of the complex variable z, which
are defined in an open set {2 of the complex plane, and P is a matrix in C™*" with
o(P) C , then from the properties of matrix functional calculus ([3],p.558), it
follows that

f(P)g(Q) = g(Q)f(P). (1.4)

The reciprocal of gamma k-function denoted by F,;l = ﬁ is an entire function of
the complex variable. Like wise the image of the inverse gamma matrix k-function
acting on the matrix P, denoted by I';'(P) is a well defined matrix for k > 0.

Now, if

P + nklI is invertible matrix for every integer n > 0 and k& > 0,
then Ty is invertible and its inverse coincides with I'; '(P), and recently Mubeen
et al. [25] defined

P(P+KI)(P+2kI)---(P+ (n— DEDTL (P +nkl) =T (P),n > 1,k > 0.(1.5)
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In the same paper, they introduced by using the condition that P+mnkl is invertible
matrix, then equation (1.5 can be written as

P(P+ KI)(P+2kI) - (P+ (n — 1)kI) = Tx(P + nkD)T; 1 (P),n > 1,k > 0, (1.6)

and like the Pochhammer k-symbol for any matrix P in C"™*" by application of the
matrix functional calculus, they defined

(P)py = PP +kI)(P+2kI)---(P+(n—1kI), n>0, (Po=1. (L7)

The Schur deposition of a matrix P is given by (see [8], pp. 192-193)

r—1 1
P — ta(p) N~ P2t
] <e ; T =0 (1.8)

2. ON GAMMA, BETA MATRIX k-FUNCTIONS

In this section, we used the property of commutativity of matrices and
extend the matrix framework of gamma and beta k-functions which will be used
in section 4 to obtain an integral representation of the hypergeometric matrix k-
function. Further more for the sake of clarity in the presentation, we recall the
following results recently defined in [25].

Definition 1. Gamma Matrix k-Function [25]. If P is a positive stable
matrix in C"™*", n > 1 is an integer and k > 0, then

T(P) = lim nlk"(P);} (nk)% 1. (2.1)

n— 00

Definition 2. Beta Matrix k-Function [25]. If P and @ are positive stable
matrices in C™*", then beta k-function is defined by

el

Be(P,Q) = /t%—fa — )% 1qt. (2.2)
0

Hence the authors defined that if P and @) are commuting positive stable matrices
then Sr(P,Q) = Br(Q,P), and commutativity is a necessary condition for the
symmetry of beta k-function, see [25].

Lemma 2.1. Let P and Q be positive matrices in C™*" such that PQ = QP and
satisfy the condition P + Q + mklI is invertible for all integer m > 0 and k > 0.
If n > 0 is an integer, then the following identities hold:

(i)
Be(P,Q+nkl) = (P+Q), 1(Q)nrBr(P,Q),
(ii)

Be(P+nkl,Q+nkl) = (P+ Q) 1 (Q)nikBr(P,Q).
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Proof. (i) For n = 0 the proof is obvious. Let us assume that 0 < m > n and using
the fact that PQ) = QP, it follows that

Br(P,Q + mkl)

1
/t% (1 — ) F+m=DIg
0

1-46
_ 1y w1 Lt (m-1)I
= %éﬂ%/“ (1-9F dt
é
1-6
— Ly /tP+Q+(m DI ) FHm=DI=(F+(m=1)D) gy
k 60
4

where

U(t) — (1 _ t)%-{—(nb—l)]t—(%—i—(m—l)l)t%7 ’U(t) _ t#-ﬁ-(m—Q)I'
Integrating equation (2.3) by parts, we get
Be(P,Q+mkl) = Hm[k(P+Q+ (m—1)kI)"'(1- fFHmDI Y=
+ lmk(P+Q+ (m—1)kI)~!
6—0

1-6
X /{%(Q"’(m—l)k‘l)(l_t)%.}-(m_Q)lt%
s

+ %(Q +(m— DED(1 — ) FFm=DE gt
= k(P+Q+ (m—1DEI)™Q+ (m —1)kI)

1

1
x k/(1—t)% (m=1)¢% gt

0
= (P+Q+ (m—1DkI) 1 (Q+ (m—1)kI)
X By(P,Q + (m — 1)kI).
Hence by using an induction, we obtain

Be(P,Q +nkl) = (P + Q);, 1(Q)n.xBk(P, Q).

(ii). To prove (i), we apply (i) by taking P = P + nkI where n > 1. Then by (i)
it follows that

Bu(P,Q+nkl) = (P + Q) 1 (Q)niB(P. Q). (2.4)

Since PQ = QP, therefore we have PQ = QP and Bk(p, Q) = Br(Q, ]5) By 1}
it follows that

Bi(P,Q +nkl) = (P + Q) 1 (Q)nkBk(Q, P). (2.5)
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Also by (i), we have
Br(Q, P+ nkI) = (Q + P), 3 (P)nxBk(Q, P) = (Q + P), 1(P)nxBk(P,Q). (26)
By equations and (2.5), we get

Bi(P +nkl,Q +nkl) = fp(P,Q+nkl) = (P+Q+nkD) L (Q)ni(P)2.7)
X (Q+P),1.Br(PQ). (2.8)
Now by definition, we have (P + Q + nkl), x(Q + P)nr = (P + Q)2n k. Hence by

substituting in equation , we get the required result as

Bi(P +nkl, Q +nkl) = (P + Q)3 1 (P)n (@)1 Bu(P, Q)

O

Lemma 2.2. Let P and Q be commuting matrices in C™" such that P, Q and
P + Q are positive stable matrices, then

Br(P,Q) = Ti(P)L4(Q)T, (P + Q).

Proof. Since the matrices P and @ are stable and also PQ = QP, we can write it
as

oo

T(P)TH(Q) = ( / uP e du)(

0

(2.9)

<
Q
L
W‘
=%
QU
e
=

By changing of variables x = ukui-:vk and y = u* + v*, then equation li becomes

oo 1
e(PIT@ = [ [l Dem ke ot Ik (y(1 - o@Dt
0 0
1.,
X Ty (1 — z)*dady

»h

11— 2) %1 dy). (2.10)

a-\»—‘
| =

/ )R PH=T o= gy)(
0

1
IE
0

Now by replacing y = t* in the first integral of m, we get

[e%s} 1
TW(P)TR(Q) = ([ P+ TeFar)(~ [ «F~T(1—2) % Tda)
[t
= Tw(P+Q)Bk(P,Q).

O

Definition 3. Let us consider P and @ be two commuting matrices in C"*"
such that for all integer n > 0 and satisfy the condition
P+ nkl, Q + nkl, P+Q+nkl YV k>0, (2.11)

are invertible matrices.

Let (P, Q) = min{a(P), o(Q), a(P + Q)} and let ng = no(P, Q) = [la(P, Q)] +1
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where [|a(P, Q)|] denotes the entire part function. Then beta k-function S (P, Q)
is defined by

Be(P,Q) = (P)y (@) 1 (P + Q)2ng 1Bk (P + nokI, Q + nokl). (2.12)

Theorem 2.3. Let P and @ be two commuting matrices in C™*" satisfying the
condition for all integer n > 0. then

B(P,Q) = Tk(P)TK(QT (P + Q).
Proof. Suppose that ng = no(P, Q) be defined in definition 3, then we can write
Be(P,Q) = (P)y (@) 4 (P + Q)2ng 1Bk (P + nokI, Q + nokl),
where P + nkl and @ + nkl are positive stable matrices. By we can write
[(P) = Tx(P+nokl)(P+ (no —DkD™ - (P+ENTIPTY
= TW(P+nokl)(P) !

no,k?
Ih(@Q) = Tw(Q+nokD)(@Q),),
and
De(P+Q) = Tw(P+Q+2nokI)(P+Q)5k .
Since PQ = QP, we can write
Le(P)L(QT (P +Q)

=T (P+nok)T(Q 4+ nokD)T (P4 Q4 2n0kI)(P),, (@)} 1 (P +@Q)2ng k-
(2.13)

Since we know that the matrices P+ngkl, Q+nokl and P+ Q+2ngkl are positive
stable, so by Lemma 2 we get

Ii(P 4 nokI)T1(Q + nokI)T'y, YP 4+ Q4+ 2nokl) = Br(P + nokl, Q + nokl),
(2.14)

and by Lemma (ii), we have
Bi(P + 1okl Q +nokl) = (P)uysi(@)no i (P + Qg 1Bk(P. Q). (2.15)

Hence by (2.13)-(2.15), it follows that
B(P,Q) = Ti(P)TK(QT (P + Q).

3. ON THE HYPERGEOMETRIC MATRIX k-FUNCTIONS

In this section, we define the hypergeometric matrix k-function which is denoted
by Fy(P,Q; R;z) where k > 0 and defined as

i (P)nik(@un(R), )

Fk(P>Q;R§z> = Z, (31)

n!
n=0
where the matrices P, Q and R are in C"*" such that R + nkI is invertible matrix
for all n > 0. Now we prove that the hypergeometric matrix k-function converges

for |z =1 and k > 0.
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Theorem 3.1. Let P, Q and R be positive stable matrices in C™*" such that
B(R) > a(P) + a(Q). (3:2)
Then the series is absolutely convergent for |z| = 1.

Proof. Assume that there exist a positive number §, then by hypothesis (3.2)) we
have

B(R) — a(P) — a(Q) = 26. (3.3)
Now let us write
() L (P s (@) 4 (R 4]

L (R)YE (n = DI N (k) F (nk) TR (P
Y (n—1)lkn1

n— D" (k) (nk)" % (Qnk oy, ok, &
X ( ) (n(— 1))!k(n1) Q) k(R)n,k(”k) k(nk)w

(k) (k) F (P 2 (08) F (@ 0

|

= ( (n— 1).k"*i )(nk)?kn_l(m)(”k)

x K" (n— DR), G (nk)F (nk)~F
(k) [ (P (@) () )
g R R (P e (nk) R (Q)uk
=k (TLk) ( (n_l)'kn_l )(nk) ( (n—l)'k”_l )

R R
k k

x (nk) ¥ ((n — 1)1 (R); L (nk) ¥ ) (nk)

By (|1.8), we are taking into account that a(—R) = —5(R) thus we can write

(3.4)

r—1
P Q _R o o (JI1P r2 lnn
[ EL Nk B k)2 < uipteerse@-sn 5 UIEIRE ok,
7=0

r—1 L 1 r—1 R 11
« {Z (”QHT HTL }{Z || |7];;J'nn }
Jj=0 J=

By (3.3)), we obtain

r—1 1 j )
k) £l 1 | k) ) < oy 3 IR IRUTEE 1y,
3=0 ’

(3.5)
Thus with the aid of (3.3)-(3.5)) and for |z| =1, we get

lim (nkz)H' H (P)n,k(Q)n,k(R);,kzn
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< tim ety O Oy
(k)% (Q), 2
e e I COL

x = O R) AR R i0k)
< @ TR @I1 IR
i 2 S P QL IR

n—00 = ky!

x (Inn)’}?

= 0,
because
nlgrgon—%(lnn)jzo, v j>0, k>0
Thus
Tim (o) <P>n,k<Q>Z,!k<R)niz” =0 12=1,

therefore the series (3.1)) is absolutely convergent for |z| = 1. Now we show that
under certain condition the hypergeometric matrix k-function Fj(P,Q; R;z) is a
solution of matrix differential equation of bilateral type. O

Theorem 3.2. Let R is matriz in C™*" satisfying R+nklI is invertible matriz and
QR = RQ. Then F(P,Q; R; z) is the solution of

kz(1 —k2)W" —kz2PW'+W/'(R—kz(Q+kI))— PQW =0, 0<|z|<1 (3.6)
satisfying F(P,Q; R;0) = I.
Proof. By the given hypothesis QR = RQ), so we can write

. (P)ni(@ni(R)y g (Plnk(R)y 3 (@)
mk = n! B n! '

Let us denote
W(z) = Fi(P,Q; R; 2) = ZFnkz 2] < 1. (3.7)

Since W (z) is a power series convergent for |z| < 1, so it is termwise differentiable
in the given domain and

o0

= Znkaz”_l, W' (z) = Zn(n —1)F,12""%, |z < 1.
n=2

Hence

kz(1 — kz)W" — kz2PW' + W'(R — kz(Q + kI)) — PQW
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oo o o
Z nk(n —1)F, 2"t — Z nk*(n —1)F, x2" — P Z nkF, 2"

n=2 n=1

+ ZnFnkRz" 1 anFnkQJrkI ZPFnsz

n=1 n=1 n=0

replacing n = n + 1 in the first and fourth summation, we obtain

kz(1 — kz)W" — kzPW' + W/ (R — kz(Q + kI)) — PQW

= an n—+1)F, 41 52" an‘2 n—1)F, ;2" Pink‘Fn’kz"
n=1 n=1

+ inFn,kRz" ! anFnk Q+kI)z ZPFnsz
n=1 n=1

= Z{nk(n +1)Fyx — nk*(n — 1)Fy x — nkPF, + (n+ 1)F, 11 4R
n=1

— nk‘ka(Q +kI) — PkaQ}Zn +2kF5 2z — kPFy pz + Fy s R+ 2F5 Rz
— [ p(Q+Elkz— PFyQQ — PFy ,Qz = 0.

By equating the coefficients of each power 2" and noting that Fy;, = I, we get
22 . F i R-PIQ=0,
210 2kFyp — kPF  +2F R — Fy 1 (Q + kI)kz — PFy xQ
= 2F (kI + R) — PFy (kI + Q) — F1x(Q+kI)k =0

(P +nkI)F, 1(Q + nkIl)(R+ nkI)~"
n+1

Hence W (z) = Fi(P,Q; R; z) is the solution of (3.6)) satisfying W (0) = I.

= Fn-‘rl,k -

O

Corollary 3.3. Let R be a matrixz in C™" satisfying that R + nkl is invertible
matriz for n > 0 and let P be an arbitrary matriz in C™" and n be a positive
integer. Then equation

kz2(1 — kz)W" — kz2PW' + W/ (R + 2(n — k)kI) + nPW =0 (3.8)
has matriz polynomial solutions of degree n.

Proof. Let Q = —nl, then by theorem the function W (z) = Fj(P, —nI; R; 2)
satisfies equation (3.6) for Q@ = —nl. Hence

W(Z) = Fk(P,Q;R; Z) — Xn: (P)l,k(fnlll)l,k(R)l’k J

=0

is a matrix polynomial of degree n of equation (3.8). (I
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4. AN INTEGRAL REPRESENTATION OF HYPERGEOMETRIC MATRIX k-FUNCTION

In this section, we define the integral representation of hypergeometric matrix
k-function. If y and b are complex numbers with |y| < 1, then the Taylor series

expansion of (1 — ky)’% about y = 0 is given by [2]

(1- k:y)*% = Z (ajﬁ’ky”7 lyl <1, aeC. (4.1)

n=0
Let f, x(a) be a function defined by

fonla) = (ai'r'!z7k = ala+k)(a+ Zk)n.!. (a+(n— 1)k)y", 2eC k>0 (43

for a fixed complex number y with |y| < 1. Clearly the function f, s is an holo-
morphic function of variable a defined in the complex plane for £ > 0. For a given
closed disc D, = {a € C: |a|] < a}, we have

|fn k(a)| < (|a‘)n’k|y|" < (a)n,k yI”

n! - n!

, n>0, la|<a k>0

Since

o n

Z (a)n,k|y| < 400,
n!

n=0

so by the Weierstrass theorem for the convergence of holomorphic functions [27] 2]
it follows that

_ - (a)n,k n __ -2
g(a) = ZOT?J = (1—ky)~*
is holomorphic in R for & > 0. Thus by the application of the holomorphic func-
tional calculus [3], for any matrix P in C™*", the image of g by this functional
calculus acting on P yields
— (P )n,k n
o) = S <L (4.3)

_P
k

(1-ky)

where
(P)pr=P(P+EKI)---(P+(n—1EkI), k>0.

Suppose that @@ and R are matrices in C"™" such that QR = RQ and @, R and
R — @ are positive stable matrices. Thus by (1.5), (1.7) and with the aid of the
condition that @, R and R — @) are positive stable matrices, we obtain

(@nr(R)y ) = T (@QT(Q+ nkDTL(R)T (R + nkl),

= T 'QTU, YR -QTk(R - Q)Tk(Q +nkl)I', ' (R+ nkI)Tk(R). (4.4)
By positive stability condition of the matrices and by Lemma [2.2]it follows that

| =

1
/t%“”’l)l(l — 1) gt
0

= Be(Q+nkl,R — Q) = Tx(R — Q)Tx(Q + nkI)T ;1 (R + nkI), (4.5)
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by (4.4) and (4.5)), we get

1
(@ni(R)zh =TE QT (R~ Q)L / PRI 21 (R). (4.6)
0
Hence, for |z| < 1 we can write
2 (P i (@)n k(R
FP.Q:iRi) = ZO( Dot B
v (Pl QIR - Q)2
= 2 : Fk(RI;n'

0
1
1 Qi (n-1)1 RQ_
X [E t® (1-t)"* ]
0

1
> 1 S R— Q)t#+n=DI(1 — )" 52 ~IT(R
:Z[*/ : ) Sl (R)=" 0 (a7
=k n!
=09
Now let us consider
Pl QTR — Q) #+(n=DI(1 — )" 5%~
5o p(t) = Plal L @I (R = QuE 07010 -1 (="
n!
and note that for 0 < ¢ < 1 and n > 0, we have
(S (8]
P)pillTy! I Y(R- r tRI|(1 -t
< P AT @INTE (R = QTR (BR[| (1 =) B> 0.(48)

n!
By (1.8) it follows that

I

R < (|Q — KI|jr3 Int)?
||t7_1 H(l _ t)TQ_[H < —1[2 (HQ HT Ilt) ]
=0

!

Ti (IR-Q— kIHrzlnt)J]
=0

and noting that for 0 < ¢ < 1, we have Int <t < 1 and In(1 —¢) < 1—t < 1, hence
from above expression we get

[T 1 =) < A A - )T 0<t<1, k>0 (4.9)
where
= (1Q = kIflrE) 2 (|R—Q — kI|lr® Int)i
A= o Il P ]. (4.10)
=0 J: =0 J:

Now let S be the sum of the convergent series

IIPH \z|
§=3 L <1 k>0 (4.11)
n=0
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By (4.8)-(4.10), we obtain
a(@ 4 a(R=Q) _4

S 1Sk < 6(t) = %[LAStT 1= 0<t<1,k>0 (412)
n=0

where

L= @I It (R = Q) IT(B)])-

Since a(Q) > 0, a(R — Q) > 0 and k > 0, then the function

6(t) = HLAL™F1(1 — 1) =

is integrable and

/¢(t)dt = LASBL(a(Q), a(R — Q)).
0

Thus by dominated convergence theorem ([7], p.83), the series and the integral can
be computed in (4.7) and using QR = RQ, we can write

1 o " -
- %/{Z(%)t%_l(l —t) % N Q)Te(R — Q)Tk(R).  (4.13)
0 n=0

Now by (4.3]), we obtain

Z%:(l,km)*%, 2| <1, 0<t<1, (4.14)
n=0 ’

and (4.13)) becomes
Fk (Pv Q7 Rv Z)

1
/t%’l(l — ) F (1 — ktz)"Fdt. (4.15)
0

T =

=T (QTw(R — QTk(R)
Summarizing, the following result has been established:

Theorem 4.1. Let P, Q and R be matrices in C™*" such that QR = RQ and Q,
R, R — Q are positive stable matrices. Then for |z] < 1 it follows that;

Fo(P,Q; R; 2) =T, (Q)Le(R—Q)Tw(R)|

ol

1
/t%*f(kt)RZQ*I(kktz)*%dt].
0

(4.16)

Corollary 4.2. Let P, QQ and R be matrices in C™*" and let
&(Q, R) = min{a(Q),a(R),a(R—Q)} and n; = n1(Q, R) = [|&(Q, R)|] + 1, where
[|6(Q, R)|] denotes the entire part function. Suppose that QR = RQ, and
o(@Q) € R~{-nn>ny,neZ}
oR-Q) € R~{-mn>ni,ne’z}
o(R) ¢ R~{-2nmn>ni,necZ}.
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Then for |z] < 1, we have

Fp(P,Q+nikl; R+ 2nkl;2) = T.HQ+nkDTR(R— Q +nikI)
X Fk(R+2n1kI)
1
1 Q R-Q
- t?+(n71)1 1—¢)"% +(n—1)I
<1/ (-1
0

_P

x (1 —ktz)” ®dt.

Proof. Consider the matrices P, Q = Q + nkl, R = R+ nkl and R, Q,
R—Q = R — @ + nikl are positive stable matrices. The result is now a conse-
quence of theorem [£.1]

Conclusion. In this paper, the authors conclude that for each positive value
of k there exist gamma, beta and hypergeometric matrix arguments which are the
improved generalized version of the said classical functions with matrix arguments.
Obviously the substitution & = 1 will lead to the results of the said classical func-
tions with matrix arguments.
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