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A NEW SUMMABILITY FACTOR THEOREM FOR
TRIGONOMETRIC FOURIER SERIES

HUSEYIN BOR

ABSTRACT. In this paper, a known theorem dealing with | N, py, |, summabil-
ity factors of trigonometric Fourier series has been generalized to | N, pp, 0 |&
summability. Some new results have also been obtained.

1. INTRODUCTION

Let 3 ay, be a given infinite series with partial sums (s, ). We denote by u the
nth Cesaro mean of order «, with o > —1, of the sequence (s,), that is ( see [5]),

1

n

a a—1
un - A% UZ:OAnfvS’U (11)
where
Ao~ (a+1D)(e+2)...(atn) On®), A —0 for n>0. (1.2)

n!
A series Y a, is said to be summable | C, « |, k > 1, if (see [6])

o0
an_l | u® —u® | [F< 0. (1.3)
n=1

If we take a=1, then we obtain | C,1 |, summability. Let (p,) be a sequence of
positive numbers such that

n

Pn:va—M)o as n—oo, (P_;j=p_;=0,i>1). (1.4)
v=0
The sequence-to-sequence transformation
1 n
tn = N ;pvsv (1.5)

defines the sequence (t,) of the Riesz mean or simply the (N,p,) mean of the
sequence (s,) generated by the sequence of coefficients (p,) (see [7]). Let (6,)
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be any sequence of positive constants. The series ) a, is said to be summable
[N, py; Onlies k> 1, if (see [§])

o0

DO [ty —tar |F< 0. (1.6)

n=1

If we take 6,, = %, then | N, p,, 0, |x summability reduces to | N, p, |x summa-
bility (see [1]). Also, if we take 6,, = n and p,, = 1 for all values of n, then we get
| C,1 |, summability. Furthermore, if we take 6,, = n, then | N, p,,, #,, |, summabil-
ity reduces to | R, p,, |r summability (see [2]). Finally, if we take k =1 (resp. p, =
1/n+ 1), then | N, py, 0, |, summability is the same as | N, p,, | (resp. | R,logn, 1 |
) summability. For any sequence (\,) we write that A%\, = A\, — A),.1 and
AN, = A — Auy1- The sequence (),) is said to be convex if A2\, > 0 for every
positive integer n (see [9]).

Let f(x) be a periodic function with period 27 and Lebesgue integrable over (—m, 7).
Without loss of generality we may assume that the constant term in the Fourier
series of f(x) is zero, so that

! f(z)dx =0 (1.7)

—T

and

flx) ~ Z(an cosnx + by sinnx) = Z Ap(z). (1.8)

n=1

2. KNOWN RESULTS

The following two theorems concerning the | N,p, |, summability factors of
trigonometric Fourier series are known.
Theorem 2.1 ([3]). If (\,) is a convex sequence such that Y p,A, < 0o, where
(pn) is a sequence of positive numbers such that P, — oo as n— oo, and
oo PyAy(z) = O(P,) as n— oo, then the series Y. A, (x)P,\, is summa-
ble ‘ N,pn |k,k > 1.
Theorem 2.2 ([4]). If (A,) is a non-negative and non-increasing sequence such
that > ppA, < oo, where (p,) is a sequence of positive numbers such that P, —

o as n—oo,and Y ._, PyA,(z) =O(P,) as n— oo, then the series Y A, (x) P\,

is summable | N,py, |,, k > 1.
It should be noted that the conditions on the sequence (\,) in Theorem 2.2, are
more general than in Theorem 2.1.

3. MAIN RESULT

The aim of this paper is to generalize Theorem 2.2 in the following form.
Theorem 3.1. Let (op—n) be a non-increasing sequence. If (\,) is a non-negative
and non-increasing sequence such that Y p, A, < oo, where (p,,) is a sequence of
positive numbers such that P,, = co as n—oo,and > _, P,A,(z) = O(P,) as
oo, then the series Y A, (z)P,\, is summable | N,p,, 0, |z, k> 1.

In the proof of Theorem 3.1 , we will use the following lemma from [4].
Lemma 3.2. If ()\,) is a non-negative and non-increasing sequence such that
> pPnAn is convergent, where (p,) is a sequence of positive numbers such that

n—
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P, —» 00 as n— oo, then P\, =0(1) as n—oo and > P,A)\, <oo.
Remark. It should be noted that, since

n—1 n—1
Z PUP’UA)\U < Pn—l Z P’UA)\’U
v=1 v=1

it follows by Lemma 3.2 that

1

n—1 n—1
Y P PAN <> PAN=0(1) as m— oo (3.1)

n=1 4, v=1

4. PROOF OF THEOREM 3.1

Let T),(z) denote the (N, p,) mean of the series > A, (z)P,\,. Then, by defi-
nition, we have

Then, for n > 1, we have
Tu(@) —Tuor(z) = 523" PiPA()A,.

By Abel’s transformation, we have

n—1 v n
Tu@) —Toa(@) = f;f : S AP N Y PA(2) + %"An 3P A, ()
nEnTLoy=1 r=1 n v=1
n—1
- oW % : 3 (Podo = podo = PoAvs1) P} + O(L)pa,
nEn—Lop=1
D n—1 » n—1
= n v 'UAA’U - > P’u ’U>\’U n>\n
O(l){PnPn—l vz::lpp PTLPn—l vz::l P +p }

= OQ){Thi(x) +Tho(z)+ Ty 3(x)}.

To complete the proof of Theorem 3.1, by Minkowski’s inequality, it is sufficient to
show that

S0 [ Tar(x) F< o0, for r=1,2,3. (4.1)

n=1
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Now, when k > 1, applying Holder’s inequality with indices k and k', where %4—% =

1, we get that

m B m—+1 1
;0§1|Tn71(x)|k < nz:;o’; P’“ (ZPPAA) <Pn

+

= Z ZPPA)\

’ﬂ

m+1 0 I k—1 D
- O(l)z::PUPUA/\U > (Pn> N o

n=v+1

0 D k—1 m+1 D
_ P P A vPv n
Z )\ ( ) Pnpn—l

n=v+1

n—1
: ; PUPUA)\U>

k—1 m m
= 0(1) (9”’1) S PAN=0(1)Y P,AN =0(1) as
v=1

k—1

m — 00,
Pl v=1
by Lemma 3. 2. Again we have that
m+1 m-+1 D k n—1 1 n—1 k-1
gkfl Tn k < ekfl n P’u>\'u k v N
; W Taa(@) [ < Z:j T Z:j( R ;p
m+1 D n—1
= 01 p— P,2)ep
(1) 2 P ;( )"p
m m+1 9 D k—1 D
_ 1 Pv)\v k Y nn n
om 2 ”’Z(Pn) PPy
v=1 n=v+1
m 0 D k—1 m+1 D
= 01 o P, py e
();<Pv> ( >pn7v+lpnpn—1
- 0(1) (91“>k_1§m:(13 A )R
1 =1 v Pv
= O(l) Z(R)Av)k pv v = O va)\v = O as m — 00,
v=1
by virtue of the hypotheses of Theorem 3.1 and the Lemma 3.2. Finally, as in
T,.1(x), we have that
m B m 0n N k—1 Pn k-1 B
SO | Tusla) |F = Z( pp ) <> (PrAn)" ™ pnn
n=1 n=1 n Pn
() TSR (pah 0@ o@
- Pl Z( n n) pTL n — an n — as m — o0
n=1

This completes the proof of Theorem 3.1.
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5. CONCLUSIONS

1. If we take 6,, = 5—", then Theorem 3.1 reduces to Theorem 2.2. In this case the

condition ”(e}g—i") is a non-increasing sequence” is trivial. Similarly by assigning
specific values to parameters in Theorem 3.1 we obtain several interesting results
about trigonometric Fourier series. For example;

2. If in Theorem 3.1 we put 6,, = n and p,, = 1, then we get a new result about
| C,1 | summability factors of trigonometric Fourier series.

3. If in Theorem 3.1 we take k = 1 and p, = 1/(n + 1), then we get another new
result related to | R,logn, 1 | summability factors of trigonometric Fourier series.
4. If in Theorem 3.1 we set 6, = n , then we get a new result about | R, p, |k
summability factors of trigonometric Fourier series.
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