BULLETIN OF MATHEMATICAL ANALYSIS AND APPLICATIONS
ISSN: 1821-1291, URL: HTTP://WWW.BMATHAA.ORG
VOLUME 9 ISSUE 1(2017), PAGEs 19-30.

f-HARMONIC MAPS FROM FINSLER MANIFOLDS

SEYED MEHDI KAZEMI TORBAGHAN, MORTEZA MIRMOHAMMAD REZAII*

ABSTRACT. In this paper, the first and second variation formulas of the f-
energy functional for a smooth map from a Finsler manifold to a Riemannian
manifold are obtained. As an application, it is proved that there exists no
non-constant stable f-harmonic map from a Finsler manifold to the standard
unit sphere S™(n > 2).

1. INTRODUCTION

f-harmonic maps as a generalization of harmonic maps, geodesics and minimal
surfaces were first studied by A. Lichnerowicz [9] in 1970. Recently, N. Course
[6] studied the f-harmonic flow on surfaces. Y. Ou [I4] analysed the f-harmonic
morphisms as a subclass of harmonic maps which pull back harmonic functions to
f-harmonic functions. In [4], the researchers studied the stability of harmonic and
f-harmonic maps on spheres. Many scholars have studied and done researches on
the f-harmonic maps, see for instance, [3, 4 5], @, 10, 14, 15].

f-harmonic maps are applied in many branches of geometry and mathematical
physics. In view of Physics, f-harmonic maps could be considered as the stationary
solutions of inhomogeneous Heisenberg spin system, see for instance [5, [14]. Fur-
thermore, the intersection of f-harmonicity with curvature conditions justifies their
application for gleaning valuable information on weighted manifolds and gradient
Ricci solitons, see [10, [15].

Let ¢ : (M,g) — (N, h) be a smooth map between Riemannian manifolds and
f € C°°(M) a positive smooth function on M. The map ¢ is called f-harmonic if
¢ |q is a critical point of the f-energy functional

1
By(@)i= [ f1d0 P dv,
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for any compact sub-domain {2 € M. Here dv, is the volume element of M and
|dp| denotes the Hilbert-Schmidt norm of the differential d¢ € T'(T*M @ ¢~ 'TN).

Let ¢ : (M, F) — (N, h) be a smooth map from a Finsler manifold (M, F) to a
Riemannian manifold (N, h) and f: SM — (0,00) be a smooth positive function
on the projective sphere bundle of M. In this paper, the f-energy functional of
¢ is introduced and the corresponding variation formulas are obtained. It can be
seen that the first and second variation formulas of the f-energy functional is con-
sistent to that of Riemannian case if M is Riemannian and f is defined on M, see [4].

The concept of harmonic maps from a Finsler manifold to a Riemannian mani-
fold was first introduced by X. Mo, see [I1]. On the workshop of Finsler Geometry
in 2000, Professor S. S. Chern conjectured that the fundamental existence theorem
of harmonic maps on Finsler spaces is true. In [I3], the researchers have proved
this conjecture and shown that any smooth map from a compact Finsler manifold
to a compact Riemannian manifold of non-positive sectional curvature could be
deformed into a harmonic map which has minimum energy in its homotopy class.
Y. Shen and Y. Zhang [I6] extended Mo’s work to Finsler target manifold and
obtained the first and second variation formulas.

As an application, Q. He and Y. Shen [7] proved that any harmonic map from
an Kinstein Riemannian manifold to a Finsler manifold with certain conditions is
totally geodesic and there is no stable harmonic map from an Euclidean unit sphere
S™ to any Finsler manifolds. Harmonic maps between Finsler manifolds have been
studied extensively by various researchers, see for instance, [7, 8l [T} 12} 13, [6].

The current paper is organized as follows:

In the second section, a few concepts of Finsler geometry are reviewed. In section 3,
the f-energy functional of a smooth map from a Finsler manifold to a Riemannian
manifold is introduced and the corresponding Euler-Lagrange equation is obtained
via calculating the first variation formula of the f-energy functional. In section 4,
the second variation formula of the f-energy functional for an f-harmonic map is
derived. Finally, it is shown that there exists no non-constant stable f-harmonic
map from a Finsler manifold to the standard sphere S™(n > 2).

2. PRELIMINARIES AND NOTATIONS

In this section, a few basic notions of Finsler geometry are provided which will
be used later. For more details see ([T, 1T}, 12 [16]). Throughout this paper, it is
assumed that M is an m-dimensional connected compact oriented manifold without
boundary and 7 : TM — M be its tangent bundle. Let (2%) be a local coordinates
system with the domain U C M and (2%, y*) the induced standard local coordinates
system on 7~ 1(U). A Finsler manifold is a pair (M, F) includes a smooth manifold
M and a Finsler metric F': TM — [0, 00) satisfies the following properties: i)
F is smooth on TM\0, ii) F(z,\y) = AF(z,y) for A > 0,iii) The fundamental
quadratic form

, . 1 9%2F?
g := gij(z,y) da' ® da?, gij

Toogoy Y
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is positive definite at every point (z,y) € TM \ 0. The Riemannian manifolds and
locally Minkowski manifolds are important examples of Finsler manifolds. In the
sequel, the following convention of index ranges are used

1<i,5,k,... <m, 1<a,bye,...<m—1, 1<AB,C,...<2m — 1.
The Finsler structure F' induces two more significant quantities as follows

F
Z[
n = nda’, ni = g'% A,

A= Aijk dx’ (24 da? X dl’k, Aijk = F2]

yiyiyk

called Cartan tensor and Cartan form, respectively.

Let us denote the projective sphere bundle of M by SM, where SM := U, S, M.
Almost every geometric quantities constructed by Finsler structure are invariant
under rescaling y — ty for ¢ > 0, thus make sense on SM. The canonical projec-
tion p : SM — M defined by (z,y) — « pulls back the tangent bundle TM to
the m-dimensional vector bundle p*T'M over (2m — 1)—dimensional manifold SM.
The bundle p*T'M and its dual p*T* M are said to be the Finsler bundle and dual
Finsler bundle, respectively.

At each point (x,y) € SM, the fibre of p*TM has a local basis {%} and
a metric g defined by . Here % and its dual da* stand for the sections
(w,y,a%k) € T(p*TM) and (z,y,dx*) € T(p*T*M), respectively. The bundle
p*TM has a global section I(z,y) := 7# 5.+ which is called the distinguished sec-

tion. The dual of the former section w = [F|,idz" is called Hilbert form. Further-
more, each fibre of the Riemannian vector bundle (p*T'M, g) has an adapted frame

{e; == u] Bxﬂ} i.e. g(ei,e;) = b;; and ey, := [. Denote its dual by {w’ := vida'},

wi(e;) = 5; It is clear that w™ = w. In the rest of this paper, these abbrewatlons
B?ci = Ufek and

t) and (v}) are related by ufvi = 6/. More relations among

dz' = ujw", where (uj

(u})’s, (v§)’s and the quadratic form of F' can be found in [1].

Let NV JZ = é ?f;] be the coefficients of non-linear connection on TM where G' 1=
iglh(a(zig; Yy — ‘gih ). Consider the local orthogonal basis {5 Ty 5,7 } on T, TM,
where - 1= 2 NZJW and dual basis as {dz*,dy'}, where dy" := dy’ 4+ Njda’.
It can be shown that {w' := vidz!, W™ = v} T 2=} is a local basis for the tangent

bundle T*SM. Consider w?™ = [F]y% as dual to the vector y° ayi' Therefore,
w?™ vanishes on SM. Based on the above notations, the Sasaki-type metric, the
volume element, the horizontal sub-bundle and the vertical sub-bundle of SM are

defined by

G:= 5ijwi Qw4+ 8wt @ W™t dVey = wr Aw? A AWML
HSM :={veTSM, w"™%v)=0}, VSM = Ugenm TS M, (2.2)
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respectively, see [2]. Due to the fact that HSM is isomorph with p*TM, HSM is
also called the Finsler bundle. In the sequel, for any X € I'(p*T'M) the correspond-
ing horizontal lift of X is denoted by X .

As well-known, there exists a linear connection on p*T'M called the Chern con-
nection and denoted by “V. Its connection forms are characterized by the following
equations ‘ ‘

d(dz?) — da* Awi =0, (2.3)
and .
. o
dgij — gikwé‘ — gjkwf = 2A”k% (24)
By taking the exterior derivative of (2.3]), the curvature 2 — forms of the Chern

connection, Q; = dw} — w;? Aw?, have the following structure

i1 i oy
By ([2.5), the Landsberg curvature is defined as follows
L= Lijkdxi ® d.’IJ‘j X d.i?k, Lijk = glly?Pm]lk
It can be seen that L;;;, = —Aijk, where dot denotes the covariant derivative along

the Hilbert form, (see [16], p. 41).
Let D denotes the Levi-Civita connection on (SM,G). The divergence of a form
= Pwt € T(p*T*M) is

di”UGQZJ = TT(;DTZJ.
Note that the bundle p*T™ M is isomorph with the horizontal sub-bundle of T*SM.
It can be shown that

divgy = ii+ Y CaLbba = Y _(Vert)(e) + > YaLba, (2.6)
A a,b a,b

(3

where 7 | ¢ denotes the horizontal covariant differential with respect to the Chern
connection, {e;} be the adapted frame with respect to g and Lape = L(eq, €p, €c),
(see [8], Lemma 2.1).

3. THE FIRST VARIATION FORMULA

Let ¢ : (M™,F) — (N™,h) be a smooth map from an m-dimensional Finsler
manifold (M, F) to an n-dimensional Riemannian manifold (N, h). Henceforth, the
Chern connection on p*TM, the Levi-Civita connection on (N, h) and the pull-back
connection on p*(¢ 1T N) are denoted by °V,¥ V and V, respectively.

Let f € C*°(SM) be a smooth positive function on SM. The f-energy density
of ¢ is a function e;(¢) : SM — R defined by
1
er(9)(z,y) = 5 f (2, y)Troh(de, do), (3.1)
where T'ry stands for taking the trace with respect to g (the fundamental quadratic
form of F) at (z,y) € SM. In the local coordinates (z%) on M and (%) on N, the
f-energy density of ¢ can be written as follows

er(@)(y) = 5 Fey)6Th(dO(er), db(e)) = 5 5w )0 6 S han(®),  (32)
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where {e; = u¥ a =2 } is the adapted frame with respect to g at (z,y) € SM, & = ¢(x)
and do(e;) = ¢z F5= © ¢

Definition 3.1. A map ¢ : (M, F) — (N, h) is said to be f-harmonic, if it is a
critical point of the f-energy functional

() = /S es@Ve, (3:3)

Cm—1

where ¢;,—1 denotes the volume of the standard (m — 1)—dimensional sphere and
dVspr is the canonical volume element of SM defined by .

Let ¢ : M — N (—e < t < &) be a smooth variation of ¢ such that ¢y = ¢
and set

0Py 0
V=— =Ve .
ot =0 V" gza °¢
By (3.2), the f-energy density of ¢; can be written as follows
1 i -
er(oe)(z,y) = §f($7y)5”¢ﬁi¢f|jha5($), (3.4)
where T = ¢;(x), do:(e;) = uf gﬁ;@ 82(, o = (b?‘i%% o¢. Due to the fact that {V}

is independent of y and using , it is obtained that

8 ?
Eef ¢t |t 0 28t(6jf¢tlz¢tlj afB ‘t*O
) o7 aha
= {fu; la O has + 50505 2Py}
S O b+ 16707 TG hao V)

=2 W(VenV, fdo(er)), (3.5)

where {¥ '3, } denotes the coefficients of the Levi-Civita connections on (N,h). Let
Y = h(V, fdg(e;))w € T(p*T*M). Using the fact that Ly, = — Appa and equation
(2.6), it follows that

divgth = Z (“Vent)(e: +Zh (V, fdd(ea)) Lopa
= Z{h eV, fdas(ei)) +h(V, (Ver fdd)(e)} = D WV, fdd(ea)) Avpa

a,b
_h (v, FTr,Vdo + do o plgrad™ f) — fdg o p(KH>)

+ 2 (Ve V, fdg(er)). (3.6)

where Tr,Vdp = ¢ (V _a_ d(b(a‘zj) dp(°V _o_ aw ), Abba = Alep, €p,€q) and K is
EEX Pt
defined as follows

K=Y Apgeq € T(p*TM). (3.7)
a,b
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Combining (3.5 and (3.6)) and considering the Green’s theorem, it can be concluded
that

d

1
%Ef((ét)’t:() = -

Cm—1 JSM

h(75(9), V)dVsur,
where

71(¢) := fTrgVde + d o p(grad™ f) — fdp o p(K™) € T((¢ 0 p)*TN),  (3.8)

here p : SM — M is the canonical projection on SM, grad” f denotes the
horizontal part of grad f € T'(T'SM) and K is defined by (3.7). The field 7,(¢) is
said to be the f-tension field of ¢.

Theorem 3.2. Let ¢ : (M, F) — (N, h) be a smooth map from a Finsler manifold
to a Riemannian manifold and f € C*(SM) a smooth positive function on SM.
Then, ¢ is f-harmonic if and only if T;(¢) =0

Due to the fact that the Landsberg curvature of locally Minkowski manifold
vanishes and considering Theorem and equation (3.8), the following result is
obtained immediately

Corollary 3.3. Let ¢ : (M,F) — (N,h) be an immersion harmonic map from
a locally Minkowski manifold (M, F) to an arbitrary Riemannian manifold (N, h)
and [ € C*(SM) a smooth positive function on SM. Then, ¢ is f-harmonic if and

only if f(z,y) = f(y) for any (x,y) € SM.

Example 3.4. Assume that (R?, F) be a locally Minkowski manifold and (R3,{,))

be the three-dimensional Euclidean space. Let ¢ : (R? F) — (R3,(,)) is defined

by ¢(z) = (2%, 2! + 222,32 — 2?), where x = (2',22) € R%. Let f(z,y) :=
1 1 2

exp(%) be a positive smooth map on SR?. By , it can be seen that ¢

s f-harmonic.

Remark 3.5. Let (M, F) be a locally Minkowski manifold and (M, h) be a flat Rie-
mannian manifold. It is conspicuous that the identity map Id : (M, F) — (M, h)
is harmonic, (see [12], Proposition 9.5.1). By Corollary 1t can be concluded
that Id is f-harmonic if and only if f(x,y) = f(y) for all (z,y) € SM.

Before proceeding, it is worth noting that f-harmonic maps shouldn’t be con-
fused with F-harmonic maps and p-harmonic maps from a Finsler manifolds to
a Riemannian manifolds. Let F : [0,00) — [0,00) be a C? strictly increasing
function on (0,00). The smooth map ¢ : (M, F) — (N, h) from a Finsler mani-
fold (M, F') to a Riemannian manifold (N, h) is called F-harmonic if it is a critical
points of the F-energy functional

d 2
Ero) = [ #(%

)dVisar. (3.9)

The notion of F—harmonic maps was first introduced by J. Li [§]. F-energy func-
tional can be categorized as energy , p-energy and exponential energy when F(t)
is equal to t, (2¢)% \p (p > 4) and e’ respectively. In terms of the Euler-Lagrange
equation, ¢ is F-harmonic if it satisfies the following equation

2 2
r#(0) = Tr 9V (F (0 ag) - P Dyasc 0. 30
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For more details, see [§]. The field 77(¢) is called the F—tension field of ¢. Let
¢ : (M,F) — (N,h) be a non-degenerate smooth map (i.e. d¢, # 0 for all
x € M) from a Finsler manifold to a Riemannian manifold. By and ,
the following proposition is obtained immediately.

Proposition 3.6. Let ¢ : (M, F) — (N, h) be a non-degenerate F-harmonic map
from a Finsler manifold to a Riemannian manifold. Then, ¢ is an f-harmonic
map with f = f’(%). Particularly, any non-degenerate p-harmonic map is an
f-harmonic map with f =| dg [P=2 .

Remark 3.7. This result was obtained by Y. Chiang [B] in the Riemannian case.

4. THE SECOND VARIATION FORMULA

In this section, the second variation formula of the f-energy functional for an
f-harmonic map from a Finsler manifold to a Riemannian manifold is obtained.
As an application, it is shown that any stable f-harmonic map ¢ from a Finsler
manifold to the standard sphere S™(n > 2) is constant.

Theorem 4.1. (The second variation formula). Let ¢ : (M,F) — (N,h) be an
f-harmonic map from a Finsler manifold (M, F') to a Riemannian manifold (N, h).
Let ¢y : M — N (—e < t < €) be a smooth variation such that ¢g = ¢ and set
V= %\tzo. Then

d2 1
@Ef(d)t”t:o =

/ h(V, fTry(V?V) + fTryRN (V,d¢)d
SM
+ ngdHfV — fVgnu V)dVSM, (4.1)

Cm—1

where K is defined by , RN is the curvature tensor on (N, h) and Try(V?V) =
97" (VaoVaeV-Vg V)

)
dat  xd 507 0l

Set

6 a?
QF(V) = @Ef(@)hzg

An f-harmonic map ¢ is said to be stable f-harmonic if Q?(V) > 0 for any vector
field V along ¢.

Proof. Let M denotes the product manifold (—¢,e) x M, @ : M — N is defined
by ®(t,z) := ¢¢(z) and p : SM — M be the natural projection on the sphere

bundle SM. Denote the same notations of “V and V for the Chern connection on
p*TM and the pull-back connection on p*(®~1TN), respectively. By 1D it can
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be shown
oer(60 = Srh(V g (), fab(er)
0 0
= ath(V Hd@( 2), fd®(es))
= h(V 2 V. rrdd( a) fd®(e;)) +fh(vef{d¢>(§) v Hdé(gt))
= W(VenV o dD( 6) Fd®(e;)) +fh(vefd¢>(§) v Hd@(aat))
+fh(RN(d<I>(§) d@(ez))dé(aa) d®(e;)), (4.2)
where it is used
Vo dd(e;) — Vein@(%) = d(® oﬁ)[%, ef] =0,

for the third and fourth equalities in (4.2). By (4.2)), it can be seen that

0? 1 0 5
S0l o= =S [ (a5, V.

dV.
1 s 815 |t =o%VsSM

+ h(V, Hvddé( ) fdd®(e;))|,_,dVsum
SM

o) o)
+ » fh(RN(dq)(a ), d@(el))dQD(a ), d®(e;))],_ OdVSM}

=L+1L+1; (4.3)

Now each term of the right hand side(RHS) of the above equation is calculated.
First, let

b= fR(V, md®(Z),d®(5))w' € T(p*T*M). By (2.6), it follows that

7] 0

divgy = > (Y, ut)(e; +th Ve d®(2), d(=2)) Liba

3 {e?<f>h< Hd<1><§> AB(S) 4 Th(V oV (), ()

0 9 0. 0 ;
U dB(), T () + (T a5, a0 ) (T e}
- 3 T 0. ) (1.0

By (4.4) and Green’s theorem, I; can be obtained as follows

1
I =— / h ( fTrg(V?V) 4+ V graqn V. — [V eV, V) dVsnr. (4.5)
SM

Cm—1
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Similarly, let ¥ := h(V%dgb(%), fdp(e;))w® € T(p*T*M). Tt can be seen that
divgU =Y {h(vefvaatm(;), Fd®(e;)) + h(V%dd)(%L (veind@)(ei))}
~ £V (), Auadi(ea). (1.6
a,b

By (4.6) and considering the Green’s Theorem and the f-harmonicity condition of
¢, I is given by

1 0
Iy =— / h(V o d®(=) |i=0,7(¢))dVsn = 0. (4.7)

Cm—1 JSM ot ot
Substituting the formulas (4.5 and (4.7)) into equation (4.3)) yields the formula (4.1)
and hence completes the proof. (Il

5. STABILITY OF f-HARMONIC MAPS TO S"

Consider the unit sphere S™ as a submanifold of the Euclidean space (R"*1, (,)).
At each point x € S™ any vector field V in R"™! can be decomposed as V =
VT 4+ V=L where VT is the component of V tangent to S* and V+ = (V, z)x is the
component of V normal to S”. Let ®V be the Levi-Civita connection on R+, Vv
be the Levi-Civita connection on S and B be the second fundamental form of S™
in R**!. We have the following relation

RUyY = SVxY + B(X,Y), (5.1)

where X and Y are smooth vector fields on S™. The shape operator with respect
to any normal vector field W on S™ is defined by

A (X) = —(Bvxw)T, (5.2)

for any smooth vector field X on S™. At any point of x € S™, the tensors A and B
are related by

where X and Y are vector fields on S™ and W is a normal vector field on S™.

Theorem 5.1. Any stable f-harmonic map ¢ : (M,F) — S™ from a Finsler
manifold (M, F) to the standard sphere S™(n > 2) is constant.

Proof. The above notations are used to prove this theorem. Choose an arbitrary

point z € SM. Then, set ¢ = ¢pop and T = ¢(z), where p is the canonical projection

on SM. Let R® denotes the curvature tensor of S® and {Ay,---,A, 1} a constant
orthonormal basis in R™*1. By (4.1)), it follows that
n+1 n+1

1
> -———> [ h(vgdefAI — FVien Al + fTr,(T2A])
a=1 m=1 4=1 M

+ fTryR%(AL, do)de, A, ) dVsar.  (5.4)
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Since A, is parallel in R"*! and considering (5.2)), we obtain
Vraar tAy = “Vagigraan phe = Vaggraan pAd) "

= (Rvdé(gradHf)(Aa - Ai))—r = _(Rvdq;(gradHf)Ai)T

= AN (d(grad® f)). (5.5)

Let Ay : S — R defined by Ay (x) := (Ay, z) for all € S™. One can easily check
that

AN (X) = =\ X, (5.6)
for every vector field X on S™. By means of (5.3) and (5.5) at z, it follows that

=D (Vgraan g ML) = 3~ (= AN (dd(grad” 1)), AL)
: = Z (dp(grad™ f), A )(T, A7)
=Y (dd(grad” ), A7 )(Z, M)
- Z Ao (@) {do(grad™ f),AL). (5.7)
Thus, the first term of RHS of is oztained as follows
> (Vgraan Al ALY == Xa o ¢ (dg(grad™ £),A]). (5.8)

(e

Similarly, the second term of RHS of (5.4 is given by
=D HVknAL AL =D fha 0 d (do(KT),AL). (5.9)

Due to the fact that V.n A, = AN (dd(eH)) from 1) and considering 1 , it

can be concluded that

N VeV AL = VAN (dg(elh))
==Y Ver(Aaod dé(ef)
= —d¢ (grad Xa 0 d) —Aa 0 Y _ Vndd(e;). (5.10)

Since grad A\, = A and using definition of gradient operator, it can be seen that

dp(grad Ao © ) = Z (d(e), (grad As) o 8) d(el)
= (ddlei’), AL 0 ) d(el!). (5.11)

By means of (5.10)) and (5.11), the third term of RHS of (5.4) has the following

expression

S OHTrg(VPAL)AL) ==Y Xaod (fTryVdp,AL) — fldg >,  (5.12)

e
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Finally, since the sphere S™ has constant curvature, it can be shown that

> H{Trg RS(AL,dg)do, AL) = (n—=1)f | do [* . (5.13)

Replacing (5.8)), (5.9), (5.12) and (5.13) in (5.4) and using the f-harmonicity con-

dition of ¢, it follows

2(AT) = 2= 7 do |2 dV
S | r1ao ave

Cm—1

1 _
+ Ao 0@ (17(¢),A])dV
s 2 Ao AT o
9 _
=20 fldg 2 dVsa <0, (5.14)
Cm—1 JSMm
by means of ([5.14) and the stable f-harmonicity condition of ¢, it can be concluded
that ¢ is constant. This completes the proof. (I
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