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TAUBERIAN THEOREMS FOR THE GENERALIZED DE LA
VALLEE-POUSSIN MEAN-CONVERGENT SEQUENCES OF
FUZZY NUMBERS

VALDETE LOKU!, NAIM L. BRAHA!, MIKAIL ET? AND AGRON TATO3

ABSTRACT. In this paper, we will show Tauberian theorems for the generalized
de la Vallée-Poussin mean-convergent sequences of fuzzy numbers.

1. INTRODUCTION

The concepts of fuzzy sets and fuzzy set operations were first introduced by
Zadeh [I§] and subsequently several authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy topological spaces, similarity
relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy mathemati-
cal programming. Matloka [I1] introduced bounded and convergent sequences of
fuzzy numbers, studied some of their properties and showed that every convergent
sequence of fuzzy numbers is bounded. In addition, sequences of fuzzy numbers
have been discussed by Nuray and Savas [13], Kwon [9], Altin et al. [1], Gokhan
et al. [8], Et et al. [5] and many others. The notion of statistical convergence was
introduced by Fast [6] and Steinhaus [15], independently.

We shall denote by N the set of all natural numbers. Let K € N and K,, = {k <
n: k € K}. Then the natural density of K is defined by d(K) = lim,_, Ifin\ if the
limit exists, where the vertical bars indicate the number of elements in the enclosed
set. The sequence x = () is said to be statistically convergent to L if for every
€ >0, the set K. = {k € N: |z — L| > ¢} has natural density zero (cf. [6l [I5]), i.e.
for each € > 0,

1
lim — {k <n:lz— L| > €} =0.

n—oo N

In this case, we write L = st — limx. Note that every convergent sequence is
statistically convergent but not conversely.

Let A = (A,) be a non-decreasing sequence of positive numbers tending to oo

such that A\,11 < A, + 1, A1 = 1. The generalized de la Vallée-Poussin mean is
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defined by
1
To(x) =: = Z xj,
" jel,

where I, = [n — A, + 1,n]. A sequence x = (z;) is said to be (V, A)-summable to a
number L (see [10]) if T,,(x) — L as n — oo. In this case L is called the A-limit of
x, and we say that z = (z,) is A-statistical convergent to L, if

1
1im7|{n—An+1§k§n:\xk—L|26}\20,

for every given € > 0, and will write sty — lim,, z,, = L.
A sequence © = (z,,) is said to be statistically A—convergent to L if for every
€ > 0 the following relation

liml|{k§n: |Ti(z) — L| > €}| =0, (1.1)
non

holds. In this case we write that st — lim,, T;,, = L.

In what follows we will define the following type of the statistical convergence.
A sequence x = (x,,) is said to be (V, \)—statistically convergent to L if for every
€ > 0 the following relation

1
lim7|{n—/\n+1§k§n:|Tk(:ﬁ)—L|Ze}|:O, (1.2)

holds. In this case we write that sty — lim,, T,, = L.
In paper [], was given conditions under which for every bounded sequence (zy)
the implication

sty — lilgnxk =L implies sty — liinTk =L

holds. The converse of the above fact is known as Tauberian Theorem. Also this
fact, for the above summability method, is given in [4]. The theory of Tauberian
theorems are intensively investigated by several authors, see [12], [10], [4],[16]. In
this paper we will prove Tauberian theorems for fuzzy sequence spaces. Denote by

LR") ={u:R™ — [0,1] : u satisfies (1) — (4) bellow}

where

(1) w is normal, there exists an 2y € R™ such that u(zg) = 1,

(2) w is fuzzy convex, for any z,y € R” and 0 < A < 1, u(Ax + (1 — A)y) >
min [u(z), u(y)],

(3) w is upper semicontinuous,

(4) the closure of {z € R" : u(z) > 0}, denoted by [u]°, is compact.

If w € L(R™), then u is called fuzzy number, and L(R™) is said to be fuzzy number
space. For 0 < a < 1, the a— level set [u]®* of u is defined by [u]* = {z € R" :
u(z) > a}. Then from (1)-(4), it follows that the a—level sets [u]® give information
about C(R™).
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We will denote by E the set of all fuzzy numbers on R. The set of real numbers
can be embedded in F, since each r € R can be regarded as a fuzzy number 7

defined by
_ 1 i z=mr,
"= { 0; if x#r.
Let u,v,w € E and k € R. Then the operations addition and scalar multiplica-
tions are defined in E as follows:

U+v=w< [Wy=[ua+[v]e forall «aec]l0,1],

sw, =u, +v, and wl =ul +vl forall «ae€l0,1],

[ku]q = k[u]s for all a€[0,1].
Further details related to the structural properties of the fuzzy numbers, are given

in [3]. Let us denote by W the set of all closed bounded intervals A of real numbers
with endpoints A and A4, i.e., A = [A, A]. Define the relation d on Why

d(A, B) = max {|A — B|,|4 - BJ}.

Then it can be easily observed that d is a metric on W and (W, d) is a complete
metric space, ([?]). Now, we may define the metric D on E by means of the
Hausdorff metric d as follows

D(u,v) = sup d([t]a, [v]a) = sup max {[u” (a) — v~ (@)], [u" () — v ()]},

and

D(u,0) = supa € [0; max {[u” ()], [u" ()]} = max {Ju” ()], [u" (a)[}.

A sequence u = (ug) of fuzzy numbers is a function w from the set N, into the
set /. The fuzzy number u; denotes the value of the function at k£ € N and is called
as the k—th term of the sequence. By w(F'), we denote the set of all sequences of
fuzzy numbers. A sequence (u,) € w(F') is said to be convergent to v € E, if for
every € > 0 there exists an ng = no(e) € N such that

D(up,u) <e forall n>mny.

Definition 1.1. [I4] Let X = (Xy) be a sequence of fuzzy numbers. The sequence
X is said to converge statistically to a fuzzy number Xq, if for every e > 0

1
lim = [{k € I, : D(Xy, Xo) > e} = 0.

n—oo
The above type of convergence we will denote by

stpy — lim X,, = Xo.
n

Definition 1.2. Let X = (X}) be a sequence of fuzzy numbers. The sequence X is
said to be statistically generalized de la Vallée-Poussin summable to a fuzzy number
Xy if the sequence

1
To(X) = ™ Z X;
Jjeln
is statistically convergent to Xy, where the sum in T, (X) is usual addition of fuzzy

real numbers through a— level sets. That is (Xy) is statistically generalized de la
Vallée-Poussin summable to the fuzzy number Xg, if for every e > 0
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lim — |{k € I, : D(Ty, Xo) > €} = 0.

77/—>OO
The above type of convergence we will denote by
StF)\ — hmT = X.
n
Theorem 1.3. Let us suppose that (Xy) is a bounded sequence of fuzzy numbers

such that exists stpy — limg X = L, then it follows that stpy — limy Ty, = L, but
not conversely.

Proof. Let us suppose that stp) — limg X = L. Let € > 0 be any given number.
Then

D(Ty, L) = Z = AICZXJ,— ‘

JeIk JjEl

Z AL

JEI)

)\i Z i, L <—Sup{D( L)} —0, as n— oo,

j€ly n J€L
because

sup {D(Xg, L)} Csup{k € I,, : D(Xy,L) < e} Usup{k € I, : D(Xy, L) > €}.
kel,

And from last relation we have:
D(Xy, L : < >
2 DIy € D2 DO E) <y € L DY) )

To prove that converse is not true, we construct this example

Example 1.4. Let us define the following sequence of fuzzy numbers

t—1, for1<t<2

—t+3, for2<t<3 =Ly, ifk is odd
0, otherwise
Xk (t) = t—5, for5<t<6
—t+7, for6<t<7 }:=1Lsy, ifkiseven
0, otherwise

Then, we calculate the a—level sets of sequences (Xy) as follows
(X" = [a+1,3—a]l =LY, ifkisodd
k [a+5,7—a] =LY, ifk is even

Of course this sequence is not sty—convergent.
On the other hand, consider the sequence

k 2
st+1, for —£<t<0

k 2 ; 3
—2t+1 for0<t< £ ifk=mn
X = 2 ’ - — k ’
k() 0, otherwise
0, otherwise

Then, the a—level sets of sequences (Xy) is
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2(a—1) 2(1—« . o
P e b ol B SG
[0,0], otherwise

After some arithmetic operations, we conclude that (X) is (V, \) —summable to 0
and hence (V, \) —statistically convergent to 0.

O

In this paper our aim is to find conditions (so-called Tauberian) under which
the converse implication holds, for defined convergence. Exactly, we will prove
under which conditions A—statistical convergence follows from (V, \)-statistically
convergence.

2. MAIN RESULTS

Theorem 2.1. Let (\,) be a sequence of real numbers defined as above and

A
sty —liminf 2% > 1, ¢>1 (2.1)
n A,
where t,, denotes the integral parts of the [tn] for every n € N, and let (X}) be a
sequence of fuzzy real numbers such that sty — limg T, = L. Then (X}) is stpa—
convergent to the same fuzzy number L if and only if the following to conditions
holds:

tr
. 1 1
%gflhgasupE kel,:D m,z (Xj— Xp), X | >ep|=0 (2.2
j=k+1
and
1 1 ~
i i — : —_— — X > =0.
OgtlglhglsupAn kel,:D Ak—At,cj,;l(Xk X;), Xr | >e 0
—lk

(2.3)

Remark 2.2. Let us suppose that stpy — limg Xy = L; stpy — limgp T, = L and
relation satisfies, then for every t > 1, is valid the following relation:

tr
1
trpy — lim ———— X, =0 2.4
str lflln)\tk—)\k.; j (2.4)
J=k+1

and in case where 0 <t < 1,

k

1
tpy — lim ———— E X; =0. 2.5
SUEX 17?1 Ap — b J ( )
J=tr+1

In what follows we will show some auxiliary lemmas which are needful in the
sequel.

Lemma 2.3. For the sequence of real numbers A = (\,), condition given by relation
s equivalent to this one:

An
sty —liminf —/— >1, 0<t<1. (2.6)
n tn



50 VALDETE LOKU!, NAIM L. BRAHA!, MIKAIL ET? AND AGRON TATO?

Proof. Let us suppose that relation (2.1) is valid, 0 < ¢t < 1 and m = t,, = [t - n],
n € N. Then it follows that

1 t-
7>1:>T:[ i
t t

t
now from nondecreasing of the sequence A = (\,), we get:

<n

An A A ALz
i > )[\77;] = sty — lirrlninfﬁ > sty — liraninf)i;] > 1.
Conversely, let us suppose that relation (2.6)) is valid. Let ¢ > 1 and be given and
let ¢1 be chosen such that 1 < t; < t. Set m =t,, = [t - n]. From 0 < % < % <1,it
follows that:
tn—1 [tn] m
—_— < — =,
131 131 131
provided t; <t — %, which is the case if n is large enough. Under this conditions
we have:

n <

A

no> tn

At,,

> 1.

N S AT = sty — li}}linf% > sty — lirrlninf N
[#] (2]

O

Lemma 2.4. Let us suppose that X = (Xi) is a sequence of fuzzy numbers which
is (V, \)—statistically convergent to a fuzzy number L. Then for every t > 0,

stpy —limT;, =L,
n
where by t, = [t-n], is denote the integral part of the product t - n.

Proof. Let us consider that ¢ > 1, then from construction of the sequence A = (\,),
we get:
lim (n — Ap) = lim (¢, — Ag,), (2.7

n

and for every ¢ > 0 we have:

{kely, :DT,,L)>¢et Cc{kel,: D(Ty,L) > €}

1 k 1 tr
Uk eln: & > Xi# 5o X

J=k—=Xr+1 Foj=te—Xe, +1
Now proof of the lemma in this case follows from relation (2.7) and sty —lim,, T,, =
L.
(IT) In this case we have that 0 < ¢ < 1. For ¢, = [t - n], for any natural number
n, we can conclude that (7}, ) does not appear more than [1 +¢~1] times in the
sequence (T,,). In fact if there exists a integers k, [ such that

n<t-k<tlhk+1l)<---<tlk+1-1)<n+1<tlk+1),
then
n+t(l—1)gt(k+l—1)<n+1:>l<1+%,
and we have this estimation:
1

1 1
3 Hkel, : D(Ty,,L) > e}| < (1 + t) — NHkel,: DT, L) > e} <
tn

At,,
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1
201+ 8)5 [{k € L : DTk L) 2 €},

provided £ Ao < 2t which is the case if n is large enough. From last relation it
follows: stp,\ —lim,, T3, = L. O

Lemma 2.5. Let us suppose that X = (Xi) is a sequence of fuzzy numbers which
is (V, \)—statistically convergent to fuzzy number L. Then for every t > 1,

stra — lim (A, Z X; = L; (2.8)
Jj=n+1

and for every 0 <t < 1,

stp)\—hm( —A,) Z X; = (2.9)
j=tn+1

Proof. Let us suppose that ¢ > 1 and n large enough in the sense that A, > A,
then

(At Z Xe, ) (Atl_A T Xk,Tn)+D(Tn,L). (2.10)

" = n+1 n k=n-+1

Claim If X,Y and Z are three fuzzy real numbers, then is valid the following
relation:

D(X+Y,Z)<c¢-D(X,2Z),
for some positive constant ¢ > 1.
Case where t > 1. After some calculations we get

t
M =A) ™8 Y X =T+ A, (A = M) (T, = To) 4 (e — M)~

j=n+1
tn tn
—1
> X = (O —A) > X,
j=n—Ap+1 J=tn—A¢, +1

respectively

tn
Mo =A) ™8 ) X =T+ A, (M, = M) (T
j=n+1

- Tn) + (>‘t - /\n)71

n n

tn tn
>ooox- > X (2.11)
j=n—An+1 j:tn_/\tn"!‘l
From last relation and above claim we have

tn

/\tn/\z

j=n+1

At 1 S S
D Tn + m(Ttn - Tn) + ‘ Xj - _ Z Xj aTn
" j=n—An+1 J=tn—A¢, +1

n
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At ( 1,
Atn - An At - An
where ¢ is a constant greater then one. From definition if the (A, ), it follows that

<c-D ( T, — Tn),Tn) < D(T:,,T,), (2.12)

n

lim tn < 0.

n >\tn - )\n
Now relation (2.8) follows from (2.10), (2.12), Lemma[2.4) and statistical conver-

gence of T),.
Case where 0 < ¢t < 1. In this case we have:

Mo =Ae) ™" Y Xy =To+ A, (Ao = M) (T = T) + (A — Ar,) ™!

j=tat1
n n
—1
E Ty — ()\tn — )\n) E Xj.
j=n—An+1 j:tn_)\tn"l‘l

Following Lemma |2.4] and the conclusions like as in the previous case we get that

relation (2.9)) is valid. O

In what follows we will prove the Theorem [2.1]
Proof of Theorem [2.7]

Proof. Necessity. Let us suppose that stpy —limg xx = L, and stpy — limg T, = L.
For every ¢ > 1 following Lemma we get relation (2.2) and in case where
0 <t < 1, again applying Lemma e obtain relation (2.3)).
Sufficient: Assume that stgy—1lim, T,, = L, and conditions (2.1)), and are
satisfied. In what follows we will prove that stpy — lim, X,, = L. Or equivalently,
sty — lim, D(T},, X,,) = 0.

First we consider the case where ¢ > 1. We will start from this estimation:

tn
Xn =T =M, (M, = M) Ty, = T) = (e, = X)) (X = Xi).
j=n+1
For any € > 0, we obtain:

tr
{kel,:D(Xp,Ti) > et Celdkel,:D| (A — )™ ? Z (X; — Xp), X | >€p,
j=k+1
(2.13)
for some positive constant ¢ > 1.
From relation , it follows that for every v > 0, exists a ¢ > 1 such that

ty
1 1
n tr kjmkt1

By last relation and relation (2.13)) we get:

1
hmsup)\— Hkel,: D(Xy,Tk) > e} <c-7,

and +y is arbitrary, we conclude that for every € > 0,
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1
limsup)\—|{k€In : D(Xy, ) > €} =0. (2.14)

Now we consider case where 0 < ¢t < 1. From above we get that:

n

Xn = Tn =X, On = M) T =T + = M) D (X — X)),

j=tn+1
For any € > 0,
k
{(ke€l,: DX, Tp) >} Ceqhel: D[ (e —=A)™ " D (X —X;), Xi | >
j=tr+1

for some positive constant ¢ > 1. Now proof of this case follows from above relation

and relation (2.3). d

3. TAUBERIAN THEOREMS FOR LEVEL CONVERGENCE

In this section we will introduce some level convergence of fuzzy numbers(see
[7) which is generalization of that given by [I7] and also we will give some results
related to the statistical limit inferior and superior for sequence of fuzzy numbers
related to the new definition.

Let X = (X,,) and Y = (¥,,) be two real sequences of fuzzy numbers. We say
that (Xj) is A— statistically bounded from above if there exists a fuzzy number
X, such that

1
lim — [{k € I, : Xp > Xo} U{k € L, : Xp % Xo}| = 0.
n An

Similarly, (Xj) is A— statistically bounded from bellow if there exists a fuzzy
number Yy, such that

1
1im)\—|{k€In:Xk<Yo}U{k:€In:XkoOYO}|:O.

If the sequence X = (Xj) is both A— statistically bounded from above and
bellow we will say that it is A— statistically bounded.

Definition 3.1. Let X = (X,,) be a A\—statistically bounded sequences of fuzzy
numbers. Then the A—statistical limit inferior of the X = (X,,) is given by

1
stpy — liminf X,, = inf{Xo eFE: lim)\— |k eI, : X, < Xo| # 0},
n n

n

and, the A\—statistical limit superior of the X = (X,,) is given by

1
stpy — limsup X,, = inf{Xo eEFE: lim)\— |k eI, : X, > Xo| # 0}.
n n n
Theorem 3.2. Let X = (X,) be a A—statistically bounded sequences of fuzzy
numbers. If stpy — lim, inf X,, = Xy, then
1
lim/\—|{k€In:Xk<Xofe}|:O (3.1)

and
1
lim)\—\{kefn:Xk<X0+6}U{k€In:XkooXo—l—eH;éO, (3.2)
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for every e > 0.

Proof. Proof of theorem is similar to Theorem 2, given in [2]. For this reason we
omit it. ]

The same results is valid for the A—statistically limit superior, as is shown in
the following

Theorem 3.3. Let X = (X,) be a A—statistically bounded sequences of fuzzy
numbers. If stpy — lim, sup X,, = Xy, then

1
lim = |{k € I, : Xi > Xo + ¢} =0 (3.3)

and
1
lim—|Hkel,: Xp>Xo—etU{kel,: X~ Xo—e}|#0, (3.4)
n n

for every e > 0.

The level convergence of sequence of fuzzy numbers was given by [7], as follows.
Let X = (X) be a sequence of fuzzy numbers, it is level-convergent to fuzzy
number X, if

lim X, (a) = X, (), lim X;F(a) = X (a), (3.5)

n—oo n—oo

for any « € [0, 1].

Remark 3.4. The level convergence differs from the standard convergence and it
is shown in the following example.

Example 3.5. Let

and )
; 3 <r<l1 _
— ’ 3 — —
wr={ g §EIE) . min -

From representation theorem in [I7], there exists a unique fuzzy number u, and
a unique fuzzy number uy such that [u,]” = [un(r), Tn(r)], [uo]” = [uo(r),@o(r)].
Obuiously , the sequences uy, (1), Un(r) converges to ug(r),uo(r), respectively at any

€ [0,1], as n = 0. And D(up,up) = supre(%ﬂ{ —(r— %)%} =1, for any

natural number n. But u, does not converge to uyg.

Following it and our definition related to the generalized de la Vallée-Poussin
mean-convergent, we give this

Definition 3.6. The fuzzy sequence X = (X}) is generalized de la Vallée-Poussin
mean-level convergent to a fuzzy number Xg, if

. 1

hm/\—ZX Xy (@), hm—ZX]j(a):XJ(a),

n—00 n—00 )\
keI, kel,

for all o € [0,1].

In what follows we will prove a kind of Tauberian theorem for the new defined
concept, of generalized de la Vallée-Poussin mean-level convergent.
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Theorem 3.7. Let X = (Xi) be a bounded sequence of fuzzy numbers. Assume
that (Xy) is generalized de la Vallée-Poussin mean-level convergent to fuzzy number
Xo. Also we suppose that stgpy — lim, sup Xy = Xo and there is a number ey > 0
such that for every e € (0, ¢€p),

hm—|{kzel XkooXO—e}|_0hm [k € I Xi o Xo +e}| = 0.

Then stpy — lim,X,, = Xo.

Proof. We say that fuzzy numbers v and w are not comparable if neither v < w
nor w < v. And this fact we will denote by v » w. From stgy — lim,, sup X = X
and Theorem we have

lirrlnineIn Xy > Xo 4} =0,
for every € > 0. Let us suppose for the moment that

1i7rlni (k€ I, : D(Xp, Xo) > €}] £ 0.
Then exists an €1 € (0, ¢9) such that

lirrlni Hkel,: Xy <Xo—e} #0.
We will define the following sets of fuzzy numbers:

Ay ={kel,: X< Xo—¢€},

As={kel,: Xo—e< X < Xo+e},
As={kel,: X >Xo+e}U{kel, : X»Xg—etU{kel,: Xy~ Xo+e}
From above definitions we get

hm—|A3\f0hm |A1|7é0 hm \A2|f17hm—|A1|
On the other 51de7 from second relatlon in the expression we have that
$|A1‘ >a>0,

for infinitely n and
O DL DRI DR DR
" kel, keAq ™ kA, " keAs

X()—G X0+€
N, Al

for some fuzzy number A. There exists an « € [0,1] such that
T, (a) < Xy (o) + €(1 = 2a) +0(1).
since € € (0, ¢p) is arbitrary, then we get
liminf T, () < X ().

|A2|+*|A3|

Hence X = (X,,) is not generalized de la Vallée-Poussin mean-level convergent to
fuzzy number X, which prove Theorem. [

Remark 3.8. The above theorem is valid also for the stp) — lim inf,, X; = Xj.
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