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HADAMARD AND FEJÉR-HADAMARD INEQUALITIES AND

RELATED RESULTS VIA CAPUTO FRACTIONAL

DERIVATIVES

GHULAM FARID, ANUM JAVED, SAIRA NAQVI

Abstract. In this paper we prove the Hadamard and the Fejér-Hadamard
inequalities for convex functions via Caputo fractional derivatives. We also

derive some related inequalities for n-time differentiable functions f (n) such

that |f (n)|q , q ≥ 1 is convex, by using Caputo fractional derivatives.

1. Introduction

A function f : [a, b]→ R is said to be convex if

f (λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

holds, for all x, y ∈ [a, b] and λ ∈ [0, 1]. If −f is convex, then f is called concave
function and vice versa.

In literature double integral inequality

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
(1.1)

where f : I → R is a convex function on the interval I of real numbers and a, b ∈ I
with a < b, is known as the Hadamard inequality. If f is concave, then the above
inequalities hold in the reverse direction.

In [14] Fejér gave the following generalization of the Hadamard inequality.

Theorem 1.1. Let f : [a, b] → R be a convex function over [a, b] with a < b and
g : [a, b]→ R is a nonnegative, integrable and symmetric to a+b

2 . Then the following
inequality holds:

f

(
a+ b

2

)∫ b

a

g(x)dx ≤ 1

b− a

∫ b

a

f(x)g(x)dx ≤ f(a) + f(b)

2

∫ b

a

g(x)dx. (1.2)

In literature above inequality is known as the Fejér-Hadamard inequality.
The Hadamard inequality and the Fejér-Hadamard inequality got the attention of
many mathematicians and many generalizations and refinements have been found
so far, for details see, [1, 2, 3, 5, 6, 7, 8, 9, 12] and the references therein.
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In [5] Dragomir et al. proved the following results which give the bounds of a
difference of the Hadamard inequality.

Theorem 1.2. Let f : Io ⊂ R → R be a differentiable function on Io, a, b ∈ Io
and a < b. If f ′ ∈ L(a, b), then the following inequality holds:∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣ ≤ (b− a)

8
(|f ′(a)|+ |f ′(b)|) . (1.3)

Theorem 1.3. Let f : Io ⊂ R → R be a differentiable mapping on Io, a, b ∈ Io
with a < b, f ′ ∈ L(a, b). If the mapping |f ′|

p
p−1 , where p > 1, is convex on [a, b],

then the following inequality holds:∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a

f(x)dx

∣∣∣∣∣
≤ b− a

2(p+ 1)
1
p

[
|f ′(a)|

p
p−1 + |f ′(b)|

p
p−1

2

] p−1
p

. (1.4)

Fractional calculus is as much important as calculus. Actually, fractional calcu-
lus is a natural extension of classical calculus. Fractional integration and fractional
differentiation appear as tools in the subject of partial differential equations [10, 11].
In 1967, M. Caputo made the most significant contribution to fractional calculus.
One of the main drawback of the Riemann-Liouville definition of fractional deriv-
ative is the strange set of initial conditions. Caputo reformulated the more classic
definition of the Riemann-Liouville fractional derivative in order to use classical
initial conditions [4].
In the following we give the definition of Caputo fractional derivatives [10].

Definition 1.4. Let α > 0 and α /∈ {1, 2, 3, ...}, n = [α] + 1, f ∈ ACn[a, b], the
space of functions having nth derivatives absolutely continuous. The right-sided
and left-sided Caputo fractional derivatives of order α are defined as follows:

(CDα
a+f)(x) =

1

Γ(n− α)

∫ x

a

f (n)(t)

(x− t)α−n+1
dt, x > a (1.5)

and

(CDα
b−f)(x) =

(−1)n

Γ(n− α)

∫ b

x

f (n)(t)

(t− x)α−n+1
dt, x < b. (1.6)

If α = n ∈ {1, 2, 3, ...} and usual derivative f (n)(x) of order n exists, then Caputo
fractional derivative (CDn

a+f)(x) coincides with f (n)(x) whereas (CDn
b−f)(x) coin-

cides with f (n)(x) with exactness to a constant multiplier (−1)n. In particular we
have

(CD0
a+f)(x) = (CD0

b−f)(x) = f(x) (1.7)

where n = 1 and α = 0.

Recently, Fractional integral inequalities have been studied extensively via frac-
tional integral operators. These inequalities provide upper as well as lower bounds
for solutions of the fractional boundary value problems. In this paper in Section
2 we give the Hadamard and the Hadamard type inequalities for convex functions
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via Caputo fractional derivatives. In Section 3 we derive the Fejér-Hadamard and
the Fejér-Hadamard type inequalities for Caputo fractional derivatives.

In the whole paper we consider Cn[a, b] the space of functions f : [a, b] → R
which are n-time differentiable and f (n) are continuous on [a, b].

2. Hadamard and Hadamard type inequalities via Caputo fractional
derivatives

First we prove the following lemmas which will be useful to prove the required
results.

Lemma 2.1. Let g : [a, b]→ R, a < b, be a function such that g ∈ Cn[a, b]. If g(n)

is symmetric to a+b
2 , then we have

CDα
a+g(b) = (−1)nCDα

b−g(a) =
1

2
[CDα

a+g(b) + (−1)nCDα
b−g(a)].

Proof. By symmetricity of g(n) we have g(n)(a+ b− x) = g(n)(x), where x ∈ [a, b].
In the following integral we have

CDα
a+g(b) =

1

Γ(n− α)

∫ b

a

g(n)(x)

(b− x)α−n+1
dx

=
1

Γ(n− α)

∫ b

a

g(n)(a+ b− x)

(x− a)α−n+1
dx

=
1

Γ(n− α)

∫ b

a

g(n)(x)

(x− a)α−n+1
dx

= (−1)nCDα
b−g(a).

From which we get the required equality. �

Lemma 2.2. Let f : [a, b]→ R, 0 ≤ a < b, be the function such that f ∈ Cn[a, b].
Also let f (n+1) be positive and convex function on [a, b]. Then the following equality
for Caputo fractional derivatives holds:

f (n)(a) + f (n)(b)

2
− Γ(n− α+ 1)

2(b− a)
n−α

[
CDα

a+f(b) + (−1)nCDα
b−f(a)

]
(2.1)

=
b− a

2

∫ 1

0

(
(1− t)n−α − tn−α

)
f (n+1)(ta+ (1− t)b)dt.

Proof. One can note that

b− a
2

∫ 1

0

(
(1− t)n−α − tn−α

)
f (n+1)(ta+ (1− t)b)dt

=
b− a

2

∫ 1

0

(
(1− t)n−α

)
f (n+1)(ta+ (1− t)b)dt

− b− a
2

∫ 1

0

(
tn−α

)
f (n+1)(ta+ (1− t)b)dt,

where by simple calculation one can get
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b− a
2

∫ 1

0

(1− t)n−αf (n+1)(ta+ (1− t)b)dt

=
b− a

2

[
f (n)(b)

b− a
− (n− α)

∫ b

a

(
x− a
b− a

)n−α−1
f (n)(x)

b− a
dx

]

=
f (n)(b)

2
− Γ (n− α+ 1)

2(b− a)
n−α (−1)nCDα

b−f(a)

and

− b− a
2

∫ 1

0

tn−αf (n+1)(ta+ (1− t)b)dt

=
b− a

2

[
f (n)(a)

b− a
− (n− α)

∫ b

a

(
b− x
b− a

)n−α−1
f (n)(x)

b− a
dx

]

=
f (n)(a)

2
− Γ (n− α+ 1)

2(b− a)
n−α

CDα
a+f(b)

Hence (2.1) can be established. �

In the following we give the Hadamard inequality for Caputo fractional deriva-
tives.

Theorem 2.3. Let f : [a, b]→ R, 0 ≤ a < b be the function such that f ∈ Cn[a, b].
Also let f (n) be positive and convex function on [a, b]. Then the following inequality
for Caputo fractional derivatives holds:

f (n)

(
a+ b

2

)
(2.2)

≤ Γ(n− α+ 1)

2(b− a)n−α

[
CDα

a+f
(n)(b) + (−1)nCDα

b−f
(n)(a)

]
≤ f (n)(a) + f (n)(b)

2
.

Proof. It is given that f (n) is convex, therefore for x, y ∈ [a, b] we have

f (n)

(
x+ y

2

)
≤ f (n)(x) + f (n)(y)

2
. (2.3)

Let x = ta + (1 − t)b, y = (1 − t)a + tb for t ∈ [0, 1]. Then x, y ∈ [a, b] and (2.3)
gives

2f (n)

(
a+ b

2

)
≤ f (n)(ta+ (1− t)b) + f (n)((1− t)a+ tb), (2.4)

multiplying both sides of above inequality with tn−α−1, and integrating over [0, 1]
we get

2f (n)

(
a+ b

2

)∫ 1

0

tn−α−1dt

≤
∫ 1

0

tn−α−1f (n)(ta+ (1− t)b)dt+

∫ 1

0

tn−α−1f (n)((1− t)a+ tb)dt.
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It follows by change of variables

f (n)

(
a+ b

2

)
≤ Γ(n− α+ 1)

2(b− a)
n−α

[
CDα

a+f(b) + (−1)nCDα
b−f(a)

]
. (2.5)

On the other hand convexity of f (n) gives

f (n)(ta+ (1− t)b) + f (n)((1− t)a+ tb) (2.6)

≤ tf (n)(a) + (1− t)f (n)(b) + (1− t)f (n)(a) + tf (n)(b),

multiplying both sides of above inequality with tn−α−1, and integrating over [0, 1]
we have ∫ 1

0

tn−α−1f (n)(ta+ (1− t)b)dt+

∫ 1

0

tn−α−1f (n)((1− t)a+ tb)dt

≤
[
f (n)(a) + f (n)(b)

] ∫ 1

0

tn−α−1dt,

from which one can have

Γ(n− α+ 1)

2(b− a)
n−α

(
CDα

a+f(b) + (−1)nCDα
b−f(a)

)
≤ f (n)(a) + f (n)(b)

2
. (2.7)

Inequalities (2.5) and (2.7) give the inequality (2.2). �

Theorem 2.4. Let f : [a, b] → R, 0 ≤ a < b be the function such that f ∈
Cn+1[a, b]. Also let |f (n+1)| is convex on [a, b]. Then the following inequality for
Caputo fractional derivatives holds:∣∣∣∣f (n)(a) + f (n)(b)

2
− Γ(n− α+ 1)

2(b− a)
n−α

[
CDα

a+f(b) + (−1)nCDα
b−f(a)

]∣∣∣∣ (2.8)

≤ b− a
2(n− α+ 1)

(
1− 1

2n−α

)[
|f (n+1)(a)|+ |f (n+1)(b)|

]
.

Proof. From Lemma 2.2 and the convexity of |f (n+1)|, we have,∣∣∣∣f (n)(a) + f (n)(b)

2
− Γ(n− α+ 1)

2(b− a)
α−n

[
CDα

a+f(b) + (−1)nCDα
b−f(a)

]∣∣∣∣
≤ b− a

2

∫ 1

0

∣∣((1− t)n−α − tn−α)∣∣ ∣∣fn+1(ta+ (1− t)b)
∣∣ dt.

≤ b− a
2

∫ 1

0

∣∣((1− t)n−α − tn−α)∣∣ (t ∣∣∣f (n+1)(a)
∣∣∣+ (1− t)

∣∣∣f (n+1)(b)
∣∣∣) dt.

=
b− a

2

∫ 1
2

0

(
(1− t)n−α − tn−α

) (
t
∣∣∣f (n+1)(a)

∣∣∣+ (1− t)
∣∣∣f (n+1)(b)

∣∣∣ dt)
+
b− a

2

∫ 1

1
2

(
(1− t)n−α − tn−α

) (
t
∣∣∣f (n+1)(a)

∣∣∣+ (1− t)
∣∣∣f (n+1)(b)

∣∣∣ dt) . (2.9)



HADAMARD AND FEJÉR-HADAMARD INEQUALITIES AND RELATED RESULTS... 21

Now ∫ 1
2

0

(
(1− t)n−α − tn−α

) (
t
∣∣∣f (n+1)(a)

∣∣∣+ (1− t)
∣∣∣f (n+1)(b)

∣∣∣ dt)
= |f (n+1)(a)|

[∫ 1
2

0

t(1− t)n−αdt−
∫ 1

2

0

tn−α+1dt

]

+ |f (n+1)(b)|

[∫ 1
2

0

(1− t)n−α+1 −
∫ 1

2

0

(1− t)tn−αdt

]

= |f (n+1)(a)|
[

1

(n− α+ 1)(n− α+ 2)
−

( 1
2 )n−α+1

n− α+ 1

]
+ |f (n+1)(b)|

[
1

n− α+ 2
−

( 1
2 )n−α+1

n− α+ 1

]
.

Similarly we have

∫ 1

1
2

(
(1− t)n−α − tn−α

) (
t
∣∣∣f (n+1)(a)

∣∣∣+ (1− t)
∣∣∣f (n+1)(b)

∣∣∣ dt)
= |f (n+1)(a)|

[
1

n− α+ 2
−

( 1
2 )n−α+1

n− α+ 1

]
+ |f (n+1)(b)|

[
1

(n− α+ 1)(n− α+ 2)
−

( 1
2 )n−α+1

n− α+ 1

]
.

.
Therefore from (2.9) we have

∣∣∣∣f (n)(a) + f (n)(b)

2
− Γ(n− α+ 1)

2(b− a)
n−α

[
CDα

a+f(b) + (−1)nCDα
b−f(a)

]∣∣∣∣
≤ b− a

2

[
|f (n+1)(a)|

(
1

(n− α+ 1)(n− α+ 2)
−

( 1
2 )n−α+1

n− α+ 1

)
+ |f (n+1)(b)|

(
1

n− α+ 2
−

( 1
2 )n−α+1

n− α+ 1

)
+ |f (n+1)(a)|

(
1

n− α+ 2
−

( 1
2 )n−α+1

n− α+ 1

)
+ |f (n+1)(b)|

(
1

(n− α+ 1)(n− α+ 2)
−

( 1
2 )n−α+1

n− α+ 1

)]
.

From which after a little computation one can have (2.8).
�

3. Fejér-Hadamard inequalities for convex functions via Caputo
fractional derivatives

In this section we assume that ‖g(n)‖∞ = Supx∈[a,b]|g(n)(x)|, where g : [a, b]→ R
be such that g ∈ Cn[a, b]. Also we define the following convolution f ∗g of functions
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f and g for Caputo fractional derivatives

CDα
a+(f ∗ g)(x) =

1

Γ(n− α)

∫ x

a

f (n)(t)g(n)(t)

(x− t)α−n+1
dt, x > a (3.1)

and

CDα
b−(f ∗ g)(x) =

(−1)n

Γ(n− α)

∫ b

x

f (n)(t)g(n)(t)

(t− x)α−n+1
dt, x < b. (3.2)

Lemma 3.1. [15] For 0 < λ ≤ 1 and 0 ≤ a < b, we have

|aλ − bλ| ≤ (b− a)λ.

Theorem 3.2. Let f : [a, b] → R, a < b be the function such that f ∈ Cn[a, b].
Also let f (n) be positive and convex function on [a, b]. If g : [a, b]→ R is a function
such that g ∈ Cn[a, b] and g(n) is nonnegative, integrable and symmetric to a+b

2 ,
then following inequalities for Caputo fractional derivatives hold:

f (n)

(
a+ b

2

)[
CDα

a+g(b) + (−1)nCDα
b−g(a)

]
≤ [CDα

a+(f ∗ g)(b) + (−1)nCDα
b−(f ∗ g)(a)]

≤ f (n)(a) + f (n)(b)

2

[
CDα

a+g(b) + (−1)nCDα
b−g(a)

]
(3.3)

Proof. By convexity of f (n) we have

f (n)

(
a+ b

2

)
= f (n)

(
ta+ (1− t)b+ tb+ (1− t)a

2

)
≤ f (n)(ta+ (1− t)b) + f (n)(tb+ (1− t)a)

2
,

where t ∈ [0, 1]. Multiplying both sides of above inequality with 2tn−α−1g(n)(tb +
(1− t)a) and integrating the resulting inequality with respect to t over [0, 1] we get

2f (n)

(
a+ b

2

)∫ 1

0

tn−α−1g(n)(tb+ (1− t)a)dt

≤
∫ 1

0

tn−α−1f (n)(ta+ (1− t)b)g(n)(tb+ (1− t)a)dt

+

∫ 1

0

tn−α−1f (n)(tb+ (1− t)a)g(n)(tb+ (1− t)a)dt.
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By setting tb+ (1− t)a = x we have

2

(b− a)n−α
f (n)

(
a+ b

2

)∫ b

a

(x− a)n−α−1g(n)(x)dx

≤ 1

(b− a)n−α

[∫ b

a

(x− a)n−α−1f (n)(a+ b− x)g(n)(x)dx

+

∫ b

a

(x− a)n−α−1f (n)(x)g(n)(x)dx

]

=
1

(b− a)n−α

[∫ b

a

f (n)(x)g(n)(a+ b− x)

(x− a)α−n+1
dx+

∫ b

a

f (n)(x)g(n)(x)

(x− a)α−n+1
dx

]

=
1

(b− a)n−α

[∫ b

a

f (n)(x)g(n)(x)

(x− a)α−n+1
dx+

∫ b

a

f (n)(x)g(n)(x)

(x− a)α−n+1
dx

]
.

By using Lemma 2.1, we get first inequality of (3.3).
For second inequality of (3.3) we proceed as follows:
Convexity of f (n) gives

f (n)(ta+ (1− t)b) + f (n)(tb+ (1− t)a) ≤ f (n)(a) + f (n)(b),

where t ∈ [0, 1]. Multiplying both sides of above equation with tn−α−1g(n)(tb+(1−
t)a) and integrating the resulting inequality with respect to t over [0, 1] we get,∫ 1

0

tn−α−1f (n)(ta+ (1− t)b)g(n)(tb+ (1− t)a)dt

+

∫ 1

0

tn−α−1f (n)(tb+ (1− t)a)g(n)(tb+ (1− t)a)dt

≤ (f (n)(a) + f (n)(b))

∫ 1

0

tn−α−1g(n)(tb+ (1− t)a)dt,

which after little computation gives the required result. �

Next we need the following lemma.

Lemma 3.3. Let f : [a, b] → R, a < b be a function such that f ∈ Cn+1[a, b].
Also let that f (n+1) be positive and convex function on [a, b]. If g : [a, b] → R is a
function such that g ∈ Cn[a, b] and g(n) is nonnegative, integrable and symmetric
to a+b

2 , then following equality for Caputo fractional derivatives hold:

f (n)(a) + f (n)(b)

2

(
CDα

a+g(b) + (−1)nCDα
b−g(a)

)
−
(
CDα

a+(f ∗ g)(b) + (−1)nCDα
b−(f ∗ g)(a)

)
=

1

Γ(n− α)

∫ b

a

[∫ t

a

(b− s)n−α−1g(n)(s)ds−∫ b

t

(s− a)n−α−1g(n)(s)ds

]
f (n+1)(t)dt

with α ≥ 0.
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Proof. One can note that

1

Γ(n− α)

∫ b

a

[∫ t

a

(b− s)n−α−1g(n)(s)ds (3.4)

−
∫ b

t

(s− a)n−α−1g(n)(s)ds

]
f (n+1)(t)dt

=
1

Γ(n− α)

[∫ b

a

(∫ t

a

(b− s)n−α−1g(n)(s)ds

)
f (n+1)(t)dt (3.5)

+

∫ b

a

(
−
∫ b

t

(s− a)n−α−1g(n)(s)ds

)
f (n+1)(t)dt

]
.

By simple calculation one can get∫ b

a

(∫ t

a

(b− s)n−α−1g(n)(s)ds

)
f (n+1)(t)dt

=

[(∫ b

a

g(n)(s)

(b− s)α−n+1
ds

)
f (n)(b)−

∫ b

a

f (n)(t)g(n)(t)

(b− t)α−n+1
dt

]
= Γ(n− α)

[
f (n)(b)CDα

a+g(b)− CDα
a+(fg)(b)

]
= Γ(n− α)

[
f (n)(b)

2
[CDα

a+g(b) + (−1)nCDα
b−g(a)]− CDα

a+fg(b)

]
and ∫ b

a

(
−
∫ b

t

(s− a)n−α−1g(n)(s)ds

)
f (n+1)(t)dt

=

(∫ b

a

g(n)(s)ds

(s− a)α−n+1

)
f (n)(a)−

∫ b

a

f (n)(t)g(n)(t)

(t− a)α−n+1
dt

= Γ(n− α)

[
f (n)(a)

2
[CDα

a+g(b) + (−1)nCDα
b−g(a)]− CDα

a+fg(a))

]
.

Hence one can establish the required equality. �

Theorem 3.4. Let f : [a, b] → R, a < b be a function such that f ∈ Cn+1[a, b]. If
|f (n+1)| is convex on [a, b] and g : [a, b] → R is a function such that g ∈ Cn[a, b]
and g(n) is nonnegative, integrable and symmetric to a+b

2 , then following inequality
for Caputo fractional derivatives hold:∣∣∣∣f (n)(a) + f (n)(b)

2
[CDα

a+g(b) + (−1)nCDα
b−g(a)]

−[CDα
a+(f ∗ g)(b) + (−1)nCDα

b−(f ∗ g)(a)]
∣∣

≤ (b− a)α+1‖g(n)‖∞
(α+ 1)Γ(n− α)

(
1− 1

2α

)[
|f (n+1)(a)|+ |f (n+1)(b)|

]
with α ≥ 0.
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Proof. Using Lemma 3.3 we have

f (n)(a) + f (n)(b)

2

[
CDα

a+g(b) + (−1)nCDα
b−g(a)

]
− [CDα

a+(f ∗ g)(b) + (−1)nCDα
b−(f ∗ g)(a)]

=
1

Γ(n− α)

∫ b

a

[∫ t

a

(b− s)n−α−1g(n)(s)ds

−
∫ b

t

(s− a)n−α−1g(n)(s)ds

]
f (n+1)(t)dt. (3.6)

Using convexity of |f (n+1)| we have

|f (n+1)(t)| ≤ b− t
b− a

|f (n+1)(a)|+ t− a
b− a

|f (n+1)(b)|, (3.7)

where t ∈ [a, b].
From symmetricity of g(n) we have

∫ b

t

(s− a)n−α−1g(n)(s)ds =

∫ a+b−t

a

g(n)(a+ b− s)
(b− s)α−n+1

ds

=

∫ a+b−t

a

(b− s)n−α−1g(n)(s)ds.

This gives

∣∣∣∣∣
∫ t

a

(b− s)n−α−1g(n)(s)ds−
∫ b

t

(s− a)n−α−1g(n)(s)ds

∣∣∣∣∣
=

∣∣∣∣∣
∫ a+b−t

t

(b− s)n−α−1g(n)(s)ds

∣∣∣∣∣
≤

{ ∫ a+b−t
t

|(b− s)n−α−1g(n)(s)|ds, t ∈ [a, a+b
2 ]∫ t

a+b−t |(b− s)
n−α−1g(n)(s)|ds, t ∈ [a+b

2 , b].
(3.8)
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By virtue of the Lemma 3.3 and inequalities (3.7) and (3.8) we have∣∣∣∣(f (n)(a) + f (n)(b)

2

)[
CDα

a+g(b) + (−1)nCDα
b−g(a)

]
(3.9)

−
[
CDα

a+(f ∗ g)(b) + (−1)nCDα
b−(f ∗ g)(a)

]∣∣
≤ 1

Γ(n− α)

[∫ a+b
2

a

(∫ a+b−t

t

∣∣∣(b− s)n−α−1g(n)(s)
∣∣∣ ds)(

b− t
b− a

|f (n+1)(a)|+ t− a
b− a

|f (n+1)(b)|
)
dt

+

∫ b

a+b
2

(∫ t

a+b−t

∣∣∣(b− s)n−α−1g(n)(s)g(n)(s)ds
∣∣∣)(

b− t
b− a

|f (n+1)(a)|+ t− a
b− a

|f (n+1)(b)|
)
dt

]
≤ ‖g(n)‖∞

Γ(n− α)(b− a)

[∫ a+b
2

a

(
1

(b− t)α
− 1

(t− a)α

)
(

(b− t)|f (n+1)(a)|+ (t− a)|f (n+1)(b)|
)
dt

+

∫ b

a+b
2

(
1

(t− a)α
− 1

(b− t)α

)(
(b− t)|f (n+1)(a)|+ (t− a)|f (n+1)(b)|

)
dt

]
.

Now one can have ∫ a+b
2

a

(
1

(b− t)α
− 1

(t− a)α

)
(b− t)dt

=

∫ b

a+b
2

(
1

(t− a)α
− 1

(b− t)α

)
(t− a)dt

=
(b− a)2−α

1− α

(
1− α
2− α

− 1

21−α

)
(3.10)

and ∫ a+b
2

a

(
1

(b− t)α
− 1

(t− a)α

)
(t− a)dt

=

∫ b

a+b
2

(
1

(t− a)α
− 1

(b− t)α

)
(b− t)dt

=
(b− a)2−α

(1− α)

(
1

2− α
− 1

21−α

)
. (3.11)

Using (3.10), (3.11) in (3.9) we get the required result. �

Theorem 3.5. Let f : [a, b] → R, a < b be a function such that f ∈ Cn+1[a, b]. If
|f (n+1)|q, q > 1 is convex on [a, b] and g : [a, b] → R is a function such that g ∈
Cn[a, b] and g(n) is nonnegative, integrable and symmetric to a+b

2 , then following
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inequality for Caputo fractional derivatives hold:∣∣∣∣f (n)(a) + f (n)(b)

2

[
CDα

a+g(b) + (−1)nCDα
b−g(a)

]
−
[
CDα

a+(f ∗ g)(b) + (−1)nCDα
b−(f ∗ g)(a)

]∣∣
≤ 2(b− a)1−α‖g(n)‖∞ (1− 2α)

(1− α)Γ(n− α)

(
|f (n+1)(a)|q + |f (n+1)(b)|q

2

) 1
q

(3.12)

with α ≥ 0 and 1
p + 1

q = 1.

Proof. By using Lemma 3.3, Hölder inequality, inequality (3.8) and convexity of
|f (n+1)|q respectively we have∣∣∣∣f (n)(a) + f (n)(b)

2

[
CDα

a+g(b) + (−1)nCDα
b−g(a)

]
−
[
CDα

a+(f ∗ g)(b) + (−1)nCDα
b−(f ∗ g)(a)

]∣∣
≤ 1

Γ(n− α)

[∫ b

a

∣∣∣∣∣
∫ a+b−t

t

(b− s)n−α−1g(n)(s)ds

∣∣∣∣∣ dt
]1− 1

q

[∫ b

a

∣∣∣∣∣
∫ a+b−t

t

(b− s)n−α−1g(n)(s)ds

∣∣∣∣∣ |f (n+1)(t)|qdt

] 1
q

≤ 1

Γ(n− α)

[∫ a+b
2

a

(∫ a+b−t

t

|(b− s)n−α−1g(n)(s)|ds

)
dt

+

∫ b

a+b
2

(∫ t

a+b−t
|(b− s)n−α−1g(n)(s)g(n)(s)|ds

)
dt

]1− 1
q

[∫ a+b
2

a

(∫ a+b−t

t

∣∣∣(b− s)n−α−1g(n)(s)
∣∣∣ ds) |f (n+1)(t)|qdt

+

∫ b

a+b
2

(∫ t

a+b−t
|(b− s)n−α−1g(n)(s)|ds

)
|f (n+1)(t)|qdt

] 1
q

≤ ‖g
(n)‖∞

Γ(n− α)

[(
2(b− a)1−α

(1− α)
(1− 2α)

)1− 1
q

(
(|f (n+1)(a)|q + |f (n+1)(b)|q)(b− a)1−α

(1− α)
(1− 2α)

) 1
q

]
.

From which after a little computation one can have the required result. �

Theorem 3.6. Let f : [a, b] → R, a < b be a function such that f ∈ Cn+1[a, b].
Also let |f (n+1)|q, q > 1 be convex on [a, b] and g : [a, b] → R be a function such
that g ∈ Cn[a, b] and g(n) is nonnegative, integrable and symmetric to a+b

2 , then
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following inequalities for Caputo fractional derivatives hold:

(i)

∣∣∣∣f (n)(a) + f (n)(b)

2

[
CDα

a+g(b) + (−1)nCDα
b−g(a)

]
−
[
CDα

a+(f ∗ g)(b) + (−1)nCDα
b−(f ∗ g)(a)

]∣∣
≤ 2

1
p (b− a)1−α‖g(n)‖∞
(1− αp)

1
p Γ(n− α)

(1− 2αp)
1
p

(
|f (n+1)(a)|q + |f (n+1)(b)|q

2

) 1
q

(3.13)

with α ≥ 0.

(ii)

∣∣∣∣f (n)(a) + f (n)(b)

2

[
CDα

a+g(b) + (−1)nCDα
b−g(a)

]
−[CDα

a+(f ∗ g)(b) + (−1)nCDα
b−(f ∗ g)(a)]

∣∣
≤ (b− a)1−α‖g(n)‖∞

(1− αp)
1
p Γ(n− α)

(
|f (n+1)(a)|q + |f (n+1)(b)|q

2

) 1
q

(3.14)

with 0 ≤ α ≤ 1. where 1
p + 1

q = 1.

Proof. Making use of Lemma 4, Hölder inequality, inequality (3.6) and convexity
of |f (n+1)|q we have∣∣∣∣(f (n)(a) + f (n)(b)

2

)[
CDα

a+g(b) + (−1)nCDα
b−g(a)

]
−[CDα

a+(f ∗ g)(b) + (−1)nCDα
b−(f ∗ g)(a)]

∣∣
≤ 1

Γ(n− α)

(∫ b

a

∣∣∣∣∣
∫ a+b−t

t

g(s)

(b− s)α−n+1
ds

∣∣∣∣∣
p

dt

) 1
p
(∫ b

a

|f (n+1)(t)|qdt

) 1
q

≤ 1

Γ(n− α)

[∫ a+b
2

a

(∫ a+b−t

t

| g(s)

(b− s)α−n+1
|ds

)
dt

+

∫ b

a+b
2

(∫ t

a+b−t
| g(s)

(b− s)α−n+1
|ds
)
dt

] 1
p

×
∫ b

a

((
b− t
b− a

|f (n+1)(a)|q +
t− a
b− a

|f (n+1)(b)|q
)
dt

) 1
q

≤ ‖g
(n)‖∞

Γ(n− α)

[∫ a+b
2

a

(
1

(b− t)α
− 1

(t− a)α

)p
dt

+

∫ b

a+b
2

(
1

(t− a)α
− 1

(b− t)α

)p
dt

] 1
p

×

[∫ b

a

(
b− t
b− a

|f (n+1)(a)|q +
t− a
b− a

|f (n+1)(b)|q
)
dt

] 1
q

. (3.15)

Now

(A−B)q ≤ Aq −Bq, A ≥ B ≥ 0
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gives [
1

(b− t)α
− 1

(t− a)α

]p
≤ 1

(b− t)αp
− 1

(t− a)αp
(3.16)

for t ∈ [a, a+b
2 ], and[

1

(t− a)α
− 1

(b− t)α

]p
≤ 1

(t− a)αp
− 1

(b− t)αp
(3.17)

for t ∈ [a+b
2 , b]. Using (3.16) and (3.17) in inequality (3.15) and solving we get

required result. �
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