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Abstract. In this paper the definition of an F-weak multiplication module is given and we
prove some results for such a module. Then, using the definition of a semiprime submodule
of a module, we characterize these submodules for F-weak multiplication modules. Finally,
we show that any F-weak multiplication module satisfies the semi-radical formula.
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1. Introduction

In this paper all rings are commutative with identity and all modules over rings are unitary.
If K and N are submodules of an R-module M, we recall that (N :;x K) = (N :K) ={r €
R | rK C N}, which is an ideal of R. A proper submodule N of an R-module M is said to
be prime if for r € R, x € M ; rx € N implies that x € N or » € (N : M). In such a case p =
(N : M) is a prime ideal of R and N is said to be p-prime. The set of all prime submodules
of M is denoted by Spec(M) and for a submodule N of M, radN = N\ cspecm)ner Lo I
no prime submodule of M contains N, we write radN = M. Also the set of all maximal
submodules of M is denoted by Max(M) and RadM = MNpeMax(m) P- For an ideal I of R,
rad! = () ,espec(r),icp P- The ideal I of R is called a radical ideal if rad/ = I. Similarly, we
say that a submodule N of an R-module M is a radical submodule if rad N = N.

In Section 2, we recall the definition of F-weak multiplication module and we state and
prove some properties of these modules. Then in Section 3, after recalling the definition
of semiprime submodules and semi-radical formula, we find the semiprime submodules of
F-weak multiplication modules.
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2. Some basic definitions and results

Definition 2.1. We recall that an R-module M is called weak multiplication if Spec(M) =0
or for every prime submodule N of M we have N = IM where I is an ideal of R. Also, if M
is a weak multiplication, then N = (N : M)M for every prime submodule N of M.

Now we introduce our main definition, which was first stated in [12].

Definition 2.2. An R-module M is F-weak multiplication, if:
(1) M is weak multiplication;
(2) For every p € Spec(R), pM is a prime submodule of M and (pM : M) = p.

We recall that an R-module M is called a multiplication R-module, if for any submodule
N of M there exists an ideal I of R such that N = IM. For example one can show that the
R-module M is F-weak multiplication in the following cases:

(i) M is a finitely generated multiplication R-module such that Anng(M) C p for every
p € Spec(R);
(i) In (i) we assume Anng(M) = 0, that is, M is faithful.

In the following example, we show that an F-weak multiplication module is not neces-
sarily a multiplication module.

Example 2.1. Let K be a field and A = K[x, x2, x3, ...] denote the polynomial ring in a

countably infinite set of indeterminates x;, xp, x3, .... Leta = (x; —x%, X2 —x%, X3 —x%, )
and B = A/a. Then the prime ideals of the ring B are as follows: p = (yi, y2, ¥3, ...)/(x1 —
x%, X —x%, X3 —x%, ...) where y; =x; ory; =1—x; forevery j=1, 2, 3, .... Obviously

the ring B has infinitely many prime ideals and dimB = 0.

Now, let M =[], cspec(s) B/Pi = B/p1 X B/p2 X B/p3 x .... We show that M is a non-
finitely generated F-weak multiplication B-module which is not a multiplication B-module.
Let p € Spec(B) be arbitrary, then M/(pM) = B/p and since B/p is simple, then M/(pM)
is simple and so pM # M. Now by [7, Proposition 2], pM € Spec(M) and (pM : M) = p.
Since the only prime submodules of M are the set {pM | p € Spec(B)} hence M is a weak
multiplication B-module and therefore M is an F-weak multiplication B-module.

Now, let p; = (x1, x2, x3, ...)/(x1 —=x%, x2 =3, x3—x3, ...) and pp = (I —xy, 1 —
x2, 1 —x3, ...)/(x1 =%, xo —x3, x3 —x3, ...) be two prime ideals of B and let N = 0p/p, ¥
0g/p, X B/p3 % B/p4 x ... be a submodule of M. Then p;p, = a/a = Op is the only ideal
of B which kills both B/p; and B/ p,, but pjpoM = 0gM = 0 # N. So there exists no ideal
I of B such that N = IM, hence M is not a multiplication B-module.

Proposition 2.1. Let R be a non-trivial ring and M an F-weak multiplication R-module.
Then M has a maximal submodule.

Proof. See [12, Proposition 2.4]. 1

Here by a pure submodule of M we mean a proper submodule N such that rM NN = rN
for every r € R.

Lemma 2.1. Let R be an integral domain and M be an F-weak multiplication R-module.
Then M is a torsion-free module. Consequently the only proper pure submodule of M is
zero.
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Proof. For the first part of lemma, see [12, Proposition 2.6].

Assume that N be an arbitrary pure submodule of M. Since M is torsion-free. Hence
by [7, Result 2], N is a (0)-prime submodule of M. Now by the definition of F-weak
multiplication modules N = (0). i

Theorem 2.1. Let R be a local ring with the maximal ideal m and M be an R-module. If
mM # M is a maximal submodule of M then M is a cyclic R-module.

Proof. We know that M /(mM) is a vector space over the field R/m. Since M/(mM) is a
simple R/m-module, then M /(mM) is cyclic and so:

M
IyeM-—mM; — = M).
y mM ;o (y+mM)

On the other hand, since mM is a maximal submodule of M and y ¢ mM then (y) +mM = M.
Now we have:

M ) mM ()

mM mM  (y)NmM’

Obviously (y) "mM = m(y) and then by (2.1), M/(mM) = (y)/(m(y)). But M/(mM) is a
cyclic R/m-module, hence (y)/(m(y)) is a cyclic R/m-module and we have:

v

m(y)
Since r € R — m is a unit element, without loose of the generality we set r = 1 and hence
(y)/(m(y)) = (y+m(y)). Then we have

@2.1)

= (ry+m(y)).

= M) = G+ m(y)).
On the other hand, y +m(y) C y+ mM therefore (y + m(y)) C (y+mM). Also since (y+

m(y)) is an R/m-module hence (y+m(y)) is an R/m-submodule of (y+mM). But (y+mM)
is a simple R/m-module, hence

mly) =0 or {y+mly)) = (y+mM).

Buty & mM, hence (y +m(y)) = (y+mM).
Now we show that M = (y). Let ry +m(y) € (y+m(y)) where r € R —m be an arbitrary
element, then there exists ¥ € R — m such that ry +m(y) = r'y+mM. Then,

(r=r)y+mly) =mM = mM C (y).
But (y) # mM and mM is maximal. Therefore M = (y) and the proof is now completed. 1

Corollary 2.1. Let R be a local ring with the maximal ideal m and let M be an F-weak
multiplication R-module then M is a cyclic R-module.

Proof. Since mM is the only maximal submodule of M then by Theorem 2.1, there exists
m € M —mM such that M = (m). i

Theorem 2.2. Let R be a non-trivial ring and let M be an F -weak multiplication R-module.
Then M, is an F-weak multiplication Rp,-module for every p € Spec(R).
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Proof. Let M be an F-weak multiplication R-module then by [3, Lemma 2.3], M), is weak
multiplication R,-module for every p € Spec(R). Let p € Spec(R) be arbitrary. First we
show that (pR,)M, = (pM), # M,. If not, (pM), = M,,. Then

m
1 €(pM), = 3tE€R—p, tmepM
But pM € Spec(M) hence m € pM, a contradiction. Therefore (pM), # M,. We assume
Q € Spec(R,) then there exists I € Spec(R) such that /N (R —p) =0 and Q = IR,. Now
we must show that QM,, € Spec(M,,) and (QM), : M,,) = Q. Since OM,, = (IM), C (pM),,
and by above (pM), # M, then (IM), # M,. Now let r/s.m/s' € (IM), where r/s €
R, , m/s' € M,. Then (rm)/(ss") € (IM), and so there exists r € R — p such that rrm € IM.
But IM € Spec(M) hence tr €  orm € IM. Thus r € I or m € IM, so (IM),, € Spec(M),).
Next we show that ((IM), : M,,) = IR,. We know

VmeM—pM,

(2.2) IR, = (IM : M), C (IM),: M,).

Letr/s € ((IM)p, : M,,) be arbitrary. Then for any m/s" € M), where m ¢ IM we have:
T2 c(uM), — 3teR—p, trmelM
s s’ ss

But /M € Spec(M) then r € [ and so r/s € IR,. Now by (2.2) , ((IM), : M,,) = IR,. The
proof is now completed. 1

Corollary 2.2. Let R be a non-trivial ring such that every non-zero prime ideal of R is a
maximal ideal. Let M be an R-module. Then M is an F-weak multiplication R-module if
and only if My, is an F-weak multiplication Ry,-module for every m € Max(R).

Proof. (=). By Theorem 2.2, is clear.

(). Let M,, be an F-weak multiplication R,-module for every m € Max(R). We
show that M is an F'-weak multiplication R-module. First by [3, Lemma 2.3], M is a weak
multiplication R-module. We prove that (mM : M) = m for any m € Max(R). We know that,

(2.3) MRy, C (mM : M)y, © (M), - Myy).

By Corollary 2.1, M, is cyclic. But by [8, Theorem 2 (4)] and [5, Theorem 2.5 (ii)], M,, has
the only maximal submodule (mM)m. Hence

2.4) ((mM)y, : M) = mRy,.
Soby (2.3) and (2.4), (mM : M), = mR,, and hence (mM : M) # R. Therefore (mM : M) =m
and also by [7, Proposition 2], mM € Spec(M). The proof is now completed. 1

Let us recall that a module M over aring R is "locally cyclic” if M, is a cyclic R,,-module
for all maximal ideals m of R.

Lemma 2.2. F-weak multiplication modules are locally cyclic.

Proof. Let M be an F-weak multiplication R-module and {m;},c; = Max(R). Then by
Theorem 2.2, M, is an F-weak multiplication R,,-module for every m € Max(R). Therefore
by Corollary 2.1, M is locally cyclic. 1

Theorem 2.3. Let R be a non-trivial ring and let M be an F -weak multiplication R-module.
Then every proper submodule of M is contained in a maximal submodule of M.
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Proof. If not, we assume that there exists a proper submodule N of M such that N is not
contained in any maximal submodule of M. But we know by Proposition 2.1, that for every
m € Max(R), mM is a maximal submodule of M, then:

N¢mM, VmeMax(R) = N+mM=M, Vmée Max(R)
= (N+mM), =Ny+ (mM), =M,, VYm e Max(R).

By Lemma 2.2, M is locally cyclic and so each M,, is cyclic. Now by [2, Corollary 2.7],
Ny = M,y for every m € Max(R). But (M/N),, = M,,/N,, then (M/N),, = 0 for every

m € Max(R).
By [2, Proposition 3.8], M/N = 0 and so N = M, a contradiction. Therefore there exists
m € Max(R) such that N C mM. 1

Corollary 2.3. Let M be an F-weak multiplication R-module and let N be a submodule of
M such that M = N +RadM. Then M = N.

Proof. If not M # N. Since M is F-weak multiplication, then N is contained in a maximal
submodule of M, say mM, where m € Max(R). Then,

M =N +RadM C mM +RadM C mM.
So, M C mM, a contradiction. Therefore M = N. |

Definition 2.3. An element u of an R-module M is said to be a unit provided that u does not
belong to any maximal submodule of M.

Theorem 2.4. Let M be an F-weak multiplication R-module. Then u € M is a unit if and
only if (u) = M.

Proof. Let u € M be a unit element, then we have:
Vm € Max(R),u € M —mM.

So, (u) <M and (u) ¢ mM for any m € Max(R). Thus, (u) = M or (u) is a maximal
submodule of M. But (u) # mM for every m € Max(R) and every maximal submodule of
M is of the form mM for some m € Max(R). Therefore (1) = M.
Conversely, let (u) = M. We show that u € M is a unit element. If not, (u) is a proper
submodule of M and then:
dm € Max(R) ; (u) C mM

Hence M = mM, a contradiction. Therefore u € M is a unit. 1

Corollary 2.4. IfM is an F-weak multiplication R-module then for every proper submodule
N of M, radN # M.

Proof. The proof is clear by Theorem 2.3. 1

Lemma 2.3. Let M be a non-zero faithful multiplication R-module, then M is an F-weak
multiplication R-module.

Proof. Let M be a multiplication R-module then by [4, Lemma 2 (i)], M), is a multiplication

R,-module for every p € Spec(R). We show that (pR,)M, # M), for every p € Spec(R).
Since M, is a multiplication R,-module hence by [8, Theorem 2 (4)], Max(M,) # 0.

Now let O be a maximal submodule of M, then since R, is a local ring with the maximal
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ideal pR, hence by [5, Theorem 2.5 (i), Q@ = (pR,)M, = (pM),, is the only maximal
submodule of M, and so (pR,)M, = (pM), # M, and ((pM), : M),) = pR,,.

Therefore (pR,)M, = (pM), # M, for every p € Spec(R) and so pM # M. Since
Anng(M) C p for every p € Spec(R) then by [5, Corollary 2.11], pM € Spec(M).

Now, we show that (pM : M) = p. Let r € (pM : M) be arbitrary, then rM C pM and
hence (rM), C (pM),. Thus r/IM, C (pM), and then r/1 € ((pM),, : M,,). By the above,
r/1 € pR, and hence r € p. Therefore (pM : M) C p and so p = (pM : M). The proof is
now completed. 1

We recall that if N =I1)M and K = LM (I} and I, are ideals of R ) are submodules of
a multiplication R-module M then the product of N and K, denoted by NK, is defined by
NK = 1,L,M. 1t is clear that NK is a submodule of M and NK C NNK.

Proposition 2.2. Let My, ..., M, be arbitrary submodules of a multiplication R-module M.
Let P be a proper submodule of M. Then P is prime submodule of M if and only if T]}_; M; C
P implies that M; C P for some i=1,...,n.

Proof. Use [1, Theorem 3.16] and induction on n. 1

Proposition 2.3. Let My, ..., M, be submodules of a multiplication R-module M and let N
be a prime submodules of M such that \}_, M; CN. Then M; C N for some i = 1,...,n. Also,
if N =N M, then N = M; for some i=1,...,n.

Proof. Let (_;M; C N. Since [T, M; C Ni=; M; C N, the result follows by the above
proposition. 1

Lemma 2.4. Let M be an F-weak multiplication R-module and M, ... M, be submodules
of M and let N be a prime submodule of M such that (\'_ M; C N. Then M; C N for some
M; (1 <i<n). Also, if N =(\_; M;, then N = M; for some M; (1 <i<n).

Proof. Since N € Spec(M) hence N = pM for some p € Spec(R). Now, let (_;M; C N
then (N2, M;), € N, and hence ;L (M;), C N,. By Corollary 2.1 and Theorem 2.2, M,
is multiplication. So by Proposition 2.3, (M;),, C N, for some (M;),(1 <i < n). We show
that M; C N. Let x € M; hence x/1 € (M;), and so x/1 € N,,. Then there exists t € R — p
such that zx € N. But N € Spec(M) hence x € N. Therefore M; C N, and the proof is now
completed. 1

Lemma 2.5. Let R be a non-trivial ring and let M be a multiplication R-module. Then
IM # M for any proper ideal I of R.

Proof. Let I be an arbitrary proper ideal of R, then there exists a maximal ideal m of R
such that I C m. We show that mM # M. By [4, Lemma 2 (i)], M,, is a multiplication R,,-
module and also by [8, Theorem 2 (4)], Max (M,,) # 0. Now, let W be a maximal submodule
of M,,, then since Ry, is a local ring with the maximal ideal mR,,, by [5, Theorem 2.5 (ii)],
W = (mRy )My, = (mM),, and so ((mM), : M) = mRy,. But mR,,, C (mM : M), C (mM),, -
M) = mRy,, so (mM : M), = mR,,, and therefore mM # M. Now since IM C mM # M,
we have IM # M for every proper ideal I of R. 1

Corollary 2.5. Let R be a non-trivial ring and let M be a non-zero multiplication R-module.
Let every prime ideal of R be a maximal ideal of R. Then pM € Spec(M) for any p €

Spec(R).
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Proof. 1t is clear by Lemma 2.5 and [7, Proposition 2]. 1
Let M be a multiplication R-module. Then:
(i) If Ris aring with dimR = 0, then Corollary 2.5 is satisfied for M.
(i) If R is an integral domain with dimR = 1, then for each non-zero prime ideal of R
Corollary 2.5 is satisfied for M.

3. Semiprime submodules of F-weak multiplication modules
We recall the following definitions from [10].

Definition 3.1. A proper submodule N of an R-module M is said to be semiprime in M, if
for every ideal I of R and every submodule K of M, I’K C N implies that IK C N. Since the
ring R is an R-module over itself, a proper ideal I of R is semiprime if for every ideals J and
K of R, J*K C I implies that JK C I.

Remark 3.1. There exists another definition of semiprime submodules in [6] as follows:
A proper submodule N of the R-module M is semiprime if whenever r*m € N for some
r € R, m € M and positive integer k, then rm € N.
By [11, Remark 2.6], we see that this definition is equivalent to Definition 3.1.

Definition 3.2. Let M be an R-module and N < M. The envelope of the submodule N is
denoted by Ey(N) or simply by E(N) and is defined as EIN) ={x €M | Ir €R, a €
M; x=raand ra € N for some positive integer n}.

The envelope of a submodule is not a submodule in general.

Let M be an R-module and N < M. If there exists a semiprime submodule of M which
contains N, then the intersection of all semiprime submodules containing N is called the
semi-radical of N and is denoted by S — rady(N), or simply S —rad(N). If there is no
semiprime submodule containing N, then we define S —rad(N) = M, in particular S —
rad(M) =M.

We say that M satisfies the radical formula, or M (s.t.r.f) if for every N < M, radN =
(E(N)). Also we say that M satisfies the semi-radical formula, or M (s.t.s.r.f) if for every
N <M, S—rad(N) = (E(N)). Now let x € E(N) and P be a semiprime submodule of M
containing N. Then x = ra for some r € R, a € M and for some positive integer n, r'a € N.
But r'a € P and since P is semiprime we have ra € P. Hence E(N) C P. We see that
E(N) CNP (P is a semiprime submodule containing N). So E(N) C S —rad(N). On the
other hand, since every prime submodule of M is clearly semiprime, we have S —rad(N) C
radN. We conclude that (E(N)) C S —rad(N) C radN and as a result if M (s.t...f) then it is
also (s.t.s.r.f).

Remark 3.2. We define the S —rad of an ideal / of the ring R as the intersection of all
semiprime ideals of R containing /.

Definition 3.3. A submodule N of M is called an S — rad submodule if S —rad(N) = N.
Theorem 3.1. Let M be an F-weak multiplication R-module, then M (s.t.s.r.f).

Proof. By Lemma 2.2, M is locally cyclic. Hence M,, is a cyclic R,,-module for every
m € Max(R) and so by [10, Proposition 4.9, Theorem 4.10], M (s.t.s.r.f). 1

Corollary 3.1. If M is an F-weak multiplication R-module, then every proper submodule
of M is semiprime.
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Proof. By Theorem 3.1, M (s.t.s.r.f) hence by [10, Proposition 4.1], every proper submodule
of M is semiprime. 1

Lemma 3.1. Let M be an F-weak multiplication R-module. Then for any proper submodule
N of M we have:
rad(N,,) = (radN),, ; Vm € Max(R).

Proof. By [10, Theorem 3.15],
3.1) (radN),, C rad(N,),

forany N <M. Also by Lemma 2.2, M is locally cyclic ,that is, M,, is a cyclic R,,-module for
any m € Max(R). So by [9, Theorem 4], M,, (s.t.r.f) and hence (s.t.s.r.f). Thus (E(H)) =S —
rad(H) =rad H for every submodule H of M,,. But by [10, Proposition 4.1], S —rad(H) = H
for any submodule H of M,,.

(3.2) radN,, = Ny ; VN <M.
Since N,, C (radN),, then by (3.2),
(3.3) radN,, C (radN),,.
Now by (3.1) and (3.3),
rad(N,,) = (radN),, ; Vm € Max(R). 1

Lemma 3.2. If M is an F-weak multiplication R-module and N is a proper submodule of
M. Then M/N (s.t.s.r.f).

Proof. By Theorem 3.1, M (s.t.s.r.f). Let H/N be an arbitrary proper submodule of M/N.
Then by [10, Proposition 3.16], S —rady;/y(H/N) = (S —rady (H))/N = H/N. Therefore
every proper submodule H /N of M /N is semiprime and so by [10, Proposition 4.1], M/N
(s.t.s.r.f). 1

Lemma 3.3. Let R be a ring and M an F-weak multiplication R-module. Then the only
primary submodules of M are those submodules which are prime.

Proof. Let M be an F-weak multiplication module. Let N be an arbitrary primary submod-
ule of M. By Corollary 3.1, N is a semiprime submodule of M and by [11, Proposition 2.4],
(N : M) is a semiprime ideal of R. Now by [11, Lemma 3.1], N is a prime submodule of M.
The proof is now completed. 1

It should be noted that, Lemma 3.3 is not necessarily true if M = R, the ring itself.
Because according to [10, Theorem 4.4], R (s.t.s.r.f) if we have one of the following.

(i) For every free R-module F, F' (s.t.s.r.f).
(i1) For every faithful R-module C, C (s.t.s.r.f).
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