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ABSTRACT. We prove a strong form of the motivic monodromy
conjecture for abelian varieties, by showing that the order of the
unique pole of the motivic zeta function is equal to the maximal
rank of a Jordan block of the corresponding monodromy eigenvalue.
Moreover, we give a Hodge-theoretic interpretation of the fundamental
invariants appearing in the proof.
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1. INTRODUCTION

Let K be a henselian discretely valued field with algebraically closed residue
field &, and let A be a tamely ramified abelian K-variety of dimension g. In [14],
we introduced the motivic zeta function Z4(T) of A. Tt is a formal power series
over the localized Grothendieck ring of k-varieties My, and it measures the
behaviour of the Néron model of A under tame base change. We showed that
Z 4(L™%) has a unique pole, which coincides with Chai’s base change conductor
c(A) of A, and that the order of this pole equals 1 + tpot(A), where tpot(A)
denotes the potential toric rank of A. Moreover, we proved that for every
embedding of Q, in C, the value exp(2mc(A)i) is an eigenvalue of the tame
monodromy transformation on the f-adic cohomology of A in degree g. The
main ingredient of the proof is Edixhoven’s filtration on the special fiber of the
Néron model of A [12].

As we’ve explained in [14], this result is a global version of Denef and Loeser’s
motivic monodromy conjecture for hypersurface singularities in characteristic
zero.  Denef and Loeser’s conjecture relates the poles of the motivic
zeta function of the singularity to monodromy eigenvalues on the nearby
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cohomology. It is a motivic generalization of a conjecture of Igusa’s for the
p-adic zeta function, which relates certain arithmetic properties of polynomials
finZ[zy,...,z,] (namely, the asymptotic behaviour of the number of solutions
of the congruence f = 0 modulo powers of a prime p) to the structure of the
singularities of the complex hypersurface defined by the equation f = 0. The
conjectures of Igusa and Denef-Loeser have been solved, for instance, in the
case n = 2 [16][23], but the general case remains wide open. We refer to [20]
for a survey.

There also exists a stronger form of Igusa’s conjecture, which says that the real
parts of the poles of the p-adic zeta function of f are roots of the Bernstein
polynomial b¢(s) of f, and that the order of each pole is at most the multiplicity
of the corresponding root of bs(s). This stronger conjecture also has a motivic
generalization, replacing the p-adic zeta function by the motivic zeta function,
and taking for f any polynomial with coefficients in a field of characteristic
zero (or, more generally, any regular function on a smooth algebraic variety
over a field of characteristic zero).

It is well-known that, for every complex polynomial f and every root « of
bs(s), the value o/ = exp(2mia) is a monodromy eigenvalue on the nearby
cohomology Ry ;(C), of f at some closed point z of the zero locus Hy of f
[15][17]. Moreover, if H; has an isolated singularity at x, then the multiplicity
mq of « as a root of the local Bernstein polynomial by ,(s) of f at x is closely
related to the maximal size m,+ of the Jordan blocks with eigenvalue o’ of the
monodromy transformation on R" 14 ¢(C),. In particular, my < my if a ¢ Z
[17, 7.1].

The aim of the present paper is twofold. First, we prove a strong form of
the motivic monodromy conjecture for abelian varieties. There is no good
notion of Bernstein polynomial in our setting, but we can look at the size of
the Jordan blocks. We show that the order 1 + tpot(A) of the unique pole
s = ¢(A) of the motivic zeta function Z4(IL™%) is equal to the maximal rank
of a Jordan block of the corresponding monodromy eigenvalue on the degree
g cohomology of A (Theorem 5.9). Next, we use the theory of Néron models
of variations of Hodge structures to give a Hodge-theoretic interpretation of
the jumps in Edixhoven’s filtration. This is done in Theorems 6.2 and 6.3. In
[14, 2.7], we speculated on a generalization of the monodromy conjecture to
Calabi-Yau varieties over C((¢)) (i.e., smooth, proper, geometrically connected
C((t))-varieties with trivial canonical sheaf); we hope that the translation of
Edixhoven’s invariants to Hodge theory will help to extend the proof of the
monodromy conjecture to that setting.

In order to obtain these results, we divide Edixhoven’s jumps into three types:
toric, abelian, and dual abelian. The basic properties of these types are
discussed in Section 3. Not all of these results are used in the proofs of the
main results of the paper. We include them for the sake of completeness and
because we believe that they are of independent interest. The reader who is only
interested in Theorems 4.4, 5.9, 6.2 and 6.3 may skip Lemma 3.2, Proposition
3.4 and all the results in Section 3 after Proposition 3.5.
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The different types of jumps are related to the monodromy transformation on
the Tate module of A in Section 4. Toric jumps correspond to monodromy
eigenvalues with Jordan block of size two, and the abelian and dual abelian
jumps to monodromy eigenvalues with Jordan block of size one (Theorem 4.4).
If K = C((t)), then the abelian and dual abelian jumps can be distinguished
by looking at the Hodge type in the limit mixed Hodge structure (Theorem
6.3).

ACKNOWLEDGEMENTS. We are grateful to the referee for carefully reading the
manuscript and suggesting several improvements to the paper. The second
author is indebted to Antoine Chambert-Loir for helpful suggestions concerning
Section 5.1.

2. PRELIMINARIES AND NOTATION

We denote by R a Henselian discrete valuation ring, with quotient field K and
algebraically closed residue field k. We denote by K* an algebraic closure of K,
by K*® the separable closure of K in K%, and by K* the tame closure of K in
K*. We fix a topological generator o of the tame monodromy group G(K*/K).
We denote by p the characteristic exponent of k, and by N’ the set of integers
d > 0 prime to p. We denote by

(\)s : (R — Schemes) — (k — Schemes) : X — X, = X xp k

the special fiber functor.

For every abelian variety B over a field F', we denote its dual abelian variety by
BY. For every abelian K-variety A with Néron model A, we denote by #(A),
u(A) and a(A) the reductive, resp. unipotent, resp. abelian rank of .42. We
call these values the toric, resp. unipotent, resp. abelian rank of A. Obviously,
their sum equals the dimension of A.

By Grothendieck’s semi-stable reduction theorem, there exists a finite extension
K’ of K in K* such that A xx K’ has semi-abelian reduction [2, IX.3.6]. This
means that the identity component of the special fiber of its Néron model is
a semi-abelian k-variety; equivalently, u(A x g K') = 0. The value t,0t(A) =
t(A xg K') is called the potential toric rank of A, and the value apot(A4) =
a(A xg K') the potential abelian rank. Tt follows from [2, IX.3.9] that these
values are independent of the choice of K'. We say that A is tamely ramified if
we can take for K’ a tame finite extension of K (since k is algebraically closed,
this means that the degree [K’ : K] is prime to p) .

For every scheme S, every S-group scheme G and every integer n > 0, we
denote by ng : G — G the multiplication by n, and by ,,G its kernel.

If S is a set, and g : S — R a function with finite support, we set

lgll =" g(s)-

seS

We denote the support of g by Supp(g).
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DEFINITION 2.1. For every function

f:Q/Z—R
we define its reflection
ff:Q/Z2—-R
by
[ (@) = f(—=).

We call f complete if for every x € Q/Z, the value f(x) only depends on the
order of x in the group Q/Z. We say that f is semi-complete if f + f* is
complete.

Consider a function

f:Q/Z—N
and assume that there exists an element e of Z~( such that Supp(f) is contained
in ((1/e)Z)/Z. Let F be any algebraically closed field such that e is prime to
the characteristic exponent p’ of F'. For each generator ¢ of pu.(F), we put

Pret)y= [ (@—=¢)/®
ie((1/e)2)/2

in F[t]. For each integer d > 0, we denote by ®4(¢) the cyclotomic polynomial
whose roots are the primitive d-th roots of unity. We say that ®4(¢) is F-tame
if d is prime to p’.

LEMMA 2.2. The function f is complete if and only if for some generator ¢
of pe(F), the polynomial Py (t) is the image of a product Q(t) of F-tame
cyclotomic polynomials under the unique ring morphism

p: Z[t] = Ft]

mapping t to t. If f is complete, then Py (t) is independent of ¢ and e, and
Qr(t) is unique. In that case, if we choose a primitive e-th root of unity & in
an algebraic closure Q% of Q, then

Qf(t) _ H (t B é-i-e)f(i).
ie((1/e)2)/Z
Proof. First, assume that f is complete, and put
Q)= [ @—-¢&/®
i€((1/e)Z))Z
for some primitive e-th root of unity ¢ in Q®. Then Q¢(¢) is a product of

F-tame cyclotomic polynomials, because f is complete and e is prime to p’.
There is a unique ring morphism

p: ZE][t] — Ft]

that maps & to ¢ and t to t. We clearly have p(Q¢(t)) = Py.¢(T). Since Q#(t)
belongs to Z[t], it follows that p(Q(t)) = Py¢(T) so that Py ¢(t) does not
depend on ¢. Uniqueness of Qf(t) follows from [14, 5.10].
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Conversely, if Pr¢(t) is the image under p of a product Q(¢) of F-tame
cyclotomic polynomials, then it is easily seen that f is complete. O

3. TORIC AND ABELIAN MULTIPLICITY

3.1. GALOIS ACTION ON NERON MODELS. Let A be a tamely ramified abelian
K-variety of dimension g, and let K’ be a finite extension of K in K* such
that A" = A x g K’ has semi-abelian reduction. We denote by R’ the integral
closure of R in K’, and by m’ the maximal ideal of R’. We put d = [K' : K].
We denote by u the Galois group G(K'/K), and we let p act on K’ from the
left. The action of ¢ €  onm’/(m’)? is multiplication by ¢(¢), for some element
¢(¢) in the group pq(k) of d-th roots of unity in k, and the map

p— pa(k) : €= Q)
is an isomorphism.
We denote by A and A’ the Néron models of A, resp. A’. By the universal
property of the Néron model, there exists a unique morphism of R’-group
schemes

h:A XR R — A

that extends the canonical isomorphism between the generic fibers. It induces
an injective morphism of free rank g R’-modules

Lie(h) : Lie(A x g R') — Lie(A").

DEFINITION 3.1 (Chai [5]). The base change conductor ¢(A) of A is [K' : K]~!
times the length of the cokernel of Lie(h).

The definition does not require that A is tamely ramified. The base change
conductor is a positive rational number, independent of the choice of K’. Tt
vanishes if and only if A has semi-abelian reduction.
The right p-action on A’ extends uniquely to a right p-action on A’ such that
the structural morphism

A’ — Spec R
is p-equivariant. We denote by
(3.1) 07— (A,)°—>B—=0

the Chevalley decomposition of (A%)°, with T' a k-torus and B an abelian k-
variety. There exist unique right p-actions on T, resp. B, such that (3.1) is
p-equivariant. The right p-action on B induces a left p-action on the dual
abelian variety BY.

LEMMA 3.2. (1) The complex
(3.2) 0— TH — ((A))°)" — B*,

obtained from (8.1) by taking p-invariants, is an exact complex of smooth group
schemes over k.
Taking identity components, we get a complex

(3.3) 0— (T")° — (A)")° — (B*)° =0
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of smooth group schemes over k that is exact at the left and at the right. The
quotient
B = ((A)")°/(T")°
is an abelian k-variety, and the natural morphism f : B’ — (B*)° is a separable
150geNy.
(2) If we denote by h the unique morphism
h:A XR R — A

extending the natural isomorphism between the generic fibers, then the k-
morphism hs : As — A’ factors through a morphism

g:As — (AD™
The morphism g is smooth and surjective, and its kernel is a connected

unipotent smooth algebraic k-group. The identity component ((AL)*)° is semi-
abelian.

Proof. (1) It follows from [12, 3.4] that the group schemes in (3.2) are smooth
over k. Exactness of (3.2) is clear. The morphism

a:(A)°— B
is smooth, since T is smooth over k [1, VIp.9.2]. It follows from [12, 3.5] that
at (A" — BH

is smooth, as well.
Taking identity components in (3.2), we get a complex

—(aM)°

Ty —2 5 ((AL)R)° =, (BH)°
of smooth group schemes over k. It is obvious that § is a monomorphism,
and thus a closed immersion [1, VIp.1.4.2]. Surjectivity of 7 follows from [1,
VIg.3.11], since v is smooth, and thus flat. We put

B = ((A)")°/(T")°
This is a connected smooth algebraic k-group, by [1, VIs.3.2 and VIg.9.2].

Consider the natural morphism f : B’ — (B*)°. It is surjective, because v is
surjective. The dimension of B’ is equal to

dim (A))* — dim T*,

which is at most dim B* by exactness of (3.2). Surjectivity of f then implies
that B’ and B* must have the same dimension, so that f has finite kernel.
Thus f is an isogeny and B’ is an abelian variety. The kernel of f is canonically
isomorphic to
ker(v)/(T")°.

Since v is smooth, we know that ker(y) is smooth over k, so that ker(f) is
smooth over k, by [1, VIg.9.2]. Hence, f is a separable isogeny.

(2) Since h is p-equivariant, and p acts trivially on the special fiber A of
A X g R, the morphism hg factors through a morphism g : As — (AL)*. By
[12, 5.3], the morphism g is smooth and surjective, and its kernel is a connected
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unipotent smooth algebraic k-group. By [12, 3.4], ((A%)*)° is a connected
smooth closed k-subgroup scheme of the semi-abelian k-group scheme (A%)°,
so that ((A})*)° is semi-abelian by [14, 5.2].

3.2. MULTIPLICITY FUNCTIONS. Fix an element e € N'. For every finite
dimensional k-vector space V' with a right p.(k)-action

k1 V X pe(k) =V i (v,0) mox(
and for every integer 4 in {0, ..., e—1}, we denote by V[i] the maximal subspace
of V such that
vx(=Cw
for all ¢ € p.(k) and all v € V[i]. We define the multiplicity function
mV7Me(k) : @/Z — N
by
{ my, .k (i/e) = dim(V]i]) forie {0,...,e—1}
my,u k(@) = 0 ifx ¢ ((1/e)Z)/Z
Note that my,,, x) determines the k[ (k)]-module V' up to isomorphism, since
the order of p.(k) is invertible in k.
In an analogous way, we define the multiplicity function m,_ () w for a finite

dimensional k-vector space W with left p.(k)-action. The inverse of the right
e (k)-action on V' is the left action

pe(k) x V=V : (¢,v) = v (L

Its multiplicity function m, v is equal to the reflection (my,,, ))* of the
multiplicity function my,,_(x)-

Let A be a tamely ramified abelian K-variety. We adopt the notations of
Section 3.1. In the set-up of (3.1), the group p = uq(k) acts on the k-vector
spaces Lie(T), Lie(A%) and Lie(B) from the right, and on Lie(B") from the left
(via the dual action of  on BY). Hence, we can state the following definitions.

DEFINITION 3.3. We define the toric multiplicity function m'* of A by

tor __
My = MLie(T) -

We define the abelian multiplicity function m3> of A by
mixb = MLie(B),u-
We define the dual abelian multiplicity function m2P of A by
ﬁ”LZb = My Lie(BY)-
Finally, we define the multiplicity function ma of A by
ma =mE +m = myiear),u-

Using [2, IX.3.9], it is easily checked that these definitions only depend on A,
and not on the choice of K'.
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PROPOSITION 3.4. For every tamely ramified abelian K -variety A, we have
m = (mR)*.
Proof. We adopt the notations of Section 3.1. We set (AY) = AY xx K’ and
we denote its Néron model by (AY)". The identity component of (AY). is a
semi-abelian k-variety [2, 1X.2.2.7]. We denote by C its abelian part.
As explained in Section 3.1, the left Galois action of p on K’ induces a right
action of p on C. The canonical divisorial correspondence on A x ¢ AV induces
a divisorial correspondence on B Xxj C' that identifies C' with the dual abelian
variety of B [2, IX.5.4]. It suffices to show that the right p-action on C is the
inverse of the dual of the right p-action on B. To this end, we take a closer
look at the construction of the divisorial correspondence on B x; C. Here we
need the language of biextensions [2, VII and VIII]. We note that the following
proof does not use the assumption that A is tamely ramified and that K’ is a
tame extension of K.
The canonical divisorial correspondence on A x g AV can be interpreted as a
Poincaré biextension &P of (A, AY) by Gy, k [2, VIL.2.9.5], which is defined
up to isomorphism. It induces a biextension &’ of (A’,(AY)") by Gy, k-
by base change. By [2, VIIL.7.1], the biextension &2’ extends uniquely to a
biextension of ((A")?, ((AY)")°) by Gy, g, which restricts to a biextension 92!
of ((A")2,((AY))?) by Gy k. By [2, VIIL.4.8], £! induces a biextension 2 of
(B, C) by Gy, that is characterized (up to isomorphism) by the fact that its
pullback to ((A")2, ((AY)")?) is isomorphic to £?.. The theorem in [2, IX.5.4]
asserts that 2 is a Poincaré biextension.
For every element ¢ of 1, we denote by r¢ the right multiplication by ¢ on B
and C. Since &’ is obtained from the biextension & over K by base change to
K, it follows easily from the construction that the pullback of the biextension
2 through the k-morphisms

rc : B—DB
re + C—=C
is isomorphic to 2. Interpreting 2 as an isomorphism
i:B—CY
in the way of [2, VIII.3.2.2], this means that the diagram

B —“ 5 ¢V

TCl T(’“c)v

B —1 oV
commutes, which is what we wanted to show. O
In the following proposition, we see how the multiplicity functions of a tamely
ramified abelian K-variety A are related to Edixhoven’s jumps and Chai’s

elementary divisors of A. These jumps and elementary divisors are rational
numbers in [0, 1[ that measure the behaviour of the Néron model of A under
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tame ramification of the base field K. For the definition of Edixhoven’s jumps,
we refer to [12, 5.4.5]. The terminology we use is the one from [14, 4.12]; in
particular, the multiplicity of a jump is defined there. For Chai’s elementary
divisors, we refer to [5, 2.4]. By definition, the base change conductor ¢(A) of
A is equal to the sum of the elementary divisors.

PROPOSITION 3.5. Let A be a tamely ramified abelian K -variety. The functions

ma, m¥¥, m¥ and m3> are supported on

((1/e)2)/Z,

with e the degree of the minimal extension of K where A acquires semi-abelian
reduction.
If we identify [0, 1[NQ with Q/Z via the bijection

0,1[NQ - Q/Z : x — = mod Z

then for every x € [0,1[NQ, the value ma(x) is equal to the multiplicity of x
as a jump in Edizhoven’s filtration for A. In particular, the support of m 4 is
the set of jumps in Edizhoven’s filtration. The value ma(x) is also equal to the
number of Chai’s elementary divisors of A that are equal to x, and the base
change conductor c(A) of A is given by

c(A)= > (max)- ).

z€[0,1[NQ

Proof. See [12, 5.3 and 5.4.5] and [14, 4.8 and 4.13 and 4.18]. O

PRroOPOSITION 3.6. We have the following equalities:

lmall = dim(4),  [m¥] = [Pl = apo(A),
Im%*l = tper(4),  miP(0) = miP0) = a(4),
myT(0) = t(A).

Moreover, we have
> ma(z) = u(A).
€(Q/2)\{0}

Proof. We adopt the notations of Section 3.1. It follows immediately from the
definitions that

lmall = dim(Lie(Ay)) = dim(A),
[m" (| = dim(Lie(T)) = tpou(A),
Im] = [m¥ll = dim(Lie(B)) = apo(A).

By Lemma 3.2, the abelian, resp., reductive rank of A? is equal to the abelian,
resp., reductive rank of the semi-abelian k-variety ((A%)*)°. In the notation of
Lemma 3.2, the Chevalley decomposition of ((A})*)° is given by

0— (T")° — (AD")° - B =0
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and there exists a separable isogeny f : B’ — (B*)°. By [12, 3.2], the natural
morphisms

Lie(T*) — Lie(T)* = Lie(T)[0]

Lie(B") — Lie(B)" = Lie(B)[0]

are isomorphisms. Since Lie(f) is also an isomorphism, we find

myr(0) = t(A),
mi(0) = a(A).
It follows that
S ma(z) = |mall —m¥r(0) = miP(0)

z€(Q/Z)\{0}
= dim(A) —t(A4) —a(4)
= u(4).
By Proposition 3.4, we have
iy (0) = m3 (0)
and we’ve just seen that this value is equal to the abelian rank a(AY) of AV.

But the abelian ranks of A and AV coincide, by [2, 2.2.7], so that
m3(0) = a(A).

|
LEMMA 3.7. If Ay and Ay are tamely ramified abelian K -varieties, then
mf401r>< KAy T mfs)lr + mf402r,
milblxKA2 = mixbl + mixk;’
Pn, =

Proof. If we denote by A; and Ay the Néron models of Aj, resp. As, then
it follows immediately from the universal property of the Néron model that
A1 X g As is a Néron model for A; x g As. Since the Chevalley decomposition
of a connected smooth algebraic k-group commutes with finite fibered products
over k and Lie(G1 Xy G2) is canonically isomorphic to Lie(G1) @ Lie(G2) for
any pair of algebraic k-groups G, G2, the result follows. 0

PROPOSITION 3.8. Let A be a tamely ramified abelian K -variety. Let L be a
finite tame extension of K of degree e, and put A;, = A X L. Then for each
x € Q/Z, we have

mig; (¥) = > mi)

yEQ/Z, e-y=a
mip (x) = >, m¥)

yEQ/Z, e-y=a
mi () = Y miy)

yEQ/Z, e-y=a
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Proof. We adopt the notations of Section 3.1. Since the multiplicity functions
do not depend on the choice of the field K’ where A acquires semi-abelian
reduction, we may assume that L is contained in K’. If ¢ is a generator of
p = G(K'/K), then the Galois group G(K'/L) is generated by ¢¢. Now the
result easily follows from the definition of the multiplicity functions. O

ProprosiTIiON 3.9. If f : A1 — As is an isogeny of tamely ramified abelian
K -varieties and if the degree deg(f) of f is prime to p, then

m¥ =m¥,  and WY =mi.

Proof. We put n = deg(f). Since n is invertible in K, the morphism f is
separable, so that ker(f) is étale over k. Thus ker(f) is a finite étale K-group
scheme of rank n. Every finite group scheme over a field is killed by its rank.
(See [1, VII4.8.5]; in our case, the result is elementary, because ker(f) is étale,
so that we can reduce to the case of a constant group by base change to an
algebraic closure of K. As an aside, we recall that Deligne has shown that
every commutative finite group scheme over an arbitrary base scheme is killed
by its rank [28, p.4].) It follows that ker(f) is contained in ,,(A;). Hence, there
exists an isogeny g : Aa — A; such that go f =na,.

Let K’ be a tame finite extension of K such that A; and A, acquire semi-
abelian reduction over K’, and denote by R’ the integral closure of R in K’.
We denote the Néron model of (4;) x x K’ by A}, for i = 1,2. The morphisms
f Xk K" and g X K’ extend uniquely to morphisms of R’-group schemes

f A= Al
g A, — Al

For i = 1,2, we denote by B; the abelian part of the semi-abelian k-variety
(AL)e. By functoriality of the Chevalley decomposition, f] induces a morphism
of k-group schemes f5 : By — Bs. Likewise, ¢/ induces a morphism of k-group
schemes gz : B2 — Bj. Since ¢’ o f’ is multiplication by n, the same holds
for ¢’y o fi. In particular, fj is an isogeny of degree prime to p. Thus fg
is a p-equivariant separable isogeny, so that Lie(f};) : Lie(B1) — Lie(Bs) is a
p-equivariant isomorphism, and m'f4b1 = m'jg.

By [19, p.143], the dual morphism (f})" is again an isogeny, and its kernel
is the Cartier dual of the kernel of ff;. In particular, f5; and (f)Y have the
same degree, so that (f})V is separable. Since it is also equivariant for the left
p-action on B, we find that m% = m. O

REMARK 3.10. The same proof shows that m'* is invariant under isogenies of
degree prime to p. We’ll see in Corollary 4.5 that, more generally, the functions
m%* and m3P + maP are invariant under all isogenies.

COROLLARY 3.11. Let A be a tamely ramified abelian K-variety. If k has
characteristic zero, or A is principally polarized, then

mib = mibv
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and

s = ()"
Proof. The first equality follows from Proposition 3.9.  Together with
Proposition 3.4, it implies the second equality. O

We will see in Theorem 6.3 that, when R is the ring of germs of holomorphic
functions at the origin of C, the equality

expresses that the monodromy eigenvalues on the (—1,0)-component of a
certain limit mixed Hodge structure associated to A are the complex conjugates
of the monodromy eigenvalues on the (0,—1)-component. Corollary 3.11
generalizes this Hodge symmetry.

QUESTION 3.12. Is it true that

nip = (mid)”

for every tamely ramified abelian K-variety A?

4. JUMPS AND MONODROMY

PROPOSITION 4.1. Let B be an abelian k-variety, and let T be an algebraic
k-torus. Fiz an element e € N', and assume that p.(k) acts on B, resp. T
from the right. We consider the dual left action of p.(k) on BY. The functions

mq = mLie(T)#e(k) and
M2 1= MLie(B),pe (k) T My (k) Lie(BY)

are complete.
Moreover, for every prime £ invertible in k and for each generator ¢ of u.(k),
the characteristic polynomial Py(t) of ¢ on the £-adic Tate module

T =TT @z, Q¢

is equal to Qm, (t) (in the notation of Lemma 2.2). Likewise, the characteristic
polynomial Pa(t) of ¢ on Y4B is equal to Qm,(t).

Proof. We denote by

p: Z[t] — Elt]
the unique ring morphism that maps ¢ to ¢. It is well-known that the
characteristic polynomials Pj (t) and P»(t) belong to Z[t]. For P;(t), this follows
from the canonical isomorphism

(4.1) YT = Homy (X (T), Qu(1)),

where X (T') denotes the character module of T'. For Py(t), it follows from [19,
§19, Thm.4].

Since e is invertible in k, P;(¢) and Ps(t) are products of k-tame cyclotomic
polynomials. Thus, by Lemma 2.2 (and using the notation introduced there),
we only have to show the following claims.
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Claim 1: The image of Pi(t) under p equals Py, ¢(t). Note that, by definition
of the function my, the polynomial P, ¢(t) is the characteristic polynomial
of the automorphism induced by ¢ on Lie(T"). Thus Claim 1 is an immediate
consequence of (4.1) and the canonical isomorphism

Lie(T) 2 Homgz (X (T), k).

Claim 2: The image of P(t) under p equals P, ¢(t). By definition of the
function mg, the polynomial P, ((t) is the product of the characteristic
polynomials of the automorphism induced by ¢ on Lie(B) and the dual
automorphism on Lie(BY). By [21, 5.1], the Hodge-de Rham spectral sequence
of B degenerates at ;. This yields a natural short exact sequence

0— H°(B,QR) = Hip(B) = HY(B,0g) =0

where H},(B) is the degree one de Rham cohomology of B. We have natural
isomorphisms

HO(B,QY) = Lie(B)",
HY(B,0p) = Lie(BY).
(The first isomorphism follows from [4, 4.2.2]; the second isomorphism from [19,
§13, Cor.3]). Thus it suffices to show that the image of P5(t) under p is equal
to the characteristic polynomial of ¢ on H},(B). As explained in the proof of
[14, 5.12], this can be deduced from the fact that étale cohomology is a Weil
cohomology, as well as de Rham cohomology (if k£ has characteristic zero) and

crystalline cohomology (if k has characteristic p > 0), so that the characteristic
polynomials of ¢ on the respective cohomology spaces must coincide. O

For every n € Z~¢ and every a € C, we denote by Diag,, (a) the rank n diagonal
matrix with diagonal (a, ..., a), and by Jord, (a) the rank n Jordan matrix with
diagonal (a,...,a) and subdiagonal (1,...,1). For any two complex square
matrices M and N, of rank m, resp. n, we denote by M @& N the rank m + n

square matrix

M@N:<%<g)
For every integer ¢ > 0, we put

eM=Mo---dM.

m
DEFINITION 4.2. Fori=1,2, let
m; : Q/Z - N

be a function with finite support. The Jordan matriz Jord(my, ma) associated

to the couple (m1,ma) is the complex square matriz of rank ||m1|| + 2 - ||ma]|
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given by

Jord(mims) = P (Diagml(x)(exp(%rix)))

xz€Supp(m1)

D @ (@mz(y)Jordg (exp(2m'y)))

y€Supp(m2)

where we ordered the set Q/Z using the bijection QN [0, 1[— Q/Z and the usual
ordering on [0,1].

LEMMA 4.3. Let V be a finite dimensional vector space over an algebraically
closed field F' of characteristic zero, and let M be an endomorphism of V. Let
d > 0 be an integer such that M? is unipotent. Set

W={veV|M(v) =0}

and assume that M? acts trivially on V/W and that there evists an M-
equivariant isomorphism between (V/W)V and an M-stable subspace W' of
w.

Then the endomorphism M of V' has the following Jordan form: for every
eigenvalue o of M on W' (counted with multiplicities), there is a Jordan block
of size two with eigenvalue «, and for every eigenvalue B of M on W/W’
(counted with multiplicities), there is a Jordan block of size one with eigenvalue

8.

Proof. Since M acts trivially on W and V/W, we know that (M? —1d)2 =0
on V, so that the minimal polynomial of M divides (t* — 1)? and the Jordan
blocks of M have size at most two. The subspace W of V is generated by all
the eigenvectors of M. Thus the dimension of V/W is equal to the number of
Jordan blocks of M of size two, and the eigenvalues of these Jordan blocks are
precisely the eigenvalues of M on V/W, or, equivalently, W’. Tt follows that
the eigenvalues of M on V corresponding to a Jordan block of size one are the
eigenvalues of M on W/W'. O

THEOREM 4.4. We fix an embedding Q; — C. If A is a tamely ramified abelian
K -variety, then the monodromy action of o on H'(A xx K* Q¢) has Jordan
form

Jord(m2P 4 2P, m'r).

Moreover, the functions m%* and m%> + m2P are complete.

Proof. We adopt the notations of Section 3.1. We denote by J3A the f-adic
Tate module of A. We put I = G(K°/K) and I' = G(K?/K’). Recall that
there exists a canonical I-equivariant isomorphism

(4.2) HY'(A xg K*,Qq) = Homg, (T A, Q)

(see [18, 15.1]). Since A is tamely ramified, the wild inertia subgroup P C I
acts trivially on H'(A xx K*, Q) and 7, A, so that the I-action on these
modules factors through an action of I/P = G(K'/K).
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Since P is a p-group and p is prime to ¢, there exists for every K-variety X
and every integer ¢ > 0 a canonical G(K*/K)-equivariant isomorphism

HY(X xx K',Qp) 2 H'(X xg K*,Q)"

(see [2, 1.2.7.1]). In our case, this yields a canonical G(K'/K)-equivariant
isomorphism

(4.3) H'(Axx K°,Qp) = H' (A xx K°, Q)" = H' (A xg K*, Q).
By (4.2) and (4.3), it suffices to show that the action of o on
WA =T ARz, Q

has Jordan form
Jord(m?® 4+ m2>, mir)
and that m3> + m3> and m%* are complete.

Consider the filtration
(4.4) (ZA)* C (T14)* € TiA

from [2, IX.4.1.1], with (7 A)°f the essentially fived part of the Tate module
A, and (7, A)®t the essentially toric part. By definition,

(Z4)" = (74)"
and (3 A)°" is stable under the action of I on Z;A. We denote by
(4.5) (1 A)°* C (1A = (1A)T C %A

the filtration obtained from (4.4) by tensoring with Q,. By [2, 1X.4.1.2] there
exists an [-equivariant isomorphism

(4.6) VA (1 A) = (1A,

In particular, I’ acts trivially on %;A/(#,A)°f. It follows that the I’-action on
¥; A is unipotent of level < 2 (this means that for every element v of I’, the
endomorphism (v — Id)? of %A is zero), and that the I-action on (#;A)°* and
Y, A (¥, A)°f factors through an action of I/I' = i = pug(k), where d = [K' :
K]. We denote by & the image of ¢ under the projection G(K'/K) — p.

The element ¢ is a topological generator of I’/P. Combining (4.5) and (4.6)
and applying Lemma 4.3 to the o-action on 7, A, we see that it suffices to prove
the following claims:

(1) the F-action on (¥;A)°* has Jordan form Jord(m%*,0), and m" is
complete,

(2) the F-action on (#;A)t/(#,A)* has Jordan form Jord(m2> + m2P,0),

and m3> + maP is complete.

Since ¢ is the identity, the Jordan forms of the F-actions in (1) and (2)

are diagonal matrices. By [2, 1X.4.2.7 and 1X.4.2.9] there exist u-equivariant

isomorphisms

1%

YT
VB

(%A)Et
(VoA /(1A

1%
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so that claims (1) and (2) follow from Proposition 4.1. O

COROLLARY 4.5. The functions m% + m3> and m%™ are invariant under
isogeny. In particular, m%* = m%%, and

mi +mi = mi +mi.
The multiplicity function ma, the jumps of A (with their multiplicities), the
elementary divisors of A and the base change conductor c¢(A) are invariant

under isogenies of degree prime to p.
Proof. This follows from Propositions 3.5 and 3.9, and Theorem 4.4. 0

REMARK 4.6. Beware that the base change conductor, and thus the function
m?3, of a tamely ramified abelian K-variety A can change under isogenies of
degree p, if p > 0; see [5, 6.10.2] for an example.

COROLLARY 4.7. Using the notations of Proposition 3.5, the base change
conductor of a tamely ramified abelian K -variety A is given by

1 al
c(4) = 5 (tpor(4) — 1(4)) + > m¥(a).
z€]0,1[NQ
In particular, if A has potential purely multiplicative reduction (which means

that apot(A) = 0), then

Proof. By Proposition 3.5, we know that
c(A) = Z mi* (z)x + Z maP ().
z€]0,1[NQ z€]0,1[NQ

Since m'%" is complete, we have that

or 1 or or
> mir@e = 5 o o m¥r@z+ Y mi (@)1 -a)
z€]0,1[NQ z€]0,1[NQ z€]0,1[NQ
_ 1 tor
Y Z my" ()
z€]0,1[NQ
1

= U3 = mi*(0))
1
= S (tpen(4) — 1(4)
where the last equality follows from Proposition 3.6. If apot(A) = 0, then it
follows from Proposition 3.6 that m3> = 0 and a(A) = 0, so that
1 u(A)

c(4) = S (tpor(4) — t(4)) = 2

(dim(4) — H(A)) =

N =
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O

REMARK 4.8. If A has potential purely multiplicative reduction, then Corollary
4.7 can be viewed as a special case of Chai’s result that for every abelian K-
variety A (not necessarily tamely ramified) with potential purely multiplicative
reduction, the base change conductor c¢(A) equals one fourth of the Artin
conductor of %A [5, 5.2]. If A is tamely ramified, then this Artin conductor
is simply the dimension of ¥, A/((%,A)**)!, where I = G(K*®/K) and (¥, A)*¢
is the semi-simplification of the f-adic I-representation ¥;A. This value is
precisely the number of eigenvalues of o (counted with multiplicities) that are
different from one. Combining Proposition 3.6 with Theorem 4.4, we find that
the Artin conductor of ¥;A equals

2dim(A) — m*¥P(0) — m3P(0) — 2m'P"(0) = 2u(A).
COROLLARY 4.9. Let A be a tamely ramified abelian K-variety, and let e be the
degree of the minimal extension of K where A acquires semi-abelian reduction.

Fiz a primitive e-th root of unity & in an algebraic closure Q% of Q. The
characteristic polynomial

Py(t) = det(t-1d — o | H' (A x ¢ K',Qy))
of o on HY(A x i Kt ,Qy) is given by

Pa (t) _ H (t . ge.i)mzb(i)+rﬁzb(i)+2mfr(i) c Z[t]
ie((1/e)Z)/Z
Proof. This is an immediate consequence of Theorem 4.4. O

COROLLARY 4.10. Let A be a tamely ramified abelian K -variety. Assume either

that k has characteristic zero, or that A is principally polarized. Then m'j‘4b and

M3 are semi-complete, and the monodromy action of o on H*(A xx K*, Q)

has Jordan form
Jord(m2P + (m2P)*, mr).
In the notation of Corollary 4.9, we have
Pt)= [ - gyl @i ¢ gy,
i€((1/e)2)/Z
Proof. Semi-completeness of m2> and m2 follows from Corollary 3.11 and

Theorem 4.4. The remainder of the statement is a combination of Corollaries
3.11 and 4.9. O

5. POTENTIAL TORIC RANK AND JORDAN BLOCKS

5.1. THE WEIGHT FILTRATION ASSOCIATED TO A NILPOTENT OPERATOR.
Throughout this section, we fix a field F' of characteristic zero and a finite
dimensional vector space V over F. For every endomorphism M on V, we
consider its Jordan-Chevalley decomposition

M = M, + M,
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with M the semi-simple part of M and M, its nilpotent part.
We recall the following well-known property.

PROPOSITION 5.1. Let N be a nilpotent endomorphism of V. Let w be an
integer. There exists a unique finite ascending filtration W = (W;, i € Z) on
V' such that

(1) NW; C W, for all i in Z,

(2) the morphism of vector spaces

w
erJra

V-GV v

induced by N% is an isomorphism for every integer o > 0.

The filtration W 1is called the weight filtration centered at w associated to the
nilpotent operator N.

Proof. See, for instance, [10, 1.6.1]. O

It is clear from the definition that the weight filtration centered at another
integer w’ is the shifted filtration W, = We_yr 1. We define the amplitude
of the filtration W in Proposition 5.1 as the smallest integer n > 0 such that
Wiy+n = V. This value does not depend on the choice of the central weight w.
The amplitude is related to sizes of Jordan blocks in the following way.

PROPOSITION 5.2. Let M be an endomorphism of V. We denote by a the
amplitude of the weight filtration W associated to M, (centered at any weight
w € Z). Then a+1 is the maximum of the ranks of the Jordan blocks of M.

Proof. We may assume that w = 0 and that M = M,,. Then the proposition
is an immediate consequence of the explicit description of the weight filtration
in [10, 1.6.7]. 0

PROPOSITION 5.3. Let N be a nilpotent endomorphism of V', and denote by W
the associated weight filtration centered at w € 7Z.

(1) If N’ is another nilpotent operator on V such that
(N — N/)Wi C Wi_s

for all i € Z, then the weight filtration associated to N' centered at w
coincides with W.

(2) The weight filtration W does not change if we multiply N with an
automorphism S of V' that commutes with N.

Proof. (1) This follows immediately from the definition of the weight filtration
in Proposition 5.1.

(2) Clearly, the filtration (S(W;), ¢ € Z) on V also satisfies properties (1) and
(2) in Proposition 5.1, so that S(W;) = W; for all ¢ in Z by uniqueness of
the weight filtration. This implies at once that W coincides with the weight
filtration associated to NS centered at w. O

DOCUMENTA MATHEMATICA 16 (2011) 937-968



JUuMPS AND MONODROMY OF ABELIAN VARIETIES 955
DEFINITION 5.4. Let W = (W, i € Z) be an ascending filtration on V. The
dual filtration WY on V'V is the ascending filtration defined by
(WY)i = (Weim1)™

for all i in Z.
For every integer j > 0, the degree j exterior power of W is the ascending
filtration NNW on NIV given by

(/\jW)i: Z Wi, N AW,
i1 iy =i

5

If V' is another finite dimensional vector space over F, endowed with an
ascending filtration W', then the tensor product of W and W' is the ascending
filtration W @ W' on V@ V' given by

WeW)= Y W,aW,.
11+i0=1
PROPOSITION 5.5. Let V' and V' be finite dimensional vector spaces over F,

endowed with nilpotent operators N and N', respectively. We denote by W and

W' the associated weight filtrations on V. and V', centered at integers w and

w'.

(1) The weight filtration on V'V centered at —w associated to the nilpotent
operator —NV is the dual WV of the weight filtration W .

(2) The weight filtration on V @ V' centered at w + w' associated to the
nilpotent operator N ® Id + Id ® N’ is the tensor product W @ W' of
the weight filtrations W and W'.

(3) For every integer j > 0, the weight filtration on NIV centered at w - j
associated to the nilpotent operator

NN = NATdA---ATd+TdANATAA---Ald 4 ... +TdA---ATAAN
is the exterior power NNW of the weight filtration W.

Proof. Point (1) and (2) are proven in [10, 1.6.9], using the theorem of
Jacobson-Morosov. Point (3) can be proven in exactly the same way, since
the morphism of linear groups

h:GL(V) = GL(AV) : M +— NN M
induces a morphism of Lie algebras
Lie(h) : End(V) — End(A’V)
that sends N to N\, O

COROLLARY 5.6. Let M be an automorphism of V', and consider an integer
w and an integer j > 0. We denote by W the weight filtration centered at w
associated to the nilpotent operator M, on V.
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(1) Let V' be another finite dimensional vector space, endowed with an
automorphism M'. If W' is the weight filtration associated to M)
centered at w' € Z, then W @ W' is the weight filtration centered at
w+ w' associated to the nilpotent operator (M @ M), on V @ V',

(2) The eaterior power filtration NNW is the weight filtration centered at
w - j associated to the nilpotent operator (NN M), on NV

Proof. (1) By Proposition 5.3(2), we may assume that M and M’ are unipotent,
since multiplying these operators with M ! and (M.)~!, respectively, has no
influence on the weight filtrations that we want to compare. Then M = Id+ M,
and M’ =1d + M), so that

(M®M), -1de® M) — M, ®1d =M, @ M,,.
It follows that
(MM, -1do M, — M, @1d)(W W), C (W W');_4

for all ¢ € Z. The result now follows from Propositions 5.3(1) and 5.5(2).
(2) The proof is completely similar to the proof of (1): one reduces to the case
where M is unipotent, and one shows by direct computation that

(NM), — (Mn)(/\j)
shifts weights by at least —4. |

The following lemma and proposition will allow us to compute the maximal
size of certain Jordan blocks of monodromy on the cohomology of a tamely
ramified abelian K-variety (Theorem 5.9).

LEMMA 5.7. Let F be an algebraically closed field of characteristic zero, and
let V. # {0} be a finite dimensional vector space over F. Let M be an
automorphism of V, with Jordan form

Jord,, (&)

where m € Zso and & € F*. Then for every integer j in [1,m] and every
integer w, the weight filtration centered at w associated to the nilpotent operator
(N M),, on NV has amplitude m(m — j).

Proof. We may assume that w = 0. Denote by W the weight filtration
associated to M, centered at 0. By Corollary 5.6, the weight filtration
associated to (AY M), centered at 0 coincides with the exterior power filtration
NW.

By the explicit description of the weight filtration in [10, 1.6.7], the dimension
of GrV'V is one if o is an integer in [1 —m, m — 1] such that a —m is odd, and
zero in all other cases. This easily implies that A/WW has amplitude

(m=1)+(m-=3)+...+(m—=2j+1) =m(m —j).
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PROPOSITION 5.8. Let F' be an algebraically closed field of characteristic zero,
and let V- # {0} be a finite dimensional vector space over F. Let M be an
automorphism of V', with Jordan form

Jord,,, (1) ® -+ @ Jord,,, (Eq)

where q € Zisg, m € (Z>0)? and & € F* fori=1,...,q.

We fiz an integer j > 0. For every element ¢ of F, we denote by max¢ the
mazimum of the ranks of the Jordan blocks of NNM on NV with eigenvalue C.
If we denote by & the set of tuples s € N? such that ||s]| = j and s; < m; for
each i € {1,...,q}, then

i q
i=1

i=1
for every ¢ € F, with the convention that max () = 0.

Proof. We can write
V=Vié& ...@Vq

such that M(V;) C V; for each i and such that the restriction M; of M to V;
has Jordan form Jord,,, (&;). If we put

V= (AT @@ (AV)

for each s € ., then we have a canonical isomorphism

NV @Vs

seS

such that every summand V; is stable under A7 M and the restriction of A9 M
to Vs equals

(ATM1) @ - - @ (A% My).
The automorphism A7 M has a unique eigenvalue on Vj, which is equal to

q

[T

i=1

By Proposition 5.2, Corollary 5.6(1) and Lemma 5.7, the maximal rank of a
Jordan block of A7M on V; equals

q

1+ Zsi(mi - 8;).

i=1

This yields the desired formula for max. U
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5.2. THE STRONG FORM OF THE MONODROMY CONJECTURE.

THEOREM 5.9. Let A be a tamely ramified abelian K-variety of dimension g.
For every embedding of Qg in C, the value o = exp(2mic(A)) is an eigenvalue of
o on H9(A x i K',Qq). Each Jordan block of o on H9(A x i K*,Qy) has rank
at most tpot(A) + 1, and o has a Jordan block with eigenvalue o on HI(A Xk
K Qq) with rank tpet(A) + 1.

Proof. Since A is tamely ramified, we have a canonical G(K'/K)-equivariant
isomorphism of Q-vector spaces

g9
HI(A xx K'Qp) = \ H' (A xx K', Q).

By Theorem 4.4, the monodromy operator o has precisely ||m%*|| Jordan blocks
of size 2 on H*(A xx K' Qy), and no larger Jordan blocks. It follows from
Proposition 5.8 that the size of the Jordan blocks of o on HI(A x ¢ K, Q) is
bounded by 1 + ||m'*||. By Proposition 3.6, we know that |[m%|| = tpo(4).

By Proposition 3.5, the image in Q/Z of the base change conductor ¢(A) equals

Y (mlf(z) + m¥(2) - 2)
zGQ/Z

and by Proposition 3.6, we have

Y (my (@) +m¥ (@) = g.

z€Q/Z
Hence, by Theorem 4.4 and Proposition 5.8, ¢ has a Jordan block of size
1+ tpot(A) with eigenvalue v on HY(A x ¢ K*,Qy). O

6. LiMmiT MIiXED HODGE STRUCTURE

Let A be a tamely ramified abelian K-variety of dimension g. Theorem 4.4

shows that the couple of functions (m%*, m3> 4+ m?3’) and the Jordan form of

o on the tame degree one cohomology of A determine each other. It does not

tell us how to recover m%°> and %> individually from the cohomology of A.

In this section, we assume that A is obtained by base change from a family of

abelian varieties over a smooth complex curve. We will give an interpretation
ab tor

of the multiplicity functions m2>, m2> and m'%* in terms of the limit mixed
Hodge structure of the family.

6.1. LiMIT MIXED HODGE STRUCTURE OF A FAMILY OF ABELIAN VARIETIES.
Let S be a connected smooth complex algebraic curve, let s be a closed point
on S, and choose a local parameter ¢ on S at s. We put K = C((¢)), R = C[[t]]
and S =S\ {s}. Let
f: X—=S
be a smooth projective family of abelian varieties over .S, of relative dimension
g, and put
A =X xgSpecK.
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We choose an extension of f to a flat projective morphism
7 X = ?,
and we denote by X, the fiber of f over the point s.
We denote by (-)*" the complex analytic GAGA functor, but we will usually
omit it from the notation if no confusion can occur. For instance, when we

speak of the sheaf R'f.(Z), it should be clear that we mean R'f"(Z).
For every ¢ € N, we consider the degree ¢ limit cohomology, resp. homology,

Hi(Xoan) = HZ(YS((C%R"/)?(Z))
Hi(Xoan) = H2gii(YS(C)’Rw7(Z))(g):H2gii(Xoan)(g)

of f at s. Here
Ry(Z) € D{(X,(C),2)

denotes the complex of nearby cycles associated to fan. For every 7 in N, the
Z-module H'(X,Z) is non-canonically isomorphic to H*(X,(C),Z), where
z is any point of S(C) and X, is the fiber of f over z [3, XIV.1.3.3.2].
Likewise, by Poincaré duality, H;(X,Z) is non-canonically isomorphic to
H;(X,(C),Z). The limit cohomology and homology are independent of the
chosen compactification f, as can be deduced from [11, 4.2.11] by dominating
two compactifications by a third one.

We set

H (X00,Q) = H (Xo,7)®7Q
H (Xo,C) = HY(X4,7Z)®zC

and we use similar notations for the limit homology H;(X,*). For all i € N,
we denote by M the monodromy operators on H; (X, Z) and H (X, Z), and
by N the logarithm of the unipotent part M, of M.

The Z-modules H(Xoo,Z) and H;(Xs,Z) carry natural mixed Hodge
structures, which are the limits at s of the variations of Hodge structures

R'f.(Z), resp. R*¥"f.(Z)(g),

on S. The existence of these limit mixed Hodge structures was conjectured
by Deligne, and they were constructed by Schmid [25] and Steenbrink [26].
The weight filtrations on H* (X, Q) and H;(X s, Q) are the weight filtrations
centered at ¢, resp. —i, associated to the nilpotent operator N. We will briefly
recall Schmid’s construction of the limit Hodge filtration below. The action of
the semi-simple part My of M on H;(Xs,Q) and H*(Xo, Q) is a morphism
of rational mixed Hodge structures, by [27, 2.13].

For every ¢ € N, there exists an isomorphism of Qg-vector spaces

(6.1) H'(Xoo, Z) @7 Qp = H'(A x ¢ K, Q)

such that the monodromy action on the left hand side corresponds to the action
of the canonical topological generator of G(K*/K) 2 Z(1)(C) on the right hand
side. This follows from Deligne’s comparison theorem for ¢-adic versus complex

analytic nearby cycles [3, XIV.2.8]. Thus, if K’ is a finite extension of K such
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that A x g K’ has semi-abelian reduction and if we set d = [K’ : K], then
(Ms)? is the identity on H' (X, Q) and H;(Xe, Q) for all i > 0. Identifying
My with the canonical generator exp(2mi/d) of pqa(C), we obtain an action of
1a(C) on the rational mixed Hodge structures H' (X, Q) and H;(X oo, Q), for
all 7 > 0.

For the definition of the dual and the exterior powers of a mixed Hodge
structure, we refer to [22, 3.2].

PRrROPOSITION 6.1. (1) For everyi € N, there exists a natural isomorphism
of mized Hodge structures

N HY (X0, Z) — H (X oo, Z)

that is compatible with the action of M on the underlying Z-modules.
(2) For every i € N, there exists a natural isomorphism of mized Hodge
structures
H'(Xo0,Z)" — Hi(Xoo,Z)
that is compatible with the action of M on the underlying Z-modules.

Proof. (1) The cup product defines a morphism
(6.2) NoR'.(Z) = Rif.(2)

of sheaves on S. This is an isomorphism on every fiber, by the proper base
change theorem and [19, p. 3|, and thus an isomorphism of sheaves. Moreover,
it is an isomorphism of variations of Hodge structures, because the cup product
defines a morphism of pure Hodge structures on the cohomology of every fiber
of f [22, 5.45).

Looking at Schmid’s construction of the limit mixed Hodge structure in [25],
one checks in a straightforward way that taking the limit of a variation of
Hodge structures commutes with taking exterior powers. Compatibility of
the Hodge filtrations is easy, since the exterior power defines a holomorphic
map between the relevant classifying spaces. The compatibility of the weight
filtrations follows from Corollary 5.6.

Thus, taking the limit at s of the isomorphism (6.2), we obtain an isomorphism
of mixed Hodge structures

N HY (X0, Z) — H (X oo, Z)

that is compatible with the action of M.
(2) For every i > 0, Poincaré duality yields a natural isomorphism of sheaves
of Z-modules

(6.3) a:R'f(2)" — R*f.(Z)(g)

(note that Poincaré duality holds with coefficients in Z because R'f.(Z) is a
locally free sheaf of Z-modules for all ¢ > 0). By [22, 6.19], this isomorphism
respects the Hodge structure on every fiber of R'f.(Z)Y and R?*9~"f.(Z)(g).
Thus (6.3) is an isomorphism of variations of Hodge structures on S. As in
(1), one checks in a straightforward way that the limit of R'f.(Z)" at s is the
dual of the limit of R!f.(Z), using Proposition 5.5 to verify the compatibility
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of the weight filtrations. Thus the isomorphism (6.3) induces an isomorphism
of mixed Hodge structures

H (Xoo,Z)Y — Hi(Xoo, 7).
0

By Proposition 6.1, in order to describe the limit mixed Hodge structure on
H;(Xx,Q) and HY (X, Z) for all i > 0, it suffices to determine the limit mixed
Hodge structure on Hy (X, Z).

6.2. DESCRIPTION OF THE MIXED HODGE STRUCTURE ON H; (XOO,Z). We
denote by
Y — 520

the polarized variation of Hodge structures

R~ f(Z)(9)

of type {(0,—1),(—1,0)} [8, 4.4.3]. We denote by ¥z, ¥ and ¢ the integer,
resp. rational, resp. complex component of ¥. The sheaf ¥7 is a locally free
sheaf of Z-modules on S*" of rank 2g. The fiber of ¥ over a point z of S*" is
canonically isomorphic to the weight —1 Hodge structure

H*~(X.(C), Z)(g),

where X, denotes the fiber of f over z. By Poincaré duality, there is a canonical
isomorphism of Z-modules

H*»71(X,(C),7) = H,(X.(C), 7).

The limit of ¥ at the point s is a mixed Hodge structure that was constructed
by Schmid [25]. In our notation, this limit is precisely the mixed Hodge
structure Hy (X0, Z). For a quick introduction to limit mixed Hodge structures,
we refer to [13] and [22, §10 and §11]. Here we will only briefly sketch the main
ingredients of the construction.

We consider a small disc A around s in S*" and we denote by A* the punctured
disc A\ {s}. It follows from the definition of the nearby cycles functor that
Hy(X,Z) is the Z-module of global sections of the pullback of ¥7 to a universal
cover of A* [3, XIV.1.3.3]. By the comparison isomorphism (6.1) and [2, IX.3.5],
the action of the monodromy operator M% on H;(Xo, Q) is unipotent of level
< 2 (meaning that (M? —1d)? = 0). The level of unipotency can also be
deduced from the Monodromy Theorem [25, 6.1] and the fact that the fibers
of ¥ are of type {(—1,0), (0,—1)}.

The weight filtration W on Hy (X, Q) is the weight filtration with center —1
associated to the nilpotent operator N (recall that N is the logarithm of the
unipotent part M, of the monodromy operator M). Since M? = M9, we have

dN =log(M%) = M? —1d
so that N2 = 0 and the weight filtration is of the form
{0} CW_oCcW_1CWy= Hl(Xoo;Q)-
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Explicitly, we have W_; = ker(N) and W_g = im(NV). This filtration induces
a weight filtration on the lattice H1 (X0, Z) in H1(X oo, Q). Note that
Wlel(Xoo,Z) = Wlel(Xooa@) N Hl(XOO,Z>
is stable under the action of My, since Hq(Xo,Z) is stable under M and M is
semi-simple on W_1 H;(Xoo, Q) = ker(M? —1d).
Consider the finite covering
A=A
obtained by taking a d-th root ¢’ of the coordinate t on A. This covering is
totally ramified over the origin s of A. With a slight abuse of notation, we
denote again by s the unique point of the open disc A that lies over s € A. We
denote by A* the punctured disc A\ {s}.
Pulling back ¥ to a variation of Hodge structures ¥’ on A* has the effect of
raising the monodromy operator M to the power d. This has no influence on the
associated weight filtration on H; (X, Q), since the logarithm of (M, )¢ = M4
equals dN. Pulling back 7 to A* is the first step in the construction of the limit
Hodge filtration F' on Hi(X, Q). The important point is that the monodromy
M9 of the variation ¥ is unipotent.
Schmid considers a complex manifold D that parameterizes descending
filtrations
F'=H(X,C)D> F°> {0}
on Hy (X, C) that satisfy a certain compatibility relation with the polarization
on Hi(Xe,C) and such that F° has dimension g. “Untwisting” the
monodromy action on the fibers of ¥”, he constructs a map

The Nilpotent Orbit Theorem (for one variable) in [25, 4.9] guarantees that ¥

extends to a holomorphic map

The point ¥(s) of D corresponds to a descending filtration
F~'=H(X,,C) D> F'> {0}

that is called the limit Hodge filtration on Hy(Xos0,C). Schmid’s fundamental
result [25, 6.16] states that the weight filtration W and the limit Hodge filtration
F define a polarized mixed Hodge structure on Hi (X, Z), which is called the
limit mized Hodge structure of the variation of Hodge structures ¥”.

We see from the shape of the weight filtration and the limit Hodge filtration
that the limit mixed Hodge structure on Hy (X, Z) is of type

{(0,0), (=1,0), (0, -1), (=1, =1)}.
Moreover, since
Gr" H (X oo, 7)
is polarizable, the mixed Hodge structure
(H1(Xoo, Z), W, F)
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is a mixed Hodge 1-motive in the sense of [9, § 10].

The construction of the limit Hodge filtration can be reformulated in terms of
the Deligne extension or canonical extension. Consider the holomorphic vector
bundle

(7/I)h =Y, ®z O3x.

on the punctured disc A*. The locally constant subsheaf ¥{ of this vector
bundle defines a connection V on (#”)", called the Gauss-Manin connection.
The vector bundle (¥”)" extends in a unique way to a vector bundle 7 on A
such that V extends to a logarithmic connection on ¥ whose residue at s is
nilpotent [7, 5.2]. We call Y7 the Deligne extension of the variation of Hodge
structures ¥’. The fiber of the Deligne extension over the origin s of A can
be identified with H; (X, C), by [22, XI-8] (this identification depends on the
choice of a local coordinate on A; we take the coordinate ¢’ ).

The Hodge flags FY on the fibers of ¥’ glue to a holomorphic subbundle
FO(9") of (#")", which extends uniquely to a holomorphic subbundle F 5z

o~

of ¥’ [22, 11.10]. Taking fibers at s, we obtain a descending filtration
(7")s = Hi(Xo0,C) D (F*77), > {0}

and this is precisely the limit Hodge filtration on H; (X, C) [22, 11.10].
Schmid’s construction of the limit mixed Hodge structure works for abstract
variations of Hodge structures, which need not necessarily come from geometry.
If the variation of Hodge structures comes from the cohomology of a proper
and smooth family over S (such as in the case that we are considering), the
Deligne extension and the extension of the Hodge bundels can be constructed
explicitly using a relative logarithmic de Rham complex associated to a suitable
compactification f. This is Steenbrink’s construction [26]. We will not need
this approach in this paper.

THEOREM 6.2. We apply the terminology of Section 3.1 to the abelian K -variety
A and define in this way the degree d extension K' of K, as well as the torus
T and the abelian variety B over C, endowed with a right action of p = puq(C).
There exist canonical p-equivariant isomorphisms of pure Hodge structures

GrgV(Hl(XOO;Q)) = Hl(T(C)aQ)(_l)
Grzvl(Hl(Xoan)) = Hl(B((C)aZ)
Gr%(Hl(XomZ)) = Hl(T(C)aZ)

Proof. We denote by C(S”) the algebraic closure of the function field C(S) in
K’, and we consider the normalization

S -3
of S in C(S’). This is a ramified Galois covering, obtained by taking a d-th
root of the local parameter t. Its Galois group is canonically isomorphic to p.
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With abuse of notation, we denote again by s the unique point of the inverse
image of s in S, and we put ' = S’ \ {s}. Then
f/:XIZXXSS/%S/

is a smooth projective family of abelian varieties, and we have a canonical
isomorphism

A=A XK K =X X SpecK'.
As we've argued above, the fact that A’ has semi-abelian reduction implies that
the variation of Hodge structures

V=9 xs 8 = R f(Z)(g)

has unipotent monodromy around s.

We denote by X’ the Néron model of X’ over S, and by A’ the Néron model of
A’ over R, where R’ denotes the integral closure of R in K’. Note that there
is a canonical isomorphism of R’-schemes

A" = X' x5 SpecR'.
The analytic family of abelian varieties
() (X = (8
is canonically isomorphic to the Jacobian
(V) = (9)™

of the variation of Hodge structures ¥” [24, 2.10.1]. We will now explain the
relation between the complex semi-abelian variety (A’)2 and the limit mixed
Hodge structure Hq(Xoo,Z) of ¥’ at the point s. To simplify notation, we put
He = Hi(X,C) for C = Z, Q, C, and we denote by H the mixed Hodge
structure
(Hz,WeHg, F*Hc).
By [24, 4.5(1)], (X”)*" is canonically isomorphic to Clemens’ Néron model of ¥’
over §'; see [6] and [24, 2.5] for a definition. In [24, 2.5], Clemens’ Néron model
is constructed by gluing copies of the Zucker extension J§Z/(“I/’ ) of ¥/, which is
defined in [29] and [24, 2.1]. It follows immediately from this construction that
the identity component
((X/)O)an

of Clemens’ Néron model is canonically isomorphic to the Zucker extension
J§Z,(7/’ ).

The Zucker extension is given explicitly by
JZV) = G I\ [FOT

where 77 is the Deligne extension of ¥’ to gl, j is the open immersion of S’
into gl, and FO%" is the unique extension of the holomorphic vector bundle

FO(¥7 ®2 Osryan)
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to a holomorphic subbundle of Y. We can describe the fiber
TS (F")s = (X)) = ((A))™
of J§Z/(7/’) at s in terms of the mixed Hodge structure H, as follows.

As we've explained above, the fiber of V' over s is isomorphic to Hc, and
FO(¥")s coincides with the degree zero part of the Hodge filtration on He.
Moreover, the fiber of 7,77 at s is the Z-module of elements in Hz that
are invariant under the monodromy action of M¢. By definition, the weight
filtration on Hg is the filtration centered at —1 defined by the logarithm N of
the unipotent part M, of M, or, equivalently, the logarithm N’ = dN of M¢.
Since (M9 —1d)? = 0, we have N’ = M? —Id and (N')? = 0, and we see that
(j*af/zl)s = ker(N/) =W_1Hz.

Thus, we find canonical isomorphisms

(AN = JZ0")s
W_1Hz\Hc/F°Hc
~ W_1H ) \W_1Hc/(F'HcNW_,He).

IR

The last isomorphism is obtained as follows: since Grgv H is purely of type
(0,0), we have

F°Cr{Y He = GryY Hc = Hc/W_1 He,
so that the morphism

W_1H¢ — H((;/FOH(C
induced by the inclusion of W_1 H¢ in Hc is surjective. Its kernel is precisely
FOH@ NW_i1Hec.
By [9, 10.1], we have an extension
(6.4) 0— J(Gr,H) = (A)2)*™ — J(GrY H) = 0
where
J(GY, H) = G, He /G, Hy,

is a torus, and

J(GrW, H) = Hz\Gr", Hc/FOGr™, He

an abelian variety, because the Hodge structure Gr‘ile is polarizable. By
[9, 10.1.3.3], the extension (6.4) must be the analytification of the Chevalley
decomposition

0T — (A)?— B—0.

Hence, there exist canonical isomorphisms of pure Hodge structures
(6.5) G (H) = H(B(C),Z7),
(6.6) G (H) = H(T(C),7Z).

Moreover, by definition of the weight filtration on Hg, the operator N defines
a p-equivariant isomorphism of Q-Hodge structures

Gry/ (H) ®2 Q — G5 (H)(—1) ®2 Q.

¢
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It remains to show that the isomorphisms (6.5) and (6.6) are py-equivariant. It
is enough to prove that the Galois action of y on

v — S
extends analytically to the Zucker extension
Z / <
Ja (V') =S
in such a way that the action of the canonical generator of ;1 = pq(C) on
JE(V")s = W_1Hz\Hc/F°He

coincides with the semi-simple part M, of the monodromy action. This follows
easily from the constructions. O

6.3. MULTIPLICITY FUNCTIONS AND LIMIT MIXED HODGE STRUCTURE.

THEOREM 6.3. We keep the notations of Section 6.1.

(1) The potential toric Tank tpor(A) is equal to the largest integer o such
that exp(2me(A)i) is an eigenvalue of My on GrngCY 9(X oo, Q).
(2) The Jordan form of My on

(G H1 (X0, Q)0 is Jord(m?P,0),
(G H1 (X0, @)% is Jord(m?P, 0),
Gr¥yH (X, Q) is  Jord(m%r,0),
Gry Hi(Xoo, Q) is  Jord(m%r,0).

Proof. We denote by M, the unipotent part of the monodromy operator M,
and by N its logarithm. By definition, the weight filtration on H9(X, Q) is
the filtration with center g associated to the nilpotent operator N. Thus (1)
follows from Proposition 5.2, Theorem 5.9 and the isomorphism (6.1).

Point (2) follows from Theorem 6.2 and the canonical u-equivariant isomor-
phisms

H(B(C),C)"° =~ Lie(B)
H1(B(C),C)%! = Lie(BY)V
H,(T(C),C) =~ Lie(T)
(see [19, pp. 4 and 86] for the dual isomorphisms on the level of cohomology).
O
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