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ABSTRACT. The purpose of this article is to give formulas for Bloch-
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As a corollary of these computations, we can give a very simple and
slightly improved description of Perrin-Riou’s exponential map, which
interpolates Bloch-Kato’s exponentials for the twists of V. This new
description directly implies Perrin-Riou’s reciprocity formula.
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100 LAURENT BERGER
INTRODUCTION

In his article [Ka93] on L-functions and rings of p-adic periods, K. Kato wrote:

I believe that there exist explicit reciprocity laws for all p-
adic representations of Gal(K/K), though I can not formulate
them. For a de Rham representation V, this law should be
some explicit description of the relationship between Dggr(V)
and the Galois cohomology of V', or more precisely, some ez-
plicit descriptions of the maps exp and exp* of V.

In this paper, we explain how results of Benois, Cherbonnier-Colmez, Colmez,
Fontaine, Kato, Kato-Kurihara-Tsuji, Perrin-Riou, Wach and the author give

such an explicit description when V' is a crystalline representation of an un-
ramified field.

Let p be a prime number, and let V' be a p-adic representation of Gx =
Gal(K/K) where K is a finite extension of Q,. Such objects arise (for example)
as the étale cohomology of algebraic varieties, hence their interest in arithmetic
algebraic geometry.

Let Beis and Bgr be the rings of periods of Fontaine, and let D,5(V) and
Dar (V) be the invariants attached to V' by Fontaine’s construction. Bloch
and Kato have defined in , §3], for a de Rham representation V', an

“exponential” map,
expgy : Dar(V)/Fil’ Dar (V) — H'(K, V).
It is obtained by tensoring the so-called fundamental exact sequence:

0—Q,— B! - BdR/BXR —0

cris

with V' and taking the invariants under the action of Gg. The exponential map
is then the connecting homomorphism Dgg(V)/Fil’ Dar (V) — H'(K, V).

The reason for their terminology is the following (cf. [BK91, 3.10.1]): if G
is a formal Lie group of finite height over Ok, and V = Q, ®z, T" where
T is the p-adic Tate module of G, then V is a de Rham representation and
Dgr(V)/Fil’ Dyr (V) is identified with the tangent space tan(G(K)) of G(K).
In this case, we have a commutative diagram:

tan(G(K)) —2%, Q®z G(0k)
-| sa
Dar(V)/Fil' Dy (V) —5Y  HYK,V),

where ¢ is the Kummer map, the upper exp. is the usual exponential map,
and the lower expy v is Bloch-Kato’s exponential map.
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BrocH AND KATO’S EXPONENTIAL MAP 101

The cup product U: H(K,V) x H'(K,V*(1)) — H*(K,Q,(1)) ~ Q, defines
a perfect pairing, which we can use (by dualizing twice) to define Bloch and
Kato’s dual exponential map expy y-. () : HY(K,V) — Fil" Dggr(V). Kato has

given in [Ka93) a very simple formula for exp%. /. (1) See proposition below.

When K is an unramified extension of Q, and V is a crystalline representa-
tion of G, Perrin-Riou has constructed in [Per94] a period map Qv which
interpolates the expy /(i) as k runs over the positive integers. It is a crucial
ingredient in the construction of p-adic L functions, and is a vast generaliza-
tion of Coleman’s map. Perrin-Riou’s constructions were further generalized

by Colmez in [Col9§].

Let us recall the main properties of her map. For that purpose we need
to introduce some notation which will be useful throughout the article. Let
Hg = Gal(K /K (up=)), let Ax be the torsion subgroup of I'x = Gk /Hyk =
Gal(K (pp=)/K) and let Tt = Gal(K (up=)/K (1)) so that T ~ Ag x I'k..
Let A = Z,[[Pk]] and H(T k) = Qu[Ak] ®q, H(['k) where H(T}) is the set
of f(y1 — 1) with 1 € Tk and where f(T) € Q,[[T]] is a power series which
converges on the p-adic open unit disk.

Recall that the Iwasawa cohomology groups of V' are the projective limits for
the corestriction maps of the H(K,,, V') where K,, = K (y,» ). More precisely, if
T is any lattice of V then H{ (K,V) = Q, ®z, H}, (K,T) where H{ (K,T) =
lim | HY(K,,T) so that H},,(K,V) has the structure of a Q, ®z, Ax-module
(see § for more details). Roughly speaking, these cohomology groups are
where Euler systems live (at least locally).

The main result of |M| is the construction, for a crystalline representation
V of Gk of a family of maps (parameterized by h € Z):

Qv H(T k) ®qQ, Deris(V) — H(T'k) @4, Hiy (K, V)V,
whose main property is that they interpolate Bloch and Kato’s exponential
map. More precisely, if h, 7 > 0, then the diagram:

(H(Tk) ©q, Dexis(V(7))) ™" Y95 (T k) @, H (K, V(5))/V(5)H%

En,vml Pervml

Kn K Dcris(v) w’ Hl(KnaV(]))
XPKn, V(i)
is commutative where A and =,y are two maps whose definition is rather
technical. Let us just say that the image of A is finite-dimensional over Q,
and that =,y is a kind of evaluation-at-(¢(™ — 1) map (see §[Lj for a precise
definition).

Using the inverse of Perrin-Riou’s map, one can then associate to an Euler
system a p-adic L-function (see for example ]) For an enlightening survey

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATo (2003) 99-129



102 LAURENT BERGER

of this, see [[Col0d]. If one starts with V = Q,(1), then Perrin-Riou’s map is
the inverse of the Coleman isomorphism and one recovers Kubota-Leopoldt’s
p-adic L-functions. It is therefore important to be able to construct the maps
Qv 1, as explicitly as possible.

The goal of this article is to give formulas for expy y, exp}(’v*(l), and Qyp,
in terms of the (p,T")-module associated to V' by Fontaine. As a corollary, we
recover a theorem of Colmez which states that Perrin-Riou’s map interpolates
the exp*K’V*(l_ k) as k runs over the negative integers. This is equivalent to
Perrin-Riou’s conjectured reciprocity formula (proved by Benois, Colmez and
Kato-Kurihara-Tsuji). Our construction of Qv is actually a slight improve-
ment over Perrin-Riou’s (one does not have to kill the Ag-torsion, see remark
[1.14). In addition, our construction should generalize to the case of de Rham
representations, to families and to settings other than cyclotomic.

We refer the reader to the text itself for a statement of the actual formulas

(theorems [L.3, and [[.1) which are rather technical.

This article does not really contain any new results, and it is mostly a re-
interpretation of formulas of Cherbonnier-Colmez (for the dual exponential
map), and of Benois and Colmez and Kato-Kurihara-Tsuji (for Perrin-Riou’s

map) in the language of the author’s article [Ber09] on p-adic representations
and differential equations.

ACKNOWLEDGMENTS. This research was partially conducted for the Clay
Mathematical Institute, and I thank them for their support. I would also
like to thank P. Colmez and the referee for their careful reading of earlier ver-
sions of this article. It is P. Colmez who suggested that I give a formula for
Bloch-Kato’s exponential in terms of (¢, T')-modules.

Finally, it is a pleasure to dedicate this article to Kazuya Kato on the occasion
of his fiftieth birthday.

I. PERIODS OF p-ADIC REPRESENTATIONS

Throughout this article, k£ will denote a finite field of characteristic p > 0, so
that if W (k) denotes the ring of Witt vectors over k, then F' = W(k)[1/p] is a
finite unramified extension of Q,. Let Qp be the algebraic closure of Q,, let
K be a finite totally ramified extension of F', and let G = Gal(ap/K) be the
absolute Galois group of K. Let p,» be the group of p"-th roots of unity; for
every n, we will choose a generator (™ of tpn, with the additional requirement
that (e™)P = (=1 This makes lim | e™ into a generator of im  ppn
Z,(1). We set K,, = K(upn) and Ko = U)K, Recall that the cyclotomic
character x : Gx — Zj is defined by the relation: g(e™) = (M)x(9) for all
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BrocH AND KATO’S EXPONENTIAL MAP 103

g € Gk. The kernel of the cyclotomic character is Hx = Gal(Q,/Kx), and x
therefore identifies I'x = Gk /Hy with an open subgroup of Z*

A p-adic representation V is a finite dimensional Q,-vector space with a con-
tinuous linear action of Gi. It is easy to see that there is always a Z,-lattice
of V' which is stable by the action of Gk, and such lattices will be denoted by
T. The main strategy (due to Fontaine, see for example ]) for studying
p-adic representations of a group G is to construct topological Q,-algebras B
(rings of periods), endowed with an action of G' and some additional structures
so that if V' is a p-adic representation, then

Dg(V) = (B®q, V)¢

is a B¢-module which inherits these structures, and so that the functor V —
Dpg(V) gives interesting invariants of V. We say that a p-adic representation
V of G is B-admissible if we have B ®q, V ~ B as B[G]-modules.

In the next two paragraphs, we will recall the construction of a number of rings
of periods. The relations between these rings are mapped in appendix .

I.1. p-ApDIC HODGE THEORY. In this paragraph, we will recall the definitions

of Fontaine’s rings of periods. Omne can find some of these constructions in
[Fo88q] and most of what we will need is proved in [Col9§, II1] to which the
reader should refer in case of need. He is also invited to turn to appendix

Let C, be the completion of Qp for the p-adic topology and let
E= lim C,= {0, )| @) =20},

and let ET be the set of z € E such that z(0) ¢ Oc,. If z = (2(Y) and
y= (y(i)) are two elements of E, we define their sum x 4+ y and their product
zy by:

(z + y)(i) — lim (I(iﬂ') + y(i+j))pj and (:cy)(i) = g0y

which makes E into an algebraically closed field of characteristic p. If x =
()50 € E, let vg(z) = vp(x(o)). This is a valuation on E for which E is
complete; the ring of integers of Eis Et. Let A" be the ring W(E") of Witt
vectors with coefficients in E+ and let
B*—A*l/p—{z [2k], z) € BT}
kE>—oc0

where [z] € A* is the Teichmiiller lift of 2 € E*. This ring is endowed with a
map 6 : BT — C,, defined by the formula

9( Z pk[$k]> _ Z pkfvl(e())'

kE>—oc0 k>—oc0
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104 LAURENT BERGER

The absolute Frobenius ¢ : Et — E* lifts by functoriality of Witt vectors to
amap ¢ : Bt — BT, It’s casy to see that o(3 p*lai]) = 3 p* [27] and that ¢
is bijective.

Let ¢ = ()50 € ET where £(™ is defined above, and define 7 = [¢] — 1,
7 = [e"/?] =1, w = 7/m and ¢ = p(w) = ¢(r)/m. One can easily show that
ker(d : At — Oc,) is the principal ideal generated by w.

The ring BIR is defined to be the completion of B for the ker(6)-adic topology:
B, = lim B*/(ker(6)").
n>0
It is a discrete valuation ring, whose maximal ideal is generated by w; the
series which defines log([e]) converges in B to an element ¢, which is also a
generator of the maximal ideal, so that Bqr = B3[1/t] is a field, endowed
with an action of G and a filtration defined by Fil'(Bar) = t'BJy for i € Z.

We say that a representation V' of Gk is de Rham if it is Bqr-admissible which
is equivalent to the fact that the filtered K-vector space

Dar(V) = (Bar ®q, V)"

is of dimension d = dimq, (V).

Recall that the topology of B+ is defined by taking the collection of open
sets {([7]*,p")A*}i n>0 as a family of neighborhoods of 0. The ring B}, is
defined as being

wn — . .
B, = {Z an—— where a, € B™ is sequence converging to 0},

max
n>0

and Byax = B [1/t]. The ring By,ax was defined in [[Col9§, II1.2] where a
number of its properties are established. It is closely related to B,is but tends
to be more amenable (loc. cit.). One could replace w by any generator of
ker(6) in A*. The ring B,ax injects canonically into Bgg and, in particular, it
is endowed with the induced Galois action and filtration, as well as with a con-
tinuous Frobenius ¢, extending the map ¢ : B+ — B*. Let us point out that
¢ does not extend continuously to Bgqg. One also sets ]~3;§g =N 22" (Bl .-
We say that a representation V' of G is crystalline if it is Byax-admissible or
(which is the same) Bji'g[l /t]-admissible (the periods of crystalline representa-
tions live in finite dimensional F-vector subspaces of By, stable by ¢, and so
in fact in N2 (B, )[1/t]); this is equivalent to requiring that the F-vector
space
DcriS(V) = (Bmax ®Qp V)GK = (Eig[l/ﬂ ®Qp V)GK

be of dimension d = dimq, (V). Then Deis(V) is endowed with a Frobenius ¢
induced by that of Bpax and (Bar ®q, V) = Dgr(V) = K @p Deais(V) so
that a crystalline representation is also de Rham and K ® pD¢,i5(V) is a filtered
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BrocH AND KATO’S EXPONENTIAL MAP 105

K-vector space. Note that this definition of Des(V') is compatible with the

“usual” one (via Beyis) because NI 5o (Bf ) = N9 (BL).

If V is a p-adic representation, we say that V is Hodge-Tate, with Hodge-
Tate weights hy,-- -, ha, if we have a decomposition C), ®q, V ~ @9_,C,(h;).
We will say that V is positive if its Hodge-Tate weights are negative (the
definition of the sign of the Hodge-Tate weights is unfortunate; some peo-
ple change the sign and talk about geometrical weights). By using the map
0 : BIR — C,, it is easy to see that a de Rham representation is Hodge-
Tate and that the Hodge-Tate weights of V' are those integers h such that
Fil™"Dggr (V) # Fil "™ Dgr(V).

To summarize, let us recall that crystalline implies de Rham implies Hodge-
Tate. Of course, the significance of these definitions is to be found in geomet-
rical applications. For example, if V is the Tate module of an abelian variety
A, then V is de Rham and it is crystalline if and only if A has good reduction.

I.2. (¢,T')-MODULES. The results recalled in this paragraph can be found in

[Fo91], and the version which we use here is described in [[CC9§ and [CC99].

Let A be the ring of Witt vectors with coefficients in E and B = A[1/p]. Let
A £ be the completion of Op[r,771] in A for this ring’s topology, which is also

the completion of Op[[r]][r~!] for the p-adic topology (7 being small in A).
This is a discrete valuation ring whose residue field is k((¢ — 1)). Let B be
the completion for the p-adic topology of the maximal unramified extension
of Bp = Ap[1/p] in B. We then define A = BN A, Bt = BN B* and
AT = AN A*. These rings are endowed with an action of Galois and a
Frobenius deduced from those on E. We set Ax = Afx and Bx = Ag[1/p].
When K = F, the two definitions are the same. Let Bf. = (BT)Hr as well as
A+ = (AT)Hr (those rings are not so interesting if K # F). One can show

that AL = Op[[r]] and that Bf. = AL[1/p].

If V is a p-adic representation of G, let D(V) = (B ®q, V)%. We know by
[ that D(V) is a d-dimensional B g-vector space with a slope 0 Frobenius
and a residual action of T which commute (it is an étale (p, I'x)-module) and
that one can recover V by the formula V = (B ®g, D(V))¥=!.

If T is a lattice of V', we get analogous statements with A instead of B: D(T') =
(A ®z, T)Hx is a free A-module of rank d and T = (A ®a, D(T))#=".

The field B is a totally ramified extension (because the residual extension is
purely inseparable) of degree p of ¢(B). The Frobenius map ¢ : B — B is in-
jective but therefore not surjective, but we can define a left inverse for ¢, which
will play a major role in the sequel. We set: ¢(z) = ¢~ (p~! Trg/p(m) ().
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106 LAURENT BERGER

Let us now set K = F' (i.e. we are now working in an unramified extension of
Q). We say that a p-adic representation V' of G is of finite height if D(V)
has a basis over B made up of elements of D*(V) = (BT ®q, V). A result
of Fontaine ([Fo91] or [Col9d, T11.2]) shows that V' is of finite height if and only
if D(V) has a sub-Bjfi-module which is free of finite rank d, and stable by ¢.
Let us recall the main result (due to Colmez, see [Col9d, théoreme 1] or also
[Ber0d, théoreme 3.10]) regarding crystalline representations of G p:

THEOREM L.1. If V is a crystalline representation of Gp, then V is of finite
height.

If K # F or if V is no longer crystalline, then it is no longer true in general that
V' is of finite height, but it is still possible to say something about the periods of
V. Every element € B can be written in a unique way asx =, PPzl

with xj € E. For r > 0, let us set:

Bt = {:v €B, lim vg(zK) + Sy - +oo} .
k—+4o00 p— 1
This makest’)” into an intermediate ring between Bt and B. Let us set
B =BNB", Bl = U,>B"", and Bf = U,>,B"". If R is any of the above
rings, then by definition Rx = RHx .

We say that a p-adic representation V' is overconvergent if D(V) has a basis
over B made up of elements of D(V) = (Bf ®q, V)”%. The main result on
the overconvergence of p-adic representations of Gk is the following (cf ,
corollaire ITL.5.2]):

THEOREM 1.2. Every p-adic representation V' of Gk is overconvergent, that is
there exists r = (V') such that D(V) = Bg ®@gi.» D(V).
K

The terminology “overconvergent” can be explained by the following propo-
sition, which describes the rings Bkr. Let ex be the ramification index of
K+ /Fx and let F’ be the maximal unramified extension of F' contained in
Ko (note that F’ can be larger than F):

PROPOSITION L3. Let BE, be the set of power series f(X) = Y, q7arX"
such that a, is a bounded sequence of elements of F', and such that f(X) is
holomorphic on the p-adic annulus {p~*/* < |T| < 1}.

There exist r(K) and wg € B}QT(K) such that if r > r(K), then the map
[ f(mk) from BE" to B}{ is an isomorphism. If K = F, then F' = F and
one can take mp = T.

1.3. p-ADIC REPRESENTATIONS AND DIFFERENTIAL EQUATIONS. We shall now
recall some of the results of [Ber02], which allow us to recover D (V) from

the (¢,I")-module associated to V. Let H%, be the set of power series f(X) =
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BrocH AND KATO’S EXPONENTIAL MAP 107

> pez @k X" such that ay is a sequence (not necessarily bounded) of elements
of I, and such that f(X) is holomorphic on the p-adic annulus {p~/* < |T| <

1}.
For r > r(K), define B“g i as the set of f(mx) where f(X) € HF". Obviously,

BT " C BT TK and the second ring is the completion of the first one for the
natural Frechet topology. If V is a p-adic representation, let

Dl (V) = Bl x @i DV(V).
One of the main technical tools of - is the construction of a large ring

ng, which contains BJr and BT. This ring is a bridge between p-adic Hodge
theory and the theory of (¢, T)-modules.

As a consequence of the two above inclusions, we have:

Deis(V) C (B,[1/t] ®q, V)GK and DI, (V)[1/1] € (Bl [1/1] ®q, V)<

One of the main results of [Ber0F is then (cf. [Ber03, theorem 3.6)):

THEOREM L.4. If V is a p-adic representation of Gk then: Des(V) =
(Dilg( Y1/tHEx. If V is positive, then Des(V) = DLg(V)FK.

Note that one does not need to know what Eiig looks like in order to state
the above theorem. We will not give the rather technical construction of that
ring, but recall that BL’;K is the completion of BT’T for that ring’s natural
Fréchet topology and that Bllg ) is the union of the B]rlg K Sirriilarly, there
is a natural Fréchet topology on Bt BT " is the completion of BT for that

topology, and B = UT>0BJr " Actually, one can show that Bj C BL; for
any r and there i 1s an exact sequence see - lemme 2.18)):

OHB+HB$g®BT’THBL’;HO

which the reader can take as providing a definition of BL;

Recall that if n > 0 and r,, = p"~1(p— 1), then there is a well-defined injective
map ¢~ " : Bl — B, and this map extends (see for example [Ber02, §2.2))

to an injective map ™" : BL;" — Bli.

The reader who feels that he needs to know more about those constructions
and theorem E above is invited to read either [Ber02] or the expository paper
[Col0]] by Colmez. See also appendix [d

Let us now return to the case when K = F and V is a crystalline representation
of Gr. In this case, Colmez’s theorem tells us that V is of finite height so that

one can write DLg(V) BL; r ®Bf D*(V) and theorem [.4 above therefore

says that Ders(V) = (B! p[1/t] ® gr DH(V)E.
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108 LAURENT BERGER

One can give a more precise result. Let Brlg  be the set of f(m) where f(X) =
> k>0 arX* with ap € F, and such that f(X) is holomorphic on the p-adic

open unit disk. Set D;tg(V) Brlg F OBt D" (V). One can then show (see

[Ber0d, §11.2]) the following refinement of theorem L4

PROPOSITION 1.5. We have Dis(V) = (ng( V1/)EF and if V is positive
then Deyis(V) = D:jg(V)FF.

Indeed if N(V) denotes, in the terminology of [loc. cit.], the Wach module
associated to V, then N(V) € D*(V) when V is positive and it is shown in

[loc. cit., §I1.2] that under that hypothesis, Deis(V) = (B::g F ®pt N(V))'r

[.4. CONSTRUCTION OF COCYCLES. The purpose of this paragraph is to recall
the constructions of , §1.5] and extend them a little bit. In this paragraph,
V will be an arbitrary p-adic representation of Gi. Recall that in loc. cit.,
amap hj . : D(V)¥=!' — H'(K,V) was constructed, and that (when I is
torsion free at least) it gives rise to an exact sequence:

-1 hi r
0 —— D(V)pZh Y HYK,V) (5e2) " 0.

We shall extend Ry to a map hy Djlg(V)l/’=1 — HY(K,V). We will first

need a few facts about the ring of periods B]rig and the modules DL’; (V).

LEMMA 1.6. Ifr is large enough and vy € FK then
DT T(V) D" T(V) =0

rig rig
is an isomorphism.

Proof. We will first show that 1 —+ is injective. By theorem Q, an element in
the kernel of 1 —~ would have to be in Ds(V) and therefore in D,s(V)¥=°
which is obviously 0

We will now prove surjectivity. Recall that by , 11.6.1], if r is large enough
and v € T'g then 1 — v : DH(V)¥=0 — D7(V)¥=0 is an isomorphism whose
inverse is uniformly continuous for the Fréchet topology of D" (V).

In order to show the surjectivity of 1 — v it is therefore enough to show that
DF"(V)¥=0 is dense in DL’;(VW:O for the Fréchet topology. For r large
enough, DT7(V) has a basis in gp(D”/p(V)) so that

Dtr( ) (BT r)w 0 go(DT’T/p(V))
Dilg( (BII; K 'l/) 0. W(DT’T/Z«V))

The fact that DT (V)¥=0 is dense in DI{;(V)w:O for the Fréchet topology
will therefore follow from the density of (B}g)wzo in (Bii’g x)?=0. This last
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BrocH AND KATO’S EXPONENTIAL MAP 109

statement follows from the facts that by definition Bkr/ P is dense in B;[i’g/ 112
and that:

(BE)Y=0 = o[ o(BY") and (Bl 1)¥=0 = &[] o(BLID).

rig, K
O
LeMMA L7. The following maps are all surjective and their kernel is Qp:
1—(,0:]?3)T—>]§T7 l—gp:]g;qgaﬁigg and 1—cp:]§1ig—>]§1ig.
Proof. We'll start with the assertion on the kernel of 1 — ¢. Since ﬁgg C ﬁiig

and BT ﬁiig it is enough to show that (ﬁ;‘ig)vzl =Q, Ifz e (ﬁlig)w:17
tlien , prop 3.2] shows that actually = € (ﬁ:i'g)go:l’ and therefore = €
(Bf,)#~! = (Bf.)?~ = Q, by [Col9q, I11.3].

The surjectivity of 1 — ¢ : ]A?;Lg — ]NBIig
on the first two spaces since by [, lemme 2.18], one can write a € Bl as

- rig
a=at +a” with at € Bf, and o~ € BT.

results from the surjectivity of 1 — ¢

The surjectivity of 1 — ¢ : ]~3;§g — ]~3$g follows from the facts that 1 — ¢ :
B, — Bl is surjective (see [Col9g, I11.3]) and that B, = N2 (Bi,.).-

max max rig max

The surjectivity of 1 — ¢ : BT — BT follows from the facts that 1 — v B—B
is surjective (it is surjective on A as can be seen by reducing modulo p and
using the fact that E is algebraically closed) and that if 8 € B is such that
(1-—p)pe BT, then 8 e B! as we shall see presently.

If z = Z;:g pilzi] € A, let us set wy(z) = inf;<j vg(z;) € RU {+oo}. The
definition of B shows that € BT if and only if limy,_, 4 o0 w(z) + k=
+00. A short computation also shows that wy(p(z)) = pwy(x) and that wg (z+

y) > inf(wy(2), wi(y)) with equality if wy(z) # wi(y).

It is then clear that

i (= 90+ Sk = oo =l un(o)+ DT
and so if z € A is such that (1—-y)x e B then 2 € B'"/? and likewise for

z€B by multiplying by a suitable power of p. O

The torsion subgroup of 'y will be denoted by Agx. We also set 'y =
Gal(Ko/Ky). When p # 2 andn > 1 (or p = 2 and n > 2), I'L is tor-
sion free. If x € 1+ pZ,, then there exists £ > 1 such that log,(z) € ka; and
we’ll write logg(x) = log,,(z)/p".
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If K and n are such that I'}; is torsion-free, then we will construct maps h}(mv

such that corg, /K, ohy h. v- If T is no longer torsion free, we’ll

i1,V T
therefore define hj; y, by the relation hy ., = corg, ., /i, ohj, ,, - In the
following proposition, we therefore assume that I' is torsion free (and therefore
procyclic), and we let v denote a topological generator of I'. Recall that if

M is a I'g-module, it is customary to write M, for M/im(y — 1).

ProrosiTiON 1.8. Ify € Dlig(V)wzl, then there exists b € ﬁiig ®q, V such

that (v — 1)(¢ — 1)b = (¢ — 1)y and the formula

c—1
hicv (y) =log)(x(7)) |o — Y (0 —1)b

rig(V)?:l — HY(K,V) which does not depend
either on the choice of a generator v of I'ic or on the choice of a particular
solution b, and ify € D(V)¥=! C Diig(V)wzl, then hic v (y) coincides with the

cocycle constructed in [CC9Y, 1.5].

then defines a map hy y - D!

Proof. Our construction closely follows [CC99, L.5]; to simplify the notations,
we can assume that logg(x(fy)) = 1. The fact that if we start from a different
v, then the two h}(,v we get are the same is left as an easy exercise for the
reader.

Let us start by showing the existence of b € ]~3Iig ®q, V. Ify € Diig(V)’pzl,
then (¢ — 1)y € Diig(V)w:O. By lemma [L.g, there exists T € D:[ig(V)ll’:0 such
that (y — 1)z = (¢ — 1)y. By lemma [], there exists b € B! ®q, V such that

rig
(p—1)b=u.
Recall that we define hj \ (y) € H'(K, V) by the formula:

-1
Py ()(0) = ==y = (0 = )b
Notice that, a priori, hj y (y) € H' (K, ﬁiig ®q, V), but
1 o—1
(o = Dhgv(y)o) = po— (p=Dy—(c—=1)(e—-1)b
-1
= ;_1(7—1):6—(0—1)90
= ()7

so that hj 1 (y)(0) € (Bjig)*":1 ®q, V = V. In addition, two different choices

of b differ by an element of (Eiig)“"zl ®q, V =V, and therefore give rise to
two cohomologous cocycles.
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It is clear that if y € D(V)¥=1 C DIig(V)wzl, then hj y(y) coincides with the
cocycle constructed in [[CC99, 1.5], as can be seen by their identical construc-

tion, and it is immediate that if y € (y — 1)DIIg(V)7 then hy v (y) = 0. O

1 _pl
LEmMA 1.9. We have cork, . /K, OhK,LH,V =hg, v

Proof. The proof is exactly the same as that of [, §I1.2] and in any case
it is rather easy. O

II. EXPLICIT FORMULAS FOR EXPONENTIAL MAPS

Recall that expy 1 : Dar(V)/ Fil° DdR(V) — HY(K, V) is obtained by tensor-
ing the fundamental exact sequence (see - I11.3))

0—Q,— B, 1HBdR/BdRHO

max
with V' and taking the invariants under the action of G (note once again that
BfZ! = B¥= 1). The exponential map is then the connecting homomorphism

cris max
Dyr(V)/Fil’ Dgr(V) — HY(K, V).
The cup product U: H(K,V) x HY(K,V*(1)) — H*(K,Q,(1)) ~ Q, defines
a perfect pairing, which we use (by dualizing twice) to define Bloch and Kato’s
dual exponential map expj .qy : H' (K, V) — Fil’ Dgr (V).

The goal of this chapter is to give explicit formulas for Bloch-Kato’s maps for
a p-adic representation V, in terms of the (¢,I')-module D(V') attached to V.
Throughout this chapter, V' will be assumed to be a crystalline representation
of GF

II.1. PRELIMINARIES ON SOME IWASAWA ALGEBRAS. Recall that (cf |
I1.2] or - §2.4] for example) we have maps @™ BL;" — B+ whose
restriction to Brlg  satisfy <,o_"(Br+lg ) C Fy[[t]] and which can then charac-

terized by the fact that 7 maps to e exp(t/p"™) —
If z € F,,((t)) ®F Deris(V), then the constant coefficient (i.e. the coefficient of

t%) of z will be denoted by 9y (2) € F,, @ Deis(V). This notation should not
be confused with that for the derivation map 9 defined below.

We will make frequent use of the following fact:

Lemma IL1. Ify € (B rlgF[l/t] ®F Deis(V))¥=L, then for any m > n > 0,
the element p~™ Trg, /g, Ov (™™ (y)) € Fn @ Deris(V) does not depend on m
and we have:

p‘m‘HFmﬂaekww-muo>::{p_n8V( p"W) izl

(1—ple Dy (y) ifn=0.
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Proof. Recall that if y =t~/ % axm® € B, 5[1/t] ® p Dexis(V), then

+oo
T (y) =P ™ (ank) (€™ exp(t/p™) — 1),
k=0
and that by the definition of ¢, 1(y) = y means that:

1
ey)=— > yn(1+T7)—1).
(e
The lemma then follows from the fact that if m > 2, then the conjugates of
em) under Gal(F,,/F,,_1) are the ne"™) where n? = 1, while if m = 1, then
the conjugates of e() under Gal(Fy/F) are the ), where n? = 1 but n # 1. [0

We will also need some facts about the Iwasawa algebra of I'r and some dif-
ferential operators which it contains. Recall that since F' is an unramified
extension of Q,, I'r ~ Z7 and that I'j, = Gal(F/F),) is the set of elements
v € I'p such that x(y) € 1 4+ p"Z,.

The completed group algebra of T'p is Ap = Z,[[[r]] ~ Zy[Ar] @z, Zp[[TF]],
and we set H(I'p) = Q,[Ar] ®q, H(I'E) where H(I'}) is the set of f(y — 1)
with v € 'L and where f(X) € Q,[[X]] is convergent on the p-adic open unit
disk. Examples of elements of H(I'r) are the V; (which are Perrin-Riou’s ¢;’s),
defined by
Voo el
log,,(x(7))

We will also use the operator Vo/(v, — 1), where =, is a topological generator
of T Tt is defined (see [Ber0d, §4.1]) by the formula:

Vo _ log () _ 1 3 (1= 7)™
=1 logy (x(v)) (v = 1) log,(x(m)) = ! ’

or equivalently by
Vo . n—1 1

= lim .
Yo =1 welf o =1 log,,(x(n))
n—

It is easy to see that Vo/(v, — 1) acts on F, by 1/log,(x(7n))-

Note that “Vo/(v, —1)” is a suggestive notation for this operator but it is not
defined as a (meaningless) quotient of two operators.

The algebra H(I'r) acts on Bji_g,F and one can easily check that:

V= ti —i=log(l+m)0—1i, where 0=(1 +7r)di.
7r

dt
In particular, vOBj;g,F C thg,F and if ¢ > 1, then
Viopo---oVeBf, n Ct'BY, &
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LeMMA IL2. Ifn > 1, then Vo/(yn — DB, p)¥=0 C (t/¢" (7)) (B, £)¥="
so that if 1 > 1, then:

Vo +  \=0 t ' +  \$=0
Vi-10---0Vjo 1 (Bl )"~ C o () (Brig,r)" -

Proof. Since V; =t-d/dt —1i, the second claim follows easily from the first one,
which we will now show. By the standard properties of p-adic holomorphic

functions, what we need to do is to show that if x € (B:Eg’F)"”:O, then
\Y
—Ox(g(m) —1)=0
Tn — 1

forall m >n + 1.

On the one hand, up to a scalar factor, one has for m > n + 1:

\Y%
701(6(’”) —1)="Trp, /p, x(s(m) -1)
Tn — 1
as can be seen from the fact that
Vo . n—1 1
= lim . .
Tn—1 7761”1} Yo —1 Ing(X(n))
n—
On the other hand, the fact that ¢)(2) = 0 implies that for every m > 2,
Trg, s, , £(e™ —1) = 0. This completes the proof. O

Finally, let us point out that the actions of any element of H(I'r) and of ¢
commute. Since ¢(t) = pt, we also see that 0 o ¢ = pp o 0.

We will henceforth assume that log, (x (7)) = p", so that logg(x(vn)) =1, and

n

in addition Vo /(v, — 1) acts on F,, by p~™.

I1.2. BLOCH-KATO’S EXPONENTIAL MAP. The goal of this paragraph is to
show how to compute Bloch-Kato’s map in terms of the (p,I')-module of V.
Let h > 1 be an integer such that Fil™" Dis(V) = Deyis(V).

Recall that we have seen that De,is(V) = (D;ﬁg(V)[l/t])FF and that by [Ber03,
§11.3] there is an isomorphism:

B, p[1/1] @F Deris(V) = B, p[1/1] ©F D, (V).

rig
If y € B}, ; ®p Deyis(V), then the fact that Fil " Deyig(V) = Deyig(V) implies
by the results of [Ber03, §11.3] that "y € DL (V), so that if

rig

d
Y= Z Y ®@d; € (Bji_g,F F DcriS(V))wZIa
i=0
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then
d

vh—l o---0 Vo(y) = Zthahyi X di S D:i‘g(v)ﬂJ:l_
i=0
One can then apply the operator h}?n,v to Vp—1 0+ 0Vy(y), and the main
result of this paragraph is:

THEOREM I1.3. If y € (B}, p ®F Deris(V))¥=", then

hi, v(Vho10---0Vo(y)) =
Y1 expp, v(p"Ov(e"(y))  ifn>1
( 1) (h 1)! {epryv((l 7p719071)av(y)) an —=0.

Proof. Because the diagram

eXPp, 1,V

Fn+1 QF Dcris(V) Hl(Fn+1, V)
Tan,+1/Fnl Coan+1/Fnl
Fn QF Dcris(V) M Hl(Fn, V)

is commutative, it is enough to prove the theorem under the further assumption
that T'% is torsion free. Let us then set yp, = V1 0--- 0 Vy(y). Since we are
assuming for simplicity that logg(x('yn)) =1, the cocycle h};mv(yh) is defined
by:

n

o—1
hi, v(yn)(o) = ot U (0 —Dbun

where b,, 5, is a solution of the equation (v, — 1)(¢ — )b, = (¢ — D)yp. In
lemma, above, we proved that:

Vo + =0 t ' +  \=0
V,_10---0Vjo0 (Brig,F) C o () (Brig,F) .

Yn — 1
It is then clear that if one sets
Vo

Zn.h = v 1 0-+-+-0 —1 ,
h=Vho1 - [ =1y
then
¢ h
+  \w=0 ,
Zn,h € <<P"—(7T)> (Big.r)"™ ®F Deris(V)
C " DL (V)=
T =0
C Drig(V) .

Recall that ¢ = ¢(7)/7. By lemma (which will be stated and proved

below), there exists an element b, 5, € <p"_1(77_h)]§ji'g ®q, V such that

(o — " Hd"N(" (T )b ) = @™ (") 20,14
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s0 that (1 — )bnn = zn With by, € " 17 "B, ®q, V.

If we set
Vo

Tn — 1y7

then wy, ;, and by, € Bmax ®q, V and the cocycle h}mv(yh) is then given by
the formula h}n,v(yh)(a) = (0 = 1)(wn,p, — bpp). Now (¢ — 1)by p, = 2p,1, and
(p — Dwn,n = 2n,n as well, so that wy, , — by p, € B¢l ®q, V.

Wpp = Vp_10-+:0

We can also write hp, 1 (yn)(0) = (0 = 1)(¢™ ™ (wn,n) — ¢~ " (bnn)). Since we
know that by, ;, € " (7~ ")B},, ®q, V, we have ¢~ "(b, ) € Blz ®q, V.

max
The definition of the Bloch-Kato exponential gives rise to the following con-
struction: if z € Dgr(V) and 7 € BE;! ®q, V is such that 2 — 7 € Bz ®q, V

max

then expy y () is the class of the cocyle g — g(7) — 7.
The theorem will therefore follow from the fact that:

¢ M (wnp) = (=)A= D)lp "0y (9" (y) € Bl ®q, V-
since we already know that ¢ =" (b, ) € Blz ®q, V.

In order to show this, first notice that

e "(y) — O "(y) € tFu[[t]] ®F Deis(V).

We can therefore write

v —n —n —n
e W) =09 W) im
Tn — 1
and a simple recurrence shows that
\Y% —n i—1(, -n —-n %
Vicio:og _07 PMy) = (=)= )T (T (W) +
n

with z; € F,,[[t]] ®F Deris(V). By taking ¢ = h, we see that
" (wnp) — (=)A= 1D)p "y (¢ (y)) € Bl @q, V,
since we chose h such that t"De,;5(V) C B ®q, V. O

We will now prove the technical lemma which was used above:

LEMMA I1.4. Ifa € ]§;§g, then there exists 3 € ]~3j;g such that

(e =" (d")B=q

Proof. By , prop 2.19] applied to the case r = 0, the ring BT is dense in
]§r+ig for the Fréchet topology. Hence, if a € ]§r+ig, then there exists ap € BT
such that o — g = @™ (7")ev; with oy € ]NBI:g
the point is that when one completes all the localizations are the same).

(one may also show this directly;
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The map ¢ — " 1(¢") : B¥ — B™ is surjective, because ¢ — "~ 1(¢") : A+ —
é* Is surjective, as can be seen by reducing modulo p and using the fact that
E is algebraically closed and that E™T is its ring of integers.

One can therefore write o = (¢ — "~ (¢"))B. Finally by lemma E,
there exists 3; € Bj;g such that a; = (¢ — 1)B1, so that ¢"(7")a; =
(o =" Ha")) (" (7")B1). O

I1.3. BLOCH-KATO’S DUAL EXPONENTIAL MAP. In the previous paragraph, we
showed how to compute Bloch-Kato’s exponential map for V. We will now do
the same for the dual exponential map. The starting point is Kato’s formula

[Ka93, §11.1], which we recall below (it is valid for any field K):

ProrosiTiON IL1.5. If V is a de Rham representation, then the map from
Dar(V) to H'(K,Bar ®q, V) defined by x — [g+— log(x(q))z] is an iso-
morphism, and the dual exponential map expy. ) : HY(K,V) — Dgr(V) is
equal to the composition of the map H*(K,V) — H'(K,Bgr ®q, V) with the
inverse of this isomorphism.

Let us point out that the image of exp*v*(l) is included in Fil® Dgg (V) and that

its kernel is H;(K, V), the subgroup of H'(K,V) corresponding to classes of
de Rham extensions of Q, by V.

Let us now return to a crystalline representation V' of Ggp. We then have the
following formula, which is proved in much more generality (i.e. for de Rham

representations) in [CC99, TV.2.1]:

THEOREM IL.6. Ify € DIig(V)d’:l and y € DL (V)[1/t] (so that in particular

rig
ye (Big,F[l/t] QF Dcris(V))l/):1), then

p v (e " (y)) ifn>1

XD, 1) (. (1) = {(1 —p e o) ifn=0.

Note that by theorem [A.3, we know that Df(V)¥=! D;Eg(V)[l/t].

Proof. Since the following diagram

*
eXPE, L4, V*(1)
=

Hl(Fn+1, V) Fn+1 ®F Dcris(v)
Coan+1/F"l Tan+l/F7Ll
HY(F, V) —20Y 0 o @ Des(V)

is commutative, we only need to prove the theorem when I'% is torsion free.
We then have (bearing in mind that we are assuming that logg(x(’yn)) =1 for
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simplicity):
1 o—1

= — (o —1)b
hg, v () (o) S o1Y (0 —1)b,

where (v, —1)(¢ — 1)b = (¢ — 1)y. Recall that ]?’)Iig = UT>0]§L’; Since
b e ﬁjig ®q, V, there exists m > 0 such that b € ﬁii’;’" ®q, V. Recall also
that we have seen in B that the map ¢~ embeds ]A?;Ii’g"‘ into Bji'R. We can
then write

o—1 _ —m

h'(y)(o) = p—L "(y) = (o0 = 1) ™(b),
and ¢~ (b) € Blz ®q, V. In addition, o™ (y) € F,((t)) ®p Deis(V) and
Yn — 1 is invertible on t*F,, @ p Deis(V) for every k # 0. This shows that the
cocycle hp, 1 (y) is cohomologous in H'(F,,, Bar ®q, V) to

oc—1
o Ov (e ™y
T o)
which is itself cohomologous (since 7, — 1 is invertible on F,,T;r Fm / En :0) to

oc—1
’Yn_l

g H—

(p" " Trp,, r, Ov(e ™))

=0 = p " log(x(@)p" " Tre, /r, Ov(e™"(y)-
It follows from this and Kato’s formula (proposition [[L.F) that

exp}y vy (M, v(¥) = 0" Tep, /5, Oy (9™ ()
{p_”av(sﬂ_”(y)) itn>1

(1-p e Hov(y) ifn=0.
0

11.4. IWASAWA THEORY FOR p-ADIC REPRESENTATIONS. In this specific para-
graph, V can be taken to be an arbitrary representation of Gx. Recall
that the Iwasawa cohomology groups H{ (K,V) are defined by Hi (K,V) =
Q, ®z, Hi (K,T) where T is any Gk-stable lattice of V, and where

HIiw(KaT) = l&l Hi(Kan)-
COI'Kn+1/Kn
Each of the H(K,,T) is a Zy['k /T"}]-module, and Hj, (K,,T) is then en-
dowed with the structure of a Ag-module where
Ag = Z,[[Pk]] = Z,[Ak] @z, Z,[[Tk]]-

The Hi (K,V) have been studied in detail by Perrin-Riou, who proved the
following (see for example [Per94, §3.2]):

PROPOSITION IL.7. If V is a p-adic representation of G, then Hi (K,V) =0
whenever i # 1, 2. In addition:
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(1) the torsion sub-module of H}, (K, V) is a Q,®z, Ak -module isomorphic
to VHx and HL (K, V)/VH% is a free Q, ®z, Ak -module whose rank
is [K : Qpld;

(2) HE (K, V)= (V*(1)f)".

If y € D(T)¥=! (where T is still a lattice of V), then the sequence of
{h}jmv(y)}n is compatible for the corestriction maps, and therefore defines
an element of H{, (K,T). The following theorem is due to Fontaine and is

proved in [, 8I1.1]:
THEOREM IL.8. The map y +— lim h}{mv(y) defines an isomorphism from

D(T)¥=! to HL,(K,T) and from D(V)¥=! to H} (K, V).

Notice that VHx < D(V)¥=! and it is its Q, ®z, Ax-torsion submodule.
In addition, it is shown in [[CC99, §I1.3] that the modules D(V)/(x) — 1) and
H2 (K,V) are naturally isomorphic. One can summarize the above results as
follows:

COROLLARY IL.9. The complex of Qp ®z, Ax-modules
0 —— D(V) —% D(V) —— 0

computes the Twasawa cohomology of V.

There is a natural projection map pry .y : H (K,V) — H'(K,,V) and when
1 =1 it is of course equal to the composition of:

hl
HL (K, V) —— D(V)¥=! % HY(K,,V).

I1.5. PERRIN-RIOU’S EXPONENTIAL MAP. By using the results of the previous
paragraphs, we can give a “uniform” formula for the image of an element
y € (Bzg,F ®p Deis(V))¥=! in HY(F,,V(j)) under the composition of the
following maps:

®ej

h} ,
DL, (V())P=! === H'(F, V().
Here e; is a basis of Q,(j) such that e;yr = €; ® e so that if V is a p-

adic representation, then we have compatible isomorphisms of Q,-vector spaces
V — V(j) given by v — v ® e;.
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THEOREM I1.10. If y € (B:i'gF ®F Deis(V))¥=1, and h > 1 is such that

Fil " Dis(V) = Deris (V), then for all j with h+ j > 1, we have:
hi, vy (Vao10---0Vo(y) @ e;) = ()" (45— 1)!
o expr, vij) (P "0 (90 Ty @t ey))) ifn>1
exppy ) (1=p e )y (0 Ty @te;)) if n=0,
while if h + 5 <0, then we have:
eXp*Fn’V*(lfj)(h};‘n’v(j)(vhfl o---0Vy(y) ® ej)) =

1 p’"@v(j)(gpfn(a*jy ®te;)) ifn>1
(=h = (1 =p e oy (@ Tyt e;) if n=0.

Proof. If h+ j > 1, then the following diagram is commutative:

_ ®ej . —
D/, (V)¥=! — D, (V(5))*=!
V;L,lomoVoT Vthj,lo---ngT

8_J ®t_7€J
—_—

(BIg,F ®F Dcris(V)>w=1 (B:Zg’p oF Dcris(V(j)))¢=1 ‘

and the theorem is then a straightforward consequence of theorem [[1.3 applied
to 07y ®t7ej, h+ j and V(j) (which are the j-th twists of y, h and V).

If on the other hand A+ j < 0, and I'% is torsion free, then theorem shows
that

exph, vy (Me, vy (Vo100 Vo(y) @ e;)) =

p vy (@ " (Vh—10---0Vo(y) @ e;))

in Deis(V(4)), and a short computation involving Taylor series shows that

p "0y (@ " (Vho10---0Vo(y) ®ej)) =
(=h =) "0y (e MO Ty @t ey)).

Finally, to get the case n = 0, one just needs to use the corresponding statement
of theorem or equivalently to corestrict. O

Remark I1.11. The notation 07 is somewhat abusive if j > 1 as 9 is not
injective on B;‘;g (it is surjective as can be seen by “integrating” directly a
power series) but the reader can check for himself that this leads to no ambiguity

in the formulas of theorem above.

We will now use the above result to give a construction of Perrin-Riou’s ex-

ponential map. If f € BI&F ®F Deis(V), we define A(f) to be the image of
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®h_,0%(f)(0) in &F_y(Deris(V)/(1—p*9)) (k). There is then an exact sequence
of Qp ®z, Ap-modules (see [Per94], §2.2] for a proof):

=1 _
F QF Dcris(v)) i)

0 —— ef DV —— (B,
(B

rig, F’ 1—pFe

)7,[)20 ®F Dcris(v) L @ZZO (M) (k) E— 0
If fe (B

rig F)w:O @ Deis(V))2=0, then by the above exact sequence there
exists

Yy € (B:Eg)p ®F Dcris(V))w:1
such that f = (1 — @)y, and since Vj,_1 0 -+ 0 V kills &' FD i (V)#=7 "
we see that Vj,_1 0+ 0 Vy(y) does not depend upon the choice of such a y
unless Dcris(V)‘Pzpfh £ 0.

DEFINITION II.12. Let h > 1 be an integer such that Fil=" Deis(V) = Deyis(V)

—h

and such that Des(V)?=? = = 0. One deduces from the above construction a
well-defined map:

QV,h : ((B;’i—&F)w:O QF Dcris(v))AZO - Dji_g

V)=,

given by Qya(f) = Vi1 00 Vo(y) where y € (B p @ Dero(V)*=" is
such that f = (1 — p)y.

If Dcris(V)“’:p7}L # 0 then we get a map:

_ _ h
Qv : (B (V=1 ydr=x",

rig,F)wZO QF DcriS(V))AZO — D}

rig
THEOREM I1.13. If V is a crystalline representation and h > 1 is such that we
have Fil " Dyis (V) = Deyis(V), then the map

Qg (B 1)~ @F Dena(V))2™° — DY,

(Vyr=t/vie
which takes f € ((B;Eg,F)wzo ®p Deris(V))270 to Vi1 0---0 V(1 — )7L f)
is well-defined and coincides with Perrin-Riou’s exponential map.

Proof. The map 2y, is well defined because as we have seen above, the kernel
h

of 1 — ¢ is killed by Vj,_1 0---0 Vg, except for t"Dys(V)?=P ", which is
mapped to copies of Q,(h) C VIr,

The fact that Qv coincides with Perrin-Riou’s exponential map follows di-
rectly from theorem above applied to those j’s for which A+5 > 1, and the
fact that by Perrin-Riou’s 7 théoreme 3.2.3], the Qy;, are uniquely deter-
mined by the requirement that they satisfy the following diagram for A, j > 0
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(see remark about the signs however):

(H(TF) @a, Des(VG)) 2" 290 4(Dp) @, HE(F,V())/V ()1

En,vu)l ern,V(.j)l

h+j—1)! .
Fn QF Dcris(v) % Hl(Fn7 V(.]))

CXPF,,V(j)
Here 2, v(j)(9) = p " (¢ ® ¢) "(f)(e™) — 1) where f is such that
(1 - ‘P)f = 9(7 - 1)(1 + 77) € (Bji_g,F QF Dcris(v))wzo

and the ¢ on the left of ¢ ® ¢ is the Frobenius on B;'Eg’F while the ¢ on the
right is the Frobenius on D,5(V). Our F, is Perrin-Riou’s H,,_1.

Note that by theorem [L.§, we have an isomorphism D(V)¥=! ~ H} (F,V) and
therefore we get a map H(I'r) ®a, Hi, (F,V) — Diig(V)wzl. On the other
hand, there is a map

H(FF) ®Qp Dcrls(v(])) - (Bji_g,F QF Dcris(v))wzo

which sends > fi(v—=1)®d; to > fi(y—1)(14+7) ®d;. These two maps allow
us to compare the diagram above with the formulas given by theorem . O

Remark 11.14. By the above remarks, if V' is a crystalline representation and
h > 1 is such that we have Fil™" Dais(V) = Dais(V) and Qpu(h) ¢ V, then
the map

QV,h N ((Bjig)F)wz() ®F Dcris(V))A:O - D;Eg(v)w=1
which takes f € ((B$g7p)wzo @F Deris(V))270 to Vi,_10---0Vo((1—p) 71 f) is

well-defined, without having to kill the A p-torsion of H{, (F, V) which improves
upon Perrin-Riou’s construction.

Remark 11.15. It is clear from theorem that we have:
Quan(z) ®e; = V(a0 7z @t 7e;) and Vo Quap(x) = Qyppa (),

and following Perrin-Riou, one can use these formulas to extend the definition
of Qyp, to all h € Z by tensoring all H(I'p)-modules with the field of fractions

I1.6. THE EXPLICIT RECIPROCITY FORMULA. In this paragraph, we shall recall
Perrin-Riou’s explicit reciprocity formula and show that it follows easily from

theorem above.

There is a map H(I'r) — (B;’[g,Qp)“’:O which sends f(y —1) to f(y —1)(1 +

7). This map is a bijection and its inverse is the Mellin transform so that
if g(m) € (Bji_g,pr:O) then g(m) = Mel(g)(1 + 7). See [Per0(, B.2.8] for a
reference, where Perrin-Riou has also extended Mel to (BIi g7C2p)7*[’:(). If f,g €

(BLg’Qp)w:0 then we define fxg by the formula Mel(f*g) = Mel(f) Mel(g). Let
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[—1] € T'r be the element such that x([—1]) = —1, and let ¢ be the involution of
I' 7 which sends v to y~!. The operator &7 on (B;’;&Qp)wzo corresponds to Tw;
on I'p (Tw; is defined by Tw;(y) = x(7)77). For instance, it is a bijection. We

will make use of the facts that 109’ = =70 and that [~1]0d? = (—1)737o[-1].

If V is a crystalline representation, then the natural maps

. Tre/q,
Dcris(V) ®F Dcris(V (1)) E— Dcris(Qp(1>) — Qp

allow us to define a perfect pairing [, ]y : Deris(V) X Deris(V*(1)) which we
extend by linearity to

[ v : (B, p®@p Des(V) =0 x (B,

rig, rig,

by the formula [f(7) ® d1, g(7) @ do]v = (f * g)(7)[d1, d2]v -

r ®F DcriS(V*(l)))d}:O - (BI&QP)"b:O

We can also define a semi-linear (with respect to ¢) pairing

<.7 '>V DT (V)ib:l <« Dt (V*(l))wzl _ (B+

)=
rig rig rig,Q,p

by the formula

(iye)y =lim > (7, v () ke, vy W2))Fy (L T)
" relp/T%

where the pairing (-,-) g, v is given by the cup product:
Codmy s HY (Fa, V) x HY (F V(1) — H2(Fa, Qp(1)) = Qe

The pairing (-,-)y satisfies the relation (yix1,y2z2)y = F1t(y2){x1,z2)V.
Perrin-Riou’s explicit reciprocity formula (proved by Colmez [, Benois
[Ben0(] and Kato-Kurihara-Tsuji [KKT94]) is then:

THEOREM I1.16. If 2, € (BIg,F ®F Deis(V)Y=" and zo € (B:Qg,F ®F

Deis(V*(1)))¥=°, then for every h, we have:
(—1)h<QV,h($1)7 [—1] ’ QV*(1),1—h($2)>V = —[131,&(552)]%
Proof. By the theory of p-adic interpolation, it is enough to prove that if

T; = (1 — (P)yi with y; € (B:Eg,F QF Dcris(V))w:1 and y € <B;Eg7F QF
Deis(V*(1)))¥=1 then for all j > 0:

(077 (=1)"(Qvn(x1), [-1] - Q=) 1-n(@2))v) (0) = — (077 [21, e(z2)]v) (0).
The above formula is equivalent to:

(1) (D" Py Qv gy g (0721 @ 7 ey),
h}w,v*(1—j)QV*(1—j),1—h—j(3j$2 ® tje—j»F,V(j)
= —[0v( (0 a1 @t ey), Ove -y (P2 @ e )]y ().
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By combining theorems and with remark we see that for j > 0:

hv () (g (0721 @t €5)
= (=) exppy gy ((h+ = DI = p~ o™y (07 @1 ey)),

and that

h}w,v*(l—j)QV*(lfj)’lfhfj(aj332 ®tle_;)

= (exppye_y) (h+7 = DI (1 = p o™ )y (15 (Fy2 @ ej)).
Using the fact that by definition, if 2 € Dis(V () and y € HY(F,V(j)) then

[z, eXP},v*(l_j) y]v(j) = <eXpF,V(j) €, y>F,V(j)7

we see that:

2)  (Pry () G)ne (0 7z @t ey),
hve-pQv-a-p1-n—j(@x2 @t e_j)) ry ()
= ()" = p e Oy (0T @t ey),
(1=p e Novea—pn (@2 @ e )]y ).

It is easy to see that under [+, ], the adjoint of (1 —p~tp~1)is 1 — ¢, and that
if x; = (1 — ¢)y;, then

Oy (0T xr @t e;) = (1— @)y (0 Ty @t e;),
8‘/*(1,]»)(6%2 ® tje—j) =(1- <P)6V*(17j)(3jy2 ® tje_j),

so that () implies (), and this proves the theorem. O

Note that as I. Fesenko pointed out it is better to call the above statement an
“explicit reciprocity formula” rather than an “explicit reciprocity law” as the
latter terminology is reserved for statements of a more global nature.

Remark 11.17. One should be careful with all the signs involved in those for-
mulas. Perrin-Riou has changed the definition of the £; operators from [Per94]
to [Per9d] (the new ¢; is minus the old ¢;). The reciprocity formula which is
stated in , 4.2.3] does not seem (to me) to have the correct sign. On the
other hand, the formulas of [B || do seem to give the correct signs,
but one should be careful that | , IX.4.5] uses a different definition for
one of the pairings, and that the signs in [, IV.3.1] and [Col9d, VIIL1.1]
disagree. Our definitions of Qy; and of the pairing agree with Perrin-Riou’s
ones (as they are given in [)
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ApPENDIX A. THE STRUCTURE OF D(T)¥=1!

The goal of this paragraph is to prove a theorem which says that for a crystalline
representation V, D(V)¥=! is quite “small”. See theorem @ for a precise
statement.

Let V be a crystalline representation of G and let T' denote a G p-stable lattice
of V. The following proposition, which improves slightly upon the results of
N. Wach [Wa94], is proved in detail in [Ber03|, §II.1]:

ProrosiTiON A.1. If T is a lattice in a positive crystalline representation V,
then there exists a unique sub A}.-module N(T) of D¥(T'), which satisfies the
following conditions:

(1) N(T) is an Af-module free of rank d = dimq, (V);
(2) the action of T'p preserves N(T') and is trivial on N(T')/mN(T);
(3) there exists an integer r > 0 such that 7" D+ (T) C N(T).

Furthermore, N(T) is stable by ¢, and the Bf.-module N(V) = B} N N(T)
is the unique sub—B}—module of DY (V) satisfying the corresponding conditions.

The A f-module N(T') is called the Wach module associated to T.

Notice that N(T(—1)) = #N(T) ® e_1. When V is no longer positive, we can
therefore define N(T') as 7 "IN(T'(—h)) ® e, for h large enough so that V(—h)
is positive. Using the results of [, §II1.4], one can show that:

ProrosITION A.2. If T is a lattice in a crystalline representation V of Gp,
whose Hodge-Tate weights are in [a;b], then N(T) is the unique sub-Aj}.-module
of DT(T)[1/x] which is free of rank d, stable by T'r with the action of T being
trivial on N(T)/7N(T), and such that N(T)[1/x] = DT(T)[1/x].

Finally, we have o(7°N(T)) C 7°N(T) and w°N(T)/¢* (x°N(T)) is killed by
"= The construction T +— N(T) gives a bijection between Wach modules

over A}, which are lattices in N(V') and Galois lattices T in V.

We shall now show that D(V)¥=! is not very far from being included in N(V").
Indeed:

THEOREM A.3. IfV is a crystalline representation of G, whose Hodge-Tate
weights are in [a;b], then D(V)¥=1 C 72~ IN(V).

If in addition V' has no quotient isomorphic to Qp(a), then actually D(V)¥=1 c
T*N(V).

Before we prove the above statement, we will need a few results concerning
the action of ¢ on D(T). In lemmas @ through @, we will assume that
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the Hodge-Tate weights of V' are > 0. In particular, N(T') C ¢*N(T') so that
$(N(T)) € N(T).

LEMMA A.4. If m > 1, then there exists a polynomial Qn(X) € Z,[X] such
that $(m="™) = 7= ("1 + 7 Qo ().

Proof. By the definition of v, it is enough to show that if m > 1, there exists
a polynomial @, (X) € Z[X] such that

lz 1 P (L X)P - 1D)@u((L+ X)P — 1)
p o= 1+ X) —1)m (1 +X)P —1)m ’
which is left as an exercise for the reader (or his students). ]

LEMMA A5, If k > 1, then ¢(pD(T) + n~*+DUN(T)) C pD(T) + 7~ *N(T).
In addition, y(pD(T) + 7~ 'N(T)) C pD(T) + 7~ N(T).

Proof. If x € N(T), then one can write = Y \;p(z;) with \; € AL and
x; € N(T), so that (= kD) = ST (= E+FD\)2;. By the preceding lemma,
w(w’(k“))\i) € pAp +7r*kA; whenever £ > 1. The lemma follows easily, and
the second claim is proved in the same way. O

LEMMA A.6. Ifk > 1 and x € D(T) has the property that ¥ (z) —x € pD(T) +
7 kN(T), then x € pD(T) + 7~ *N(T).

Proof. Let £ be the smallest integer > 0 such that x € pD(T) + 7~ *N(T). If
¢ < k, then we are done and otherwise lemma @ shows that

(x) € pD(T) + 7~ “"IN(T),

so that ¢ (z) — 2 would be in pD(T) +7~‘N(T) but not pD(T) +r~ ¢~ DN(T),
a contradiction if ¢ > k. O

LEMMA A.7. We have D(T)¥=! C 77 IN(T).

Proof. We shall prove by induction that D(T)¥=! C p*D(T) + 7~ !N(T) for
k > 1. Let us start with the case k = 1. If x € D(T)¥=1, then there exists some
j > 1such that € pD(T) +7 /N(T). If j = 1 we are done and otherwise the
fact that ¢¥(x) = = combined with lemma @ shows that j can be decreased
by 1. This proves our claim for k£ = 1.

We will now assume our claim to be true for k and prove it for & + 1. If
r € D(T)¥=!, we can therefore write z = p*y + n where y € D(T) and
n € 7 IN(T). Since 9(z) = z, we have ¥(n) — n = p*(¢(y) — y) so that
Y(y) —y € 7 IN(T) (this is because p*D(T) N N(T') = p*N(T)). By lemma
@, this implies that y € pD(T)+7~'N(T), so that we can write 2 = p*(py’ +
n') +n = p*ly’ + (pFn’ + n), and this proves our claim.
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Finally, it is clear that our claim implies the lemma: if one can write x =
pPyr, + ny, then the ny, will converge for the p-adic topology to a n € 7~ 'N(T')
such that x = n. ]

Proof of theorem @ Clearly, it is enough to show that if T" is a G p-stable
lattice of V, then D(T)¥=! C 72 IN(T). It is also clear that we can twist V/
as we wish, and we shall now assume that the Hodge-Tate weights of V' are in
[0; ). In this case, the theorem says that D(T)¥=! C 7 ~!N(T'), which is the
content of lemma [A.7 above.

Let us now prove that if a positive V' has no quotient isomorphic to Q,, then
actually D(T)¥=! ¢ N(T'). Recall that N(T) C ¢*(N(T)), since the Hodge-
Tate weights of V' are > 0, so that if e1,--- ,eq is a basis of N(7T'), then there

. d d d
exists ¢;; € AL such that e; = Do Gipleg). Hp(3oim, aied) = D05 auey,
with a; € 7~ 1A}, then this translates into w(ijl ;qi5) = aj for 1 < j <d.

Let a; 5, be the coefficient of 7™ in «;, and likewise for ¢;; ,,. Since ¢(1/7) =1/,
the equations w(Z?:l @;qi;) = «; then tell us that for 1 < j < d:

d
Z @i, ~1¢i5,0 = p(ag,—1).
i=1

Since N(V)/7N(V) ~ Deis(V) as ¢-modules by [Ber03, §II1.4], the above
equations say that 1 is an eigenvalue of ¢ on Ds(V). It is easy to see that
if a representation has positive Hodge-Tate weights and D5 (V)?=! # 0, then
V has a quotient isomorphic to Q,. (|

Remark A.8. It is proved in [Ber0d, I11.2] that D (V) = (B, r@p N(V))4r
and that if Fil™" Dgis(V) = Deyis(V), then

h
t
(£) Bir on; DenslV) B oy NOV),

In all the above constructions, one could therefore replace D:qg(V) by
Bjig’F g+ 7"N(V). For example, the image of the map Qy is included
in (ﬂ-hB:i_g7F gt N(V))¥=! so that we really get a map:

Qv (B

rlg,F)w:O F Dcris(V))AZO — (WhB—i-_

rig,F’ ®B;§, N(V))w:l .

This slight refinement may be useful in order to prove Perrin-Riou’s dz, con-
jecture.

APPENDIX B. LIST OF NOTATIONS

Here is a list of the main notations in the order in which they occur:
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m: 2 ka W(k)7 F7 Ka GKa Hpr E(n)a Knv KOOa HKa FK? X V7 T.

E: Cpa Ea E+7 VE, ;&+, ﬁ+7 03 P, € T, T1, W, (, BIR? BdRa DdR(V)7 B$ax7
Bmaxa Bcr137 Bjj_g7 Dcris(v)7 h.

D: :&7 ﬁy AF; B7 BF7 A7 B+7 A+7 AK7 BK7 A}«ta B}«t7 D(V)7 1/}7 D+(V)7
B, Bf", Bf, BT, DT(V), DT’T(V), ex, F', k.

L3 Bl ., DL (v), BL,, Bl

rig rig? rig?

T’I’L? @7n7 B+ D+

vig, 7 Drig(V)-
B: h}(’v, wg, Ag, 'k, logg, ~, Mp.

@: eXPg v s eXp’;{’V*(l).

L1 ov, Ap, H(TFp), Vi, Vo/(ym — 1), 0.

[1.4: T, HIiw(K>V)7 Prgv-

[1.5: ej, A, Qup, Env.

[1.4: Mel, Tw;, [—1], ¢, [,-]v, (-, )v, 4.

Bl 7, N(V).

APPENDIX C. DIAGRAM OF THE RINGS OF PERIODS

The following diagram summarizes the relationships between the different rings

of periods. The arrows ending with ——> are surjective, the dotted

arrow > is an inductive limit of maps defined on subrings (¢~ :

ﬁi{gr" — BJy), and all the other ones are injective.

B$axﬁB$R
B~ Bl s
|

B~ Bf B+ — =G,

]

A Af At —2Oc,

|

E B+ —=0c,/p
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All the rings with tildes also have versions without a tilde: one goes from the
latter to the former by making Frobenius invertible and completing.

The three rings in the leftmost column (at least their tilde-free versions) are
related to the theory of (¢,I')-modules. The two rings on the top line are
related to p-adic Hodge theory. To go from one theory to the other, one goes
from one place to the other through all the intermediate rings but as the reader
will notice, one has to go “upstream”.

Let us finally review the different rings of power series which occur in this
article; let O[r; 1] be the annulus{z € C,, p~!/" < |z|, < 1}. We then have:

AIE OF[[r]] Ar Op[[]ll=*]

By F®oy Opl[r]] Br F@o, Ol[n]][r!]

A}’T Laurent series f(7), convergent on C[r; 1], and bounded by 1

B}’T Laurent series f(7), convergent on C[r;1[, and bounded

BL’Q > Laurent series f(m), convergent on C[r; 1]

B/, f(x) € Fx]], f(x) converges on the open unit disk D[0; 1]
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